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The (multistep) one-shot method for design optimization problems has been successfully implemented
for various applications. To thisend, aslowly convergent primal fixed-point iteration of the state equation
is augmented by an adjoint iteration and a corresponding preconditioned design update. In this paper
we present a modification of the method that allows for additional equality constraints besides the usual
state equation. A retardation analysis and the local convergence of the method in terms of necessary and
sufficient conditions are given, which depend on key characteristics of the underlying problem and the
quality of the utilized preconditioner.

Keywords: nonlinear optimization; automatic differentiation; piggyback; one-shot method; constraints;
eigenvaue analysis
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1. Introduction

In the past decade, numerous applications and methods for the minimization of design opti-
mization problems were considered. In these problems, one is interested in finding a control
u e U that minimizes an objective function f : U x Y — R for some feasible state variable
y =y(u) € Y, which is implicitly defined by some state equation c(u,y) = 0. Such scenar-
ios typically arise in PDE constraint optimization, where the state equation is some partial
differential equation describing aphysical process, and can be found in various applications [ 18—
21,24,26,28,29,31]. For example, one can think of the shape optimization of an airfoil in order
to minimize the drag, which is represented by the objective function f. Thus, the (parametrized)
shape of the airfoil is given by the control u, and the feasible state y describes its surrounding air-
flow that satisfies some version of the Navier—Stokes equation represented by the function c. The
structure and the large number of unknowns make (the discretization of) these problems usually
intractable for most standard nonlinear programming methods. In many of these examples, the
state equation is given by an equivalent contractive fixed-point function G: U x Y — Y such
that the state variable y satisfies the state equation c(u,y) = 0 if and only if it is a solution of
the fixed-point equation y = G(u,y) for any given control u € U. The fixed-point function G
can be thought of as one iteration of a numerical procedure for the solution of the underlying
(discretized) state equation, for example, a highly specialized simulation code for this particu-
lar physical application. It can be used to design so-called one-shot methods [1-3,8,11-13,16,
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18,22], for the (local) solution of the resulting design optimization problem

r(‘nh;n‘ Uy, sty=G(uYy) (0]
uy,

if the functions f and G are sufficiently smooth® and the fixed-point function satisfies the
contraction condition

IGyuyl <ps <1, Uy eUxY, @)
in some appropriate operator norm on the vector space Y for any fixed control u € U. These
methods are well suited for problems with a slow contraction rate of the fixed-point iteration,
namely, for problems where the upper bound pg on the norm of the partial derivative of G w.r.t.
y isclose to one. They are based upon the Karush—Kuhn-Tucker (KKT) conditions for the first-
order stationary points (u*, y*) of the design optimization problem (1). In the finite-dimensional

case, Y = R"and U = R™, the KKT conditions ensure the existence of a unique adjoint variable
y* in the corresponding dual space Y = R™ such that

0= Lu(U",y",y") = fu(u', y") + Gu(u*,y") '¥*
0= Ly(u*,y",y") = fy(U",y") + (Gy(u*,y") — ) ¥*
0= Ly(u"y",y) = GU"y) -y
holds under the stated assumptions. Here, L : U x Y x Y — R denotes the Lagrangian

Luy,y) =fuy +y (Guy) —y)

associated with (1). In combination with the contraction condition (2), the necessary optimality
conditions yield an adjoint fixed-point iteration (see also [5,6,13])

yr=f,uy) +Guy'y
for the adjoint y that can be used in combination with a preconditioned design update
ut =u+aB U y) + Guuy)'y)

for some suitable step-multiplier « € R* and preconditioner matrix B € R™™ to find such KKT
points. The original fixed-point iteration, the adjoint fixed-point iteration, and the preconditioned
design update motivate anumber of different one-shot schemesto compute a sequence of iterates
(Uk, Yk, V) that converge to stationary points (U, Vs, Vi) = limk_ o (Uk, Yk, Yk) for some initial
guess (U, Yo, Yo) sufficiently close to a solution. Three of these one-shot schemes can be briefly
described by the propagation rules

.-+ — (DESIGN U, STATE Y, ADJOINT Y,) — ..., 3
-++ —> DESIGN U —> STATE Y —> ADJOINTY —> ..., 4
-+« —> DESIGN U — (STATE Y)° — (ADJOINT )° — . ... (5)

Here, the terminology (t,t,) denotes the parallel execution of the two updatest; and t,, whereas
t; — t, indicates that one update t, is executed after one update t; is completed using the latest
available information; consequently, t abbreviates the s-times repetitiont; — --- — t; of one
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update t;. In detail, the Jacobi—one-shot method (3), the Seidel—one-shot method (4), and the
multistep Seidel—one-shot method (5) refer to the respective updates

fuer] U = B R Y9 + GuU, Y T ]
yerl | = G(U, y) :

VL Uy + Gy T

MUk Uk — ay B (Fu (UK, y9) + Gy (U, y9) TY9) ]
yk+1 — G(uk+l, yk) ,

_yk+1_ i fy(uk+1, YRy 4 Gy(uk+1, R Tk |

e U — arB (U, V) + GS WU YO TR
Y| = G¥ (U,

_)_/k“_ i fy(uk“, yerly 4 Gi (UKHL kL) Tk

The derivatives in the definition of the updates can be computed by applying techniques from
agorithmic differentiation [14,25]. For example, the adjoint product Gy(u, y) 'y can be efficiently
evaluated by software packages such as ADOL-C [33] or Tapenade [17].

