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m eliminating quantifiers

The dominantthemeat the AWARD 2003workshopwasthe studyof singleaxiomsfor a variety of logical andalgebraic
systems.Otter is anextremelypowerfultool for studyingsuchquestions.A naturalquestionis whetherOtter could also
be usedto reasonaboutalgebraicsystemsaswell asreasoningwithin analgebraicsystem. An exampleis the proof of
Lagrange’'sheoremin grouptheory;the reasoningnvolvesnot only the axiomsfor grouptheory,but alsosuchnotionsas
subgroupscosetscountingandarithmetic. A naturalideawould beto tacklesuchstudieshy extendingthe work of Boyer,
etal., Quaifeandtheauthor,basedon Gédel's classtheory.

Semigroupcometo mind asoneof the simplestalgebraicsystems. A semigroupcanberegardedasa binary function f
whosedomainis a cartesiarsquare cart[s, s] andwhoserangeis containedn s, with the associativdaw asthe sole
axiom. Theassociativdaw is usuallystatedin termsof applicationsof the function f, butfor the presentdiscussiorit is
moreconveniento rewritetheassociativedaw in termsof imagesof singletons:

In[2]:= image[f, cart [i mage[f, cart [singl eton[u], singleton[v]]], singleton[w]]
i mage[f, cart [singleton[u], image[f, cart [singleton[v], singleton[w]]

1
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This equationis to hold for all u, vand w belongingto s. Therestrictionof the quantifiersto s is notessentiabecause
the domaininformationis alreadycontainedn thefunction f. If anyof thevariablesu, v or w fails to belongto s, then
the imagesareemptyandthe aboveequationreducedo thetautology 0 = 0. A naturalstartingpoint for the theoryof
semigroupsvould beto defineafunction f to beassociativef andonly if theabovelaw holds. WhenOtter is usedthe
only—-if partof thedefinition of associativityproducesSkolemfunctions. (Of coursepnedoesnotencountetheseSkolem
functionswhenall oneis doingis derivingconsequenceasf theassociativéaw.)
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m reification

Oneof the pleasanfeaturesof Gddel’s classtheoryis thatall quantifiersover set-variablesanbe eliminated. Sincethe
variablesu, v and w in the definition of associativityall referto sets thesevariablescanbe eliminatedto obtaina quantt
fier—free definition of associativity. The technicalmeandor doingthisin a nice way is to usea techniquethatthe author
callsreification. Theideais to assignan object(class)to eachclass—constructorConsiderfor example the powerclass
contructor P[x]. Correspondingdo this constructorthereis a function POWER thattakeseachsetto the corresponding
powerset:

In[3]:= class[pair[x, y], equal [y, P[x]]]

POVNER

Qut [ 3]

This ideaworksfine for many constructorsbut not whenthe constructoitakesa setto a properclass. For example the
complemenbf asetis aproperclass,andsothereis no usefulfunctionthatcorrespondso it:

In[4]:= class[pair[Xx, y], equal [y, conpl enment [x]]]

aut[4]= 0

The ideaof reificationis to replace equal by member. Of course oneno longergetsa function, but onedoesobtaina
relationthat capturesall of the informationcontainedn the constructorthat pertainsto the casewhenthe constructolis
appliedto sets. (Onedoeslosetheinformationaboutthe constructomhenit is appliedto properclasses.)

In[5]:= class[pair[x, y], nenber [y, P[x]111]

Qut[5]= inverse[S]

In[6]:= class[pair[Xx, y], nenber [y, conpl ement [x]]]

Qut[6]= conposite[ld, conpl ement [i nverse[E]]]

In general,reify[x, F[x]] denotegheresultof reifying aconstructorF. Forexample:
In[7]:= reify[x, P[x]]

Qut[7]= inverse[S]

An interestingfeatureof reificationis thatthereification of a compositeconstructorF[G[x]] canbe expressedh termsof
thereificationof theinnerconstructor. Theformulafor thisis differentfor eachouterconstructor.For example:

In[8]:= reify[x, conplenment [G[x]]]
Qut[8]= conposite[ld, conplement [reify[x, G[x]]]]

In[9]:= reify[x, P[G[x]]]

Qut[9]= inverse[LB[reify[x, G[x]]]]
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m the associative law without variables

Whenreificationis appliedto the middlevariable v in theassociativitycondition,oneobtainsa statementith onefewer
variable. It saysthatleft multiplicationby u commuteswith right multiplicationby w. (For convenienceapplicationof the
function f will becalledmultiplication.)