In particular, the multistep Seidel approach (5) was investigated in [3], where the method was
shown to be locally convergent for an appropriate choice of preconditioner matrices Bx and a
sufficiently large number s¢ € N of multiple state updates

G (UK, ) = GUK, G, ..., G, ¥9) ...)

K—times

and corresponding adjoint updates. The choice for the preconditioner B, and the number s in
every iteration k was related to problem-dependent quantities that could be estimated during
the runtime of the procedure by using the information from previous iterates (u;, y;, V) for | =
0,1,...,k— 1. Moreover, the proposed stepping scheme was shown to have a retardation factor
of 2 in the ideal case. Here, the retardation factor is the efficiency measure of an optimization
method that is defined by the ratio

Cost (Optimization)
Cost(Simulation)
representing the slowdown of going from a full simulation to compute a feasible state to a full
optimization of the design optimization problem.

In this paper, we extend the previous results for the original design optimization problem (1)
and consider the modified design optimization problem

~ O({prob, mesh, load, . . .}°),

min f(u,y1,y2), sty=GUy1,Yy2) and guyi,y2) =0. (6)
(Uy1,y2)

It hasasimilar structureto problem (1), except that now an additional equality constraintg : U x
Y1 x Y2 — Y7 is present. For consistency, we adapt the previous notation and denote by u € U
the control variables and by (y1,Y2) € Y1 x Y» the state variables, where the finite-dimensional
spaces Y1, Yo, and U arenow givenby U = R™, Y; = R™, and Y, = R withmn=n; +n, €
N. Analogousto before, G : U x Y1 x Yo — Y, represents a contractive fixed-point mapping for
fixed variables (u, y1) satisfying the contraction condition

Gy, (U y1, Y2l < pg <1 for(uyr,y2) € U x Y1 x Yy, (7

in some appropriate operator norm but now for the vector space Y,. As aready implicitly done
in definition (6), we assume that the state variable y can be separated into two state variable parts
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y1 € Y1 and y, € Y, such that for any choice of y, and a control u € U there exists y;, which
solves the additional constraint g(u, y1,Y2) = 0. Mathematically, we require that the Jacobian
Oy, (U, y1,¥2) not be singular for al (u,y1,y2) € U x Y1 x Y> in a sufficiently large neighbour-
hood of the solution, such that there exists an implicit function ¢ : U x Y, — Y; that satisfies
g(uv ¢ (U, YZ): Y2) =0.

As before, the fixed-point iteration G can be interpreted as a simulation code for the computa-
tion of the flow y,, and the control vector u represents al parameters for the shape of the airfoil.
The additional constraint given by the function g : R™™+% — R™ describes, for example, the
requirement for constant lift (n; = 1) and the second state variable y; € R* the angle of attack
of the airfoil, which can be adjusted to solve the additional constraint.

Until now, it was not clear how the design optimization problem with additional constraints
could be solved by the one-shot approach. One possibility was to use a penalty approach, where
apenalty term is added to the objective, to incorporate the violation of the additional constraint,
and apply one of the previously described methods on the modified problem. For example,
Walther et al. [32] just recently proposed an extension for the Jacobi-one-shot method [15],
which uses a preconditioner that is based on a doubly augmented penalty function. However,
this method requires some heuristic for the adaptation of the penalty parameters and, in case of
a bad choice, might lead to a slow convergence of the overall method. In detail, a retardation
analysis for this approach still has to be investigated even if the stated numerical results are
promising.

Therefore, we pursue the more intuitive approach and develop an extended one-shot method
that directly incorporates updates for the additional constraint into the stepping scheme. The
proposed method extends the multi-step Seidel—one-shot method (5) for the original problem (1)
and is based on the first-order optimality conditions for the extended problem (6), which will be
given at the beginning of Section 2. In detail, we replace the previous sTATE and ApjoINT Update
in (5) by the extended state and adjoint updates

(STATE Yo — STATE Y1) and (ADJOINT (Y1, Y2))

that now include the quantities y; and y;, respectively. Both updates are motivated on a small
illustrative counterexample and will be defined in Section 2 (see Equations (9) and (10)). The
update for the state (y1,y2) and adjoint (y1,y,) can be thought of an extended mapping G with
its corresponding adjoint operation depending on some preconditioner C. In Section 3, we show
that the preconditioner can be chosen such that G satisfies the contraction condition (2) and,
thus, allows use of the previous convergence results for the original multistep Seidel—oneshot
method (5) for the extended fixed-point mapping G. A requirement for the existence of such
a preconditioner is that the original fixed-point iteration G has a sufficiently small contraction
rate pg as can be seen by an eigenvalue analysis. The latter can be achieved by considering a
sequence of sg updates for the state y, before the update of y; and the corresponding adjoint
update. Thisinspires the nested multistep one-shot scheme proposed in Section 4:

... — DESIGN U — ((STATE Y2)* — STATE y1)° — (ADJOINTg, (V1,¥2))° — ....