In[10]:= Map[reify[v, #] &
i mge[f, cart [i mage[f, cart [singleton[u], singleton[v]]], singleton[w]]]
i mge[f, cart [singleton[u], i mage[f, cart [singleton[v], singleton[w]]]]

17
Qut[10] = conposite[f, RIGHAT[w], f, LEFT[u]] == conposite[f, LEFT[u], f, RI GHT[w]]

Thefunctions LEFT[u] and RIGHT[w] aredefinedasfollows:

In[11]:= class[pair [x, pair[y, z]], and[equal [y, u], equal [z, x]]]
Qut[11]= LEFT[u]
In[12]:= class[pair [x, pair[y, z]], and[equal [y, x], equal [z, w]]]
Qut[12] = RI GHT[w]

The compositefunction composite[f, LEFT[u]] is left-multiplicationby u and composite[f, RIGHT[w]] is right—
multiplication by w.

The eliminationof variablescan be continued. The resultsareimprovedby judicious applicationsof flip, rotate and
inverse:

In[13]:= Map[rotate[inverse[reify[u, #]11] &,
conposite[f, RIGHT[w], f, LEFT[u]] ==conposite[f, LEFT[u], f, RIGHT[w]] ]

Qut[13]= conposite[f, RIGHT[w], f, id[cart [V, V]]] ==
conposite[f, cross[ld, composite[f, RIGHT[w]]]]

In[14]:= Map[flip[rotate[inverse[reify[w, #]]1] & conposite[f, RIGHT[w], f, id[cart [V, V]]] ==
conposite[f, cross[ld, conposite[f, RIGHT[w]]]1]1]

Qut[14] = conposite[f, cross[conposite(f, id[cart [V, V]]], 1d]] ==
conposite[f, cross[ld, f], ASSCC]

Becausef is a binaryfunction,this equationcanbe cleanedup by noticingthat composite[f,id[cart[V, V]] = f. The
associativdaw in this form alsomakessensavhen f is not single-valued. The predicate associative in the GOEDEL
programis definedasfollows:

In[15]:= associ ative[x] // Assert Test

Qut[15]= associative[x] ==
and[equal [conposite[x, cross([x, Id]], conposite[x, cross[ld, x], ASSCC]],
subcl ass[x, cart [cart [V, V], V]]]

It would be naturalto call x anassociativeelationwhenthis conditionholds. (Remark:this termhasothermeaningsn
psychologyandelsewhere.) No restrictionsareplacedon the domainotherthanthatit is containedn the classof ordered
pairs. Theclassx neednotbeaset.
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W some examples

Somefamiliar functionsthatareassociativeeometo mind: mostof theseareproperclasses.
In[16]:= Sel ect [Nanedd asses, associ ative]

Qut[16]= {0, CAP, COVPCSE, CUP, FI RST, NATADD, NATMJL, SECOND, SYMDI F}

Thefunctions NATADD and NATMUL areadditionandmultiplicationof naturalnumbers.Thedomainsof all theseare
cartesiarsquares:

In[17]:= Map[domai n, {0, CAP, COVPCSE, CUP, FI RST, NATADD, NATMJL, SECOND, SYMDI F}]

Qut[17]= {0, cart [V, V], cart [V, V], cart [V, V], cart [V, V],
cart [onega, onega], cart [onega, onega], cart [V, V], cart [V, V]}

The domainof anassociativdunction neednot be a cartesiarsquare. A simpleexampleis the inverseof the duplication
function:

In[18]:= class[pair [pair [X, Y], z], and[equal [x, y], equal [y, z]]]
Qut[18] = i nverse[DUP)]
In[19]: = {associative[inverse[DUP]], FUNCTI ON[i nverse[DUP]], donain[inverse[DUP]]}

Qut[19] = {True, True, |d}

Anotherexampleis the so—calledpair—groupoid studiedby W. Brandtin the 1920’s. Theideais to definea multiplication
by (a,b) (b, c)=(a,c). Thefunctionthatdoesthisis:

In[20]:= class[pair [pair [pair[u, v], pair[w, x]], pair[y, z1],
and[equal [v, w], equal [u, y], equal [x, z]]]

Qut[20] = conposite[R F, cross[SWAP, SWAP] ]

This is indeedanassociativdunction. Its domainis nota cartesiarsquare.
In[21]:= Map[{associ ative[#], FUNCTI ON[#], donai n[#]} & {conposite[RI F, cross[SWAP, SWAP]]}]

Qut[21]= {{True, True, conpositelinverse[FI RST], SECOND] }}

The rotation—invariantfunction RIF thatappearsherehasmanyotherimportantapplications. It hasthe propertyof
convertingcartesiarproductsnto composites:

In[22]:= image[RIF, cart [X, Y]]
Qut[22] = conpositefinverse[y], inverse[x]]
Padmanabhapointedout anotherexampleof anassociativéunction:

In[23]:= class[pair [pair [pair[u, v], pair[w, x]], pair[y, z]1], and[equal [u, y], equal [X, z]1]1]

Qut[23] = cross [FI RST, SECOND]
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This is alsoanassociativdunction. Its domainis a cartesiarsquare.

In[24]:= Map[{associ ative[#], FUNCTI ON[#], domai n[#]} & {cross[FI RST, SECOND] }]

Qut[24]= {{True, True, cart [cart [V, V], cart [V, V]]}}

m some theorems about associative relations

Only afew theoremdavebeenderivedsofar aboutassociativeelations. Theflip of anassociativeelationis associative:
In[25]:= associative[conposite[x, SWAP]]

Qut[25] = associ ative[conposite[x, id[cart [V, V]]]]

Thedirectproductof associativeelationsis associative:

In[26]:= inplies[and[associ ative[x], associative[y]],
associ ati ve[conposite[cross[x, y], TWST]]1]

True

Qut [ 26]

Thedirectproductis definedasfollows:

In[27]:= class[pair [pair [pair [ul, u2], pair[vl, v2]], pair[wl, w2]1,
and [menber [pair [pai r [ul, v1], wl], x], menber [pair [pair [u2, v2], wW2], y]1]

Qut[27] = conposite[cross(x, y], TWST]

Associatedvith anyassociativeelationareleft andright divisibility relationsandeachof theseis transitive.

In[28]:= inplies[associative[x], TRANSI Tl VE[conposite[Xx, i nverse[FI RST]]1]

Qut[28]= True

In[29]:= inplies[associative[x], TRANSI Tl VE[conposite[Xx, i nverse[SECOND]]111]

Qut[29] = True

W semigroups, quasigroups and groups

The statementhat f is asemigroupn s canbeformulatedas:

In[30]:= semigroup[f_, s_]:=
and[associ ative[f], FUNCTI ON[f ], equal [dormai n[f], cart[s, s]], subclass[range[f], s]]

Forexample:
In[31]: = sem group [NATADD, onega]

Qut[31] = True
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The definition of quasigroupmoesnotinvolve associativity. The definition saysthat f, rotate[f] and rotate[rotate[f]] are
all functionswith domain cart[s,g].

In[32]:= quasigroup[f_, s_]:=
and [FUNCTI ON[f ], FUNCTI ON[rotate[f]1], FUNCTI ON[r ot at e[conposi te[f, SWAP]]],
equal [domain([f], cart [s, s]], equal [composite[f, inverse[FIRST]], cart [s, s]],
equal [conposite[f, i nverse[SECOND]], cart [s, s]1]
Thefactthatrange[f] = scanbededucedisatheorem. Notethatthe emptysetsatisfieshis condition:
In[33]:= quasigroup[0, 0]
Qut[33]= True

The traditionaldefinition of grouprequiresit to be nonempty. This conditionis independenbf the otherrequirementsn
the definition of agroup.

In[34]:= group[f_, s_] := and[associ ative[f], quasigroup[f, s], not [equal [0, s]]1]

This definition of groupdoesnotrequirethat s beaset. The symmetricdifferencefunctiondefinesa groupon the univer
salclass for example:

In[35]:= group[SYMD F, V]

Qut[35]= True

m abstraction

Although the predicateassociative will probablysuffice for mostalgebraicstudiesiit is alsopossibleto obtainan explicit
formulafor the classof all associativeelations. To do this, it is usefulto rewrite the associativdaw in an unusualway
which transformst into a statemenaboutthe cartesiarsquareof f. Thechieftool hereis abstractionwhichis definedin
termsof reification. The processs vaguelyanalogougo abstractiorin lambdacalculus.