A sufficient lower bound on the number sg for the number of fixed-point iterations G will be
given, in order to guarantee local convergence of the overall method, relying on the results given
in [3] for the choice of s. Both lower bounds on sg and s depend on problem-specific quantities
and the quality of the corresponding preconditioners C and B, respectively. For a suitable choice
of both quantities, it can be shown that the proposed oneshot-method has a retardation factor
of 4. A numerical validation for some parts of the theoretical resultsisillustrated with a smple
example given in Section 5. The conclusion are given in Section 6 with a brief summary and
suggestions for future work.
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2. Fixed-point iteration for the augmented problem

According to standard nonlinear optimization theory [27] and the stated assumption, there exists
aunique pair of adjoint variables y; and ¥; in the corresponding dual spaces Yi=RMand ¥, =
R", respectively, such that the KKT conditions

0= Lu(U,y1,¥2,¥1,¥2) = fu(U, Y1, ¥2) + Gu(U,y1,¥2) V2 + Gu(U, Y1, ¥2) "$1

0= Ly1 (u1 Y1, Y2, yla )_/2) = fyl(uv Y1, YZ) + gyl (ua Y1, y2)Ty2 + gy1 (u1 Y1, yZ)Tyl

0= Ly, (U Y1,Y2, 91, ¥2) = fy, (U Y1,¥2) + (G, (U, Y1, ¥2) = 1) V2 + Gy, (U Y1,¥2) 51

0= Ly, (U, y1,¥2,¥1,¥2) = 9(U,y1,¥2)

0 - L)_/z (ul YL Y2, )_/1, )_/2) - g(un YL y2) - YZ
are satisfied for any first-order stationary point (u*, y;, y;) of the extended problem (6), wherelin-

ear independence constraint qualifications hold. Here, L : U x Y; x Y2 x Y; x Y, — R denotes
the Lagrangian function

L(u,y1,Y2,¥1,¥2) = F (U Y1, ¥2) + (G(U, Y1, Y2) — Y2) 2 + 9(U, Y1, ¥2) ' V1.

In this paper, we provide a modification of the multistep Seidel-one-shot method (5) to find
a stepping scheme that computes such stationary points (U, y;,Ys, Y3, ¥;) of the problem (6).
Although several stepping schemes are possible,

-+ — (DESIGN U, STATE Y2, STATE Y1, ADJOINT Y5, ADJOINT Yy1,) — ...,

-+ —> DESIGN U —> (STATE Y», STATE Y;)° — (ADJOINT Y5, ADJOINT ¥7)° — ...,

-+« —> DESIGN U —> (STATE Y5)° — (STATE Y1)° — (ADJOINT ¥,)° — ..., €tc.,
which correspond to the origina Jacobian method (first scheme), a mixed Seidel—Jacobian

approach (second scheme), and the pure Seidel approach (third scheme), respectively, we focus
first on the specific stepping scheme

... —> DESIGN U — (STATE Y» — STATE Y1)° — (ADJOINT Y, — ADIOINT §1)° — ...  (8)

that extends the previously presented multistep Seidel—one-shot approach (5) in anatural manner.

Example 1 (Motivating Counterexample)  If we assume for the moment that s= 1, then we can
formulate the state update for the primal variable y, at a given current iterate (u,y1,y>) by the
fixed-point iteration step

Yo = G(U,y1,Y2)

motivated by the stationarity condition 0 = Ly, (U, Y1, Y2, ¥1,¥2) and the assumption |Gy, (U, y1,
Vo)l < pg < 1. Also, we can at least theoretically define the new state yf as the root of
g(u,-,y;) = Osuchthat 0 = Ly, (u,y7,Y3, V1, ¥2) holds after one primal state cycle (STATE y, —
STATE Y;). Anaogously, we can compute the adjoint update y, by the fixed-point iteration

V3 =Ly, (U YT, V3, 9,52 " + %2

according to the third stationarity condition and set the adjoint y{ to be the unique solution of
0= Ly, (uy{,y5,%1,Y3) since ||Gy, (U, y1, Y2l < pg < 1 and gy, (U,y1,Y2) Was assumed to be
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Y2 ( ) Y2

Y2 =G U, Y1, Y2)
|-
I //
>

>

y2 = G(u,y1,y2) Y2 Y2 = G(u,y1,y2)

0 Y1 0 Y1 0 Y1

Figure 1. Divergence of (y1,y>) for the primal update cycle without damping in the exact case (left). Convergence of
(y1,Y2) for damped primal updatesy; with exact (middle) and inexact fixed-point iteration G (right).

invertible. Hence, we see that after one evaluation of the update sequence
... —> (STATE Y — STATE Y1)} — (ADJOINT ¥, — ADIOINT y1)! — ...,

at least the two stationarity conditions

0=Ly(Uy1,Yy2¥1,¥2) and 0= Ly (Uy,Y2¥1,¥0)

are exactly satisfied. However, this situation does not need to hold true for the other two sta-
tionary conditions O = Ly, (U, 1, Y2, ¥1.¥2) ad O = Ly, (u, y1, y2, ¥1,¥2) since they are in general
affected by the subsequent changesin the variables y; and y;, respectively. In fact, this may lead
to divergence of the state and adjoint cycles

(STATE Yo — STATE y1)° and (ADJOINT Y, — ADJOINT Y7)°

even in the case when the updates are exact, asindicated in Figure 1 (left).

Thebasicideaisnow to reduce the influence of the changesin thevariablesy,; andy, by rescal-
ing the corresponding updates y, and Y, as discussed in the previous example and depicted in
Figure 1 (middle, right) with some corresponding step multiplier and preconditioner. Therefore,
we consider the extended mapping G : U x Y1 x Y2 — Y1 X Yz given by

Y1.Y3) = G(U,y1,Y2)
= (y1 — acC (U, y1, G (U, y1,¥2)), G(U,Y1,Y2)), )

which represents an update of the state variable y, that is used for a scaled update of y;, as
indicated in (8). To guarantee that the extended state update G is contractive, we need to find
a suitable preconditioner matrix C € R™*™ and step multiplier ag € R, such that G satisfies
the contraction assumption (2) for y = (y1,¥2) and control u. The corresponding ADJOINT
fixed-point iteration G : U x Y1 x Ya x Y1 x Yo — Y1 x Yo can be derived by differentiating
the Lagrangian

ﬁ(u, Y1a y21 )71- yZ) = f (U, YL y2) + (G(U, yl: y2) - yZ)T(yl; y2)
=f(Uy1,Y2) + (—acClgU,y1, G(U, Y1, ¥2), G(U,y1,¥2) — ¥2) | (V1;¥2)

of the design optimization problem (1) for G defined in (9) with respect to (y1,y») and
incrementing

OF.93) = G+ Ly, (WY Y3 50,92 T V2 + Ly, (UYL YE 51,92 ). (10)



Downloaded by [Argonne Research Library] at 06:47 12 May 2016

Optimization Methods and Software 7
Thus, we do not have the stepping scheme (8) as proposed in the first place but
-+« —> DESIGN U — (STATE Y — STATE Y1)° — (ADJOINT (V1,¥2))° — - - . (12)

Obvioudly, the primal preconditioning could and should depend on the current iterate, namely,
ac = ag(U,y1,Y2) and C = C(u, y1, Y2), to prevent atoo-conservative update strategy and, thus,
slow convergence of the overall method to stationary points (u*,yi,Ys,Y;,¥;) of the problem
(6). For smplicity, we restrict ourselves on alocal analysis to the extended multi-step—oneshot
method defined by the stepping sequence of the updates (5) for u, y = (y1,¥2) and ¥ = (Y1, ¥2)
close to (u*,y;,¥5,¥:, ¥5), where the primal fixed-point iteration G and adjoint mapping G are
defined by (9) and (10), respectively. Based on an eigenvalue analysis, we will provide a suitable
choice for the preconditioner matrix C and the stepsize ag to ensure the contractivity of the
extended mapping G. For such stepsizes ag and preconditioner matrices C, we can then apply
the results from [3] for the multistep Seidel—one-shot method (s > 1) on G using the previously
defined adjoint update. Therefore, we will assume for the moment that the contraction rate pg
is sufficiently small. One choice for the matrix C in the extended fixed-point iteration (8) is the
projected Newton preconditioner

C= Oy, + Oy (I — gyz)_lg)h (12

or alow-rank approximation of it [4,7,9,30]. The resulting algorithm and its (local) convergence
behaviour heavily depend on the quality of the preconditioner, besides other problem-dependent
guantities aswe will seein the next section.

3. Eigenvalue analysisfor the extended mapping

The eigenvalue analysis is based on an argumentation line similar to the one used in [3]. In the
first step of the analysis, we show that all eigenvalues A € C of the Jacobian matrix

. G
S = 35mya Y1, Y2)

of the extended mapping G either are in the spectrum of the Jacobi matrix Gy, of the fixed-point
iteration G or areroots of acomplex polynomia P(-) : C — C. For al eigenvaluesthat arenot in
the spectrum of Gy,, we can derive anecessary condition to be aroot of this polynomial in terms
of an inequality that includes problem specific-parameters. As we shall see in Section 4, some
of these parameters can be adjusted such that the inequality is satisfied only for eigenvalues A
with [A] < 1. Thisthenimplies contractivity of the extended fixed-point mapping G at (u*, y;, y5)
and, thus, also at points in avicinity of the solution by a continuity argument. Therefore, let us
consider the Jacobian matrix Gy, y,) of the extended mapping G

« [I —acC gy, —agclgyz] [ I 0 ]

Y1y2) — 0 I gyl g}’2
_ | — a6C‘1(gyl + gyzgyl) _aGC_ngZQ)Iz
o gy1 QYZ ,

where all occurring derivétives are evaluated at a solution (u*,y;,y;) of problem (6). For the
eigenvalues of this matrix, we can show the following.
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ProposiTION 1 Any complex eigenvalue 2 € C of the Jacobian Gy, | | satisfies
L € spec(Gy,) or  det(M(r)) =0,
whereM (3) = (1 — V)1 — acC gy, + 6y,Gy,) — @cC 19y, Gy, (Al — Gy,)71Gy,.