In[36]:= Begin["Coedel ‘Private'"];

In[37]:= ?? abstract
abstract [x, F[x]] vyields a class y satisfying F[x] = inmage[y,x] if such a class exists
abstract [x_, y_]:=conposite[reify[x, y], SI NGLETON]

A simpleexamplés the sum—clasgonstructor:

In[38]:= class[z, exists[y, and[nenber [z, y], nmenber [y, x11]]
Qut[38]= U[X]

Abstractionyields:

In[39]:= abstract [x, U[X]]

Qut[39]= inverse[E]
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Oneneeddo verify thatthis is correctbecauseéhe GOEDEL programdoesnot investigatevhether U[x] canin factbe
written asanimage. It can:

In[40]:= imagel[i nverse[E], X]

Qut[40] = U[x]

For binaryconstructorspnecaniteratethis procedure.Considetthe cartesiarproductconstructorfor example:
In[41]:= abstract [x, abstract [y, cart [X, Y111

Qut[41] = conposite[id[inverse[SECOND] ], inverse[SECOND], inverse[FlIRST]]

It works:

In[42]:= image[i mage[conpositel[i d[i nverse[SECOND]], i nver se[SECOND], i nverse[FI RST]], x1, Y]
Qut[42]= cart [X, Y]

For composite, therotation—invarianfunction RIF makests appearance:

In[43]:= abstract [x, abstract [y, conmposite[X, y11]

Qut[43]= comnposite[cross[ld, SWAP], inverse[RI F]]

In[44]:= inmage[i mage[conposite[cross[ld, SWAP], inverse[RIF]], x1, vyl

Qut[44] = conposite[x, y]

In generalfor a binary constructorpnecanabstracon thetwo variablesin eitherorder. If the processwvorksin oneorder,
it alsoworksin theotherorder. It is easyto relatethe oneorderto the other:

In[45]:= Map[abstract [x, abstract [y, #]] & inage[i mage[u, X], Y] ==i nage[i mage[v, y], X11]
Qut[45]= conpositelid[cart [V, V]], u] ==inverse[rotate[conposite[inverse[v], SWAP]]]
Theidentity ontheleft sideis not essentialbothhereandbelow. Theresultobtainedcanbeverified directly:
In[46]:= inmage[i magel[i nverse[rotate[conpositel[inverse[v], SWAP]]1], X1, Y]

Qut[46]= image[i mage[v, Y], X]

In addition,onecanalsoreplacetheinnerimage with cart:

In[47]:= Map[abstract [x, abstract [y, #]] & inage[i mage[u, x], Y] ==inmage[w, cart [X, y]]1]
Qut[47]= conpositefid[cart [V, V]], u] == conposite[SWAP, i nverse[rotate[conposite[w, SWAP]]]]
Onecansolvefor w:

In[48]:= Map[rotate[inverse[#]] & %A

Qut[48]= rotate[inverse[u]] ==conposite[w, id[cart [V, V]]]

Theresultcanbeverified directly:
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In[49]:= image[rotate[inverse[u]], cart [X, Y]]

Qut[49] = image[i mage[u, X], Y]

m the class of all associative relations

The expressionshatappeairin the associativdaw cannot be written asimageof anything,but onecanapply abstraction
afterreplacingoneof thevariableson eachsideby a differentvariable. In otherwords,oneconsiderghefollowing generak
zationof theassociativdaw:

In[50]:= composite[x, cross[y, 1d]] ==conposite[x, cross[ld, y], ASSCC];
Abstracton x andy andapplyrotate andinverse. Theupshotis thattheseformulascanbederived:

In[51]:= inmage[conposite[SWAP, RIF,
cross[ld, conposite[cross[SWAP, |1d], inverse[RIF]]]1], cart[Xx, Y]]

Qut[51] = composite[x, cross[y, 1d]]

In[52]:= inmage[conposite[SWAP, RIF,
cross[ld, conposite[cross[inverse[ASSOC], SWAP], inverse[RIF]]1], cart [X, Y11