Proof The spectrum of the matrix (CHI is given by the complex roots of the polynomial

P(.) = det(G}, ) — A1)

— det d-Ml - O{G(Cilgyl + Cilghg)’l) _aGcilg}'zg)Q
g)’1 g)b — Al .

According to the Laplacian expansion theorem (see [10]), we conclude that
P(A) = det(Gy, — Al) det(M (1)),
where the matrix M (L) € C™*™ jsdefined by the Schur complement
M) = (L= M)l —acC @y, + ,Gy) — @cC 9,0y, (M — Gy,) Gy,
Thus, any eigenvalueis either in the spectrum of Gy, or aroot of det(M (1)) = 0. [ |

Since any eigenvalue of Gy, is aready strictly smaller than, from the assumption of G being a
contractive fixed-point iteration, it is sufficient to guarantee that the condition

det(M(2)) =0

issatisfied only for . € C with |A] < 1in order to prove the contractivity of the extended fixed-
point iteration G. At least theoretically, we can assume that the variables were transformed by
y1 = T~1§; such that the matrix Hg (1) with

HQ()‘) = gyl + gg’zéyl + g?ngVz (= g?z)ilg}’l

isthe unit for the transformed functions and variablesthat are annotated by atilde; in other words,
Hg(1) =1 for G(u,¥1,¥2) = G(u, TY1,Y2) and so on. For example, we can use the transformation

T'= Hg(1) = Oy, + ghg}& + g}’2g)’2(| - g)’2)_lg)’1 =0y + gyz(l - g)’Z)_lg)’1'

if Hg(1)~! exists. Note that the second variable y, = ¥, is not affected by this transformation.
As aresult, we find the following necessary condition using the rational expression,

|k|+1>
1)\’ = 1
n(n, A1) n(lkl—n

and the transformed quantities such as the corresponding preconditioner matrix C, which should
be equal to the unit in the ideal case.

Proposition 2 All eigenvalues A € C of the Jacobian of the extended fixed-point iteration with
the preconditioner matrix C satisfy

Al <pg or Al < yg+vsCsds nlpg, XD, (13)
where the constants are given by

ve=I—acCt, vg=0aclCH, cz=Ilg,ll, and ds= -Gy, 'GylITI.
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Proof For the eigenvalues 1 € C with |A| < pg there is nothing to show. Thus, we need to
consider only eigenvalues with |1| > pg. According to Proposition 2, it follows that for these
valuesdet(M (1)) = 0, which impliesthat there exists akernel vector v e C™ of unit length such
that

w=[( —aCHg(1) — «C  (Hg(r) — Hg(1)]v
and, therefore,
Al < Il —aC Y+« CH IHg(A) — Hg (D).
Here, the difference Hg (1) — Hg (1) is given by

HQ(A) - F'Q(l) = gyzg)/z()‘l - -C;Y2)7lg~91 - gyzg)’z(l - gh‘y?)ilgyl
=[1- 218,00, — Gy) M1 = Gy) Gy

Its norm can be bounded from above by using the submultiplicativity of the operator norm and
the assumption 0 < [|Gy, || < pg

~ ~ PG |)\| +1
IHg () —Hg (D]l < 11— x|cg~rdg~ =< Cgdgpg

. =g cgdgilog, IAD),
where ¢ = [|gy, || and ds = [|(I — Gy,) "Gy, |IT|l. Thus, the asserted inequality || < yg +

vg 5 dg 11(pg, |A]) follows by defining y; = ||l — acC™Y| and vg = aglIC2. [}
As an immediate consequence for the Newton scenario, we find the following result.

CoroLLARY 1 Assume that the Newton preconditioner (12) is invertible. Then the extended
fixed-point mapping G is contractive for a suitable stepsize g if pg, c;, and d; are sufficiently
small.

Proof The proof is a direct consequence of Proposition 2 since the intersection points,
where (13) (right) holds as equality, are given by the roots of a quadratic equation that is obtained
by multiplication with || — p. Its solution can be arbitrarily close to zero for a sufficient choice
of ag, pg, Cz, anhd ds using the given Newton preconditioner C with vg = 1. |

In other words, the extended fixed-point iteration G is contractive if the primal updates for y,
and y; are Newton steps and there is only a slight coupling of the variables by the constraints.
This situation can be seen by noting that (12) coincides with thetotal derivative dg(u, y1, y2)/dyi.
On the other hand, the situation depicted in Figure 1 (left) is reflected by the proposition; that is,
even full Newton steps (¢ = 1) for y; and arbitrary small contraction rates pg # O for y, can
lead to divergence. In this case the right inequality (13) implies only

= Al+1
Al < 04 vg ¢z dgulog, 1) = IIC ) ¢5 dgﬂgh,
which can be satisfied for any |1| € R for a sufficiently large choice of ||C~:*1||cgdg-. This situ-
ation might happen if small changesin y, have alarge impact on the feasibility of the stationary
condition g(u,y1,y2) = 0. The latter fact is represented by the quantity c; = ||gy, || arising in
formula (13), which measures the partial derivative 9g/dy.. The other quantity d; can be under-
stood as the influence of y; on y, since the projection matrix (I — Gy,) Gy, denotes the partial
derivative dy,/dy, according to the implicit function theorem. If one of the quantities is zero,
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Figure 2. Feasible stepsizes for the exact Newton preconditioner in the decoupled case c;ds = 0 (left) and the
situation for the general coupled case with czdg >> 0 (right).

for example, the solution y; of g(u,yi,Y2) = 0 is independent of the choice of y,, then (13)
simplifiesto

Al < Il —acCY,

which suggests that any preconditioner C, or its transformed version C, and step-multiplier ag
with ||l — agCY| < pg preserve the contraction rate for the coupled iteration. In particular, we
have no retardation at all for this choice, and using the exact preconditioner does not make sense
since doing so would mean oversolving for y;. If the exact Newton preconditioner is available,
any stepsize ag € [1 — pg, 1+ pg] preserves pg = pg, asvisualized in Figure 2 (1&ft).

4. Enforcing contraction for the general case

In the preceding section, we showed that there exist stepsizes ag and (projected Newton) pre-
conditioners C that guarantee that the extended mapping G satisfies the contraction condition (2)
and, thus, allow convergence of the overall method. A necessary condition for their existence
was that there is only a slight coupling of the variables by the constraints, namely, c; or dg
are sufficiently small. In this section, we discuss how their existence can be enforced in the
case of a strong coupling, which will be achieved by choosing the primal contraction rate pg
sufficiently small to compensate too large values c;dg > 0. The latter can be achieved by con-
sidering multiple updates G instead of one update G itself; that is, instead of just performing
one fixed-point iteration for y,, a sequence of sg updates is performed before updating y; in (9).
This motivates the nested multistep one-shot method presented at the end of the introduction.
For this method, we give alower bound on the number of updates sg to ensure that the primal
contraction rate ,oég of the multiple updates G is sufficiently small. It is based on the following
observations.

As mentioned earlier, we cannot prevent a contraction rate pg of the extended fixed-point
iteration G larger than one for the Newton update with (12)

yi =y1—acC (U, y1, G (U, y1,Y2)

by choosing ag sufficiently small or large. To see this, we depicted in Figure 2 (right) the right-
hand side

Voo () = 11— acC | + aclICHlicgdg 1 lpg, IA])
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of the second inequality (13) for two choices 0 < o} < a2 < 1 and variable |A|. The lower
bound of the function ¥, (|A]) for |A| > pg isgiven by the limit

T T _ ~_1 AL~ .
Voo = M||'_[noo Vo (IA]) = ul\'_rgo 11— acC Il + acllC lIcgdsn(pg, A1)

A+ 1
Al — pg

= 11— acC |l +agliCHczds lim pg
|A]—o0
= 11— acC*| + aclC ticgdg pg

since u(pg, |A|) is a monotonically decreasing function for these values. In particular, it might
happen that no choice ag prevents (13) from being satisfied for |A| > 1, as depicted in Figure 2
for the Newton case with C~1 = | Here, (xé asoadlowsfor al A € [1,A3] and, thus, divergence
of the extended fixed-point iteration G. The basic reason is that the lower limit y*, is strictly
greater than one, which might be due to too large values for ¢z and d;;. Hence, |25 cgn never be
restricted below oneif |C~2|c5dz g > 1.

The remedy for this problem is simple. Note that we can always assume pg being sufficiently
small by considering a sequence of sg updates for y, before we perform an update on y;. In
particular, we follow the multistep-Seidel idea and modify the extended stepping scheme (11)
to be

... — DESIGN U — ((STATE Y2)* — STATE y1)° — (ADJOINTs, (V1,¥2))° — ... 14

with the corresponding multiple adjoint updates. Basically, we now write G instead of G, which
denotes the sg times repeated application

G% (U, y1,¥2) = G(U, Y1, G(U, Y1, ... G(U, Y1, ¥2)))

sg —times

in al occurring equations such as (9) and (10). The derivatives Gy, and G, are replaced by
G =(4Gy, + G5+ +G7 G, =1 =G —Gy,) Gy,

and the product Gy? = Gy, - - - Gy, (sg-times), respectively. This modification does not alter the
previous eigenvalue analysis; the quantities C, Y6 Vg Cg,» anhd dg of Proposition 2 are the same
since the expressions (I — g;) cancel out. The only difference is that the contraction rate pg

becomes pz? (i.e. the sgth power of pg). Hence, we can indeed assume that pg is sufficiently
small by choosing sg sufficiently large.

A necessary condition to ensure contraction for the extended fixed-point iteration with full
stepsize o = 1 and Newton preconditioner C is given by the lower bound

—log(csds
Sg > max (0, [M—D eN
log(pg)
A sufficient choice for the number of inner iterations sg is asfollows.