Qut[52] = composite[x, cross[ld, y], ASSOC]

Setting y equalto x, onefinds thatthe associativdaw cannow be written in the form of a conditionon the cartesian
square:

In[53]:= image[u, cart [X, x]] ==image[v, cart [Xx, X]1;
Fromthis observatiorit is not hardto comeup with the following formulafor the classof associativeelations:

In[54]:= intersection[fix[inmage[inverse[CART], fix[conpositelinverse[l MAGE[
conposite[SWAP, RIF, cross[ld, conmposite[cross[SWAP, Id], inverse[RIF]]11111,
| MAGE[conposi te[SWAP, RIF, cross[ld, conposite[cross[inverse[ASSCC], SWAP],
inverse[RIF111111111, P[cart [cart [V, V], V]11]

Qut[54] = ASSOCI ATI VE

For exampletheadditionandmultiplicationfunctionsfor naturalnumberarithmeticarememberf this class:
In[55]:= menber [NATADD, ASSOCI ATl VE]

Qut[55] = True

In[56]:= menber [NATMUL, ASSOCI ATI VE]

Qut[56]= True
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m discussion about combinators

In thediscussiorfollowing this talk the questionwasraisedabouttherelationof RIF to thecombinatorB. Theabstrae
tion processloesnot allow oneto find a full modelfor thelambdacalculuswith image asapplicationandproperclassesas
combinators. Thereareno classeghatbehavelike the combinatorsS and W, or anythingthatinvolvesduplicatingan
argument. Onecanhoweverfind a classthatbehavedike the combinator B. To discoverit, oneabstract®n the defining
equation:

In[57]:= Map[abstract [x, abstract [y, abstract [z, #]1] &
i mage[i mage[i mage[B, x1, y1, z] == i mage[x, i magel[y, z111]

Qut[57]= conpositefidfcart [V, cart [V, V]]], B] ==conposite[cross[ld, SWAP], inverse[RI F]]
Ignoretheidentity for themomentandmakethisinto a definition:

In[58]:= B:=conposite[cross[ld, SWAP], inverse[RIF]]

This combinator-likerelationhasthefollowing propertties.It is notafunction,butit is theinverseof one:
In[59]: = FUNCTI ON[i nverse[B]]

Qut[59] = True

Thefirstimageproducesr oss.

In[60]:= image[B, x]

Qut[60]= cross[ld, x]

The secondyieldscomposite.

In[61]:= inage[i mage[B, x], Y]

Qut[61] = composite(x, y]

Thethird imagegivesbackthe definingequatiorfor B.

In[62]:= inmage[i magel[i mage[B, x1, y1, 2]

Qut[62] = image[x, i magely, z]]

Theidentitiesthatwereignoredabovecanbe absorbednto B.

In[63]:= conposite[id[cart [V, cart[V, V]]], B] ==B

Qut[63] = True

Similar resultscanbe obtainedfor |, K, C, andvariousothercombinatorsbut notthe mockingbird,etc. In thecaseof K
= inverse[SECOND] oneneeddo restrictthe variablesn theusualdefiningequatiorto nonemptyclasses:

In[64]:= equal [i mage[i mage[i nver se[SECOND], x], Y1, X]

Qut[64] = or [equal [0, x], not [equal [0, y]]]
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Suppos@nedefinesa predicatecancellative by removingthe domainconditionsfrom the definition of quasigroup:

In[65]:= cancellative[f_]:=
and [FUNCTI ON[f ], FUNCTI ON[rotate[f]1], FUNCTI ON[r ot at e[conposi te[f, SWAP]]1]]

Someexamples
In[66]:= Sel ect [Bi naryFuns [NanedCd asses], cancell ative]

Qut[66] = {0, ASSOC, KURA, NATADD, RIF, ROTI, SWAP, SYMDI F, TW ST}

Theinversef B, C = composite[SWAP inverse[ASSOC],cross[ld, SWAP]] ,and T =image[C, Id] = inverse[rotate[
SWAP]] areall cancellative.Butinverse[K] is not. Therelationsrotate[inversefK]] androtate]inverse[B]] areassocia
tive, but rotate[inverse[T]] is not. Anotherinterestingobservation:C isits owninverse.