PROPOSITION 3 Letyg = ||l — agC 1| < 1. Then by adjusting sg and, thus, ng ,anyrate pg €
(yg, 1) can be attained as an upper bound on the spectrum of Gy Sufficient is the following
relation between sg, n¢, and pg for given cg, dg, yg, and vg :

0% < pc(pe — va)
Y 7 (pc — yg) + (vgCgdg) (1 + pa)”

(15)
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Proof From theinequality (13) it followsthat any eigenvalue pg of G needs to satisfy

pc+1
06 < ve + (v5C505) 05 e
—Fg

Thus, inequality (15) must hold in order to exclude values greater than pg, as can be seen by
elementary operations. |

Moreover, the lower bound sg for the number sg follows by setting pg = 1 in (15), which
implies that

Sg > Sg = 1091),,)[1+ 2(vgCsds) /(1 — yg)] (16)

is sufficient to enforce contraction of the extended mapping in the general case with yg = ||l —
agC™ Y<1(.e pc< 1) Moreover, we can choose the values ag, sg, C1, and pg such that
the resulting algorithm is “optimal” in terms of the retardation factor.

CoroLLARY 2 Let yg € (0,1) be an upper bound on yg = ||| — agCY|, namely, 75 > g.
Then there exists a preconditioner C~* such that pg can be chosen as the harmonic mean

2 1 - PG
PG = — = 2<1— — ) P =
T 14yt 1+7g YT 2 e
for the stepsize

1-pc
1+ pc

oG = S (0, 1]

Furthermore, the minimal cycle length sg for the choice pg, a, and C~* isgiven by

s 1 1 - }
s5(C) = (2|ogpg (1— 1+)}g) —log,, <[1— 1+;7g}/2+”0 1||ngg”/(2+27/g)>—‘-

Proof Under the stated assumptions, we can bound the right-hand side of (15) from above and
deduce by elementary arguments that the minimal cycle length sg must satisfy

) pe(pc — 7g) _ p&(1— po)
97 (ps — ¥g) + (vgCade) 1+ pe) — pa(l— po) + (vgCada) (1 + pc)(2 — p)
2
P _ (1- %)

 pe+ICegds (2 — pe) (1 _ ﬁ) /2+ 1C-1Icsds/ 2+ 276)
m

As a direct consequence of Corollary 2, we see that the retardation factor of the extended
fixed-point iteration G w.r.t. to G%¢ is 2 in theideal case. In particular, we have

I|m Iog,o /109 pc =2
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for the proposed choices of ag, pg, sg(é‘l) and a sufficiently accurate preconditioner c1,
which satisfies yg = ||| —aC~1|| < 75. A promising upper bound on jg is pg (or pg) SO that
pg — 0(ors— oo) impliesyg — Oand ag — 1; in other words, avery contractive fixed-point
mapping G requires a good approximation of the preconditioner for the extended fixed-point
iteration and a stepsize g close to one. Thus, for the nested approach (14) the retardation factor
w.r.t. G isexpected to be 4 in the ideal case with a sufficient choice for s and sgc—independent of
the meshsize!

Naturally, the quantities pg, ¢, and d; needed for the choice of the number of inner cyclessg
are usually unknown. Therefore, we propose to approximate them by corresponding estimates
that can be derived by measurements during the optimization course analogous to [ 3], for exam-
ple, by using differences of the gradients of the Lagrangian function. However, care must be
taken for the estimates yg and |C~2|| since C isin general non-symmetric and indefinite (but not
singular because of the general assumptions). In particular, it is advisable to estimate now both
quantities |[C~1| and ||| — «C~ 1.

A simple example is given in the next section, where the required quantities such as the
Newton preconditioner can be derived analytically.

5. Numerical results

Parts of the theoretical results are validated by using adiscretized version of the Poisson equation
over @ = [0,1] c R with constant control u; and boundary conditions,

-yt =uforteQ and y0) =yl = U, a7

Besides the Dirichlet conditions we require that y(t = %) = k for agiven constant k € R. For an
equidistant discretization of <2 with meshsizeh = 1/2n, we can compute the N =2n — 1 discrete
state variables ) using the Jacobi method [23]

Ow = 3[MPug +y P +y" ], fori=1,...,N

and set y©@ = y@» = 0 to solve the boundary problem (17), which represents a slowly con-
vergent fixed-point solver G : RN — RN with contraction rate pg close to 1 1. The extra
pointwise requirement translates to the scalar condition g(uy, Uy, y) = Y™ — k = 0 and provides
the additional constraint for y™ = y™ (uy, u). Obviously, there always exists a unique solu-
tion y = y(up, Up) that is a fixed point of G and satisfies g if one of the quantities u; or uy is
fixed.

Since we are interested primarily in the contraction of the extended fixed-point iteration (2),
we identify u= W, e R, y1 = Uy € R, y» = y € R?"*! and assume that u, = 0 is constant; that
is, we do not consider the overall one-shot optimization (14) but only statk cycles (9) to find
a state (yj,y5) satisfying the Poisson equation with zero boundary conditions. Hence, we can
formulate the extended fixed-point mapping G: R x R x RN — R x RN with preconditioner
C e R™! asfollows:

G(0,y1,Y2) = [y1 — acCt (3[My1 + v2" P + v, ] — k) ,G(0,y1,¥2)],

where the boundaries are defined to be y,© = y,?” = 0. Moreover, we find that the correspond-
ing derivative matrices are given by

o, = [0 e R, g, =]0,...,0,1,0...,0] e RN,

h2 h2
Gy, = [33] eRNY G, =05tridiag[101] € RNN
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Figure 3. Snapshots (every 250 iterations) of the intermediate states (gray) and the solution (orange) of y» for the
extended (left) and the original (right) fixed-point iteration, where the original iteration was computed at y; *.
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Figure 4. Convergence history of the residuals for the extended fixed-point iteration G (orange) and its two compo-
nents (light/dark gray) compared with the original fixed-point iteration G (purple) with fixed states y, "™ (purple) and y;
(yellow) using random initial values (k =1, n=50, sg = 1).

Figure 3 depicts the snapshots of the intermediate states y, after every 250 iterations (gray)
and the solution y,* (orange) of the extended and the original fixed-point mapping G and G (at
y1*), respectively. Here, we use the full-step projected Newton preconditioner matrix C for the
choice k=1, n=50, and random initial values as stated in Table 1. The convergence history
of the residuals for the extended fixed-point iteration ||(y;,y2") — G(0,y1,Y2)|l> (orange) and
its two components ||y; — y1ll2 (light gray) and [ly.* — G(0, y1, y2) > (dark gray) can be found in
Figure 4, wherewe also provide theresidual |ly.* — G(0,V;, y2) |2 of the pure original fixed-point
iteration G for the initial fixed state y;"™ (purple) and its solution y: (yellow). In particular, we
can deduce from the graphics that the extended mapping is a contractivity fixed-point iteration
that converges toward the solution (3, y3).
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Table 1. Matlab code example for the extended fixed-point iteration without graphical output.

maxi ter = le4; %Nunber of maximumiterations

t ol =le- 8; %t oppi ng tol erance

k = 1.0; % onst ant for pointw se condition
Ndi s = 50+1; %unber N of free states y_2
h2=1. 0/ (Ndi s-1) *2; %vesh-si ze”2 of discretization

| =speye(Ndi s, Ndi s) ; % erivatives of g and \cal {G

gy1=0.0; gy2=zeros(1,Ndis); gy2(1,ceil (Ndis/2))=1.0;
Gy1=h2/2.ones(Ndi s, 1);

Gy2=0. 5+ (spdi ags(ones(Ndi s, 1),-1, Ndi s, Ndi s) +. ..
spdi ags(ones(Ndi s, 1), 1, Ndis, Ndi s));

C=gyl+(gy2/(1-Gy2))*Gy1; %°r oj ect ed Newt on- preconditi oner

rho=nor mest (Gy2) ; %rimal contraction rate
al pha=(1-rho)/ (1+rho); %St ep- si ze

yl=randn(1,1); %Random initial val ues
y2=randn(Ndi s, 1);

u=0. 0; %Boundary condition val ue

y2(1) =u; y2(Ndis)=u;

%Ext ended fi xed-point equation
for i=1:maxiter
ylnew=yl- al phax(Q (gy2*Gyl+yl+gy2+Gy2+xy2-K));
y2new=Gylxy1+Gy2+y2; y2new( 1) =u; y2new end) =u;
resl=norn(yl-ylnew)”"2; res2=norm(y2-y2new) "2;
yl=ylnew,
y2=y2new,
if(max(resl,res2)<tol)
br eak;
end
end

6. Conclusion

We considered an extension of the multistep one-shot method presented in [3] for design opti-
mization problems with additional equality constraints (6). The convergence theory is based on
an eigenvalue analysis that suggests using the nested approach (14). The resulting method isin
thelimits,sg — oo similar to afully hierarchical approach, where exact feasibility is established
after each iteration. Local convergence of the method can be proven for a sufficient choice of
preconditioners and cycle lengths sg and s. The lower bound on sg, which depends on problem-
specific quantities and the quality of the preconditioner, was given in Corollary 2. The latter
guantities can be estimated during the optimization analogous to the approximations used for s
presented in [3]. The retardation factor is expected to be 2 for the constraint restoration part and
4 for the overall nested multistep one-shot method in the ideal case, namely, if the preconditioner
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is exact and the step-size for the Newton steps is in the limit one. Some theoretical results and
observations were validated on a simple discrete test problem.

Computations for real applications have not been conducted so far. Also, the question remains
open of whether corresponding results can be formulated in afunctional analytic setting and how
additional inequality constraints can be embedded into the approach for more general design
optimization problems.
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Note

1. Thederivativeswill be denoted with subscripts, and the argument is skipped whenever it is unambiguous where the
derivative is evaluated; for example, Gy, gy, and f, denote the Jacobians of G, g, and the gradient of f with respect
toy, respectively.
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