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LARGE-SCALE LOSSY DATA COMPRESSION BASED ON AN A
PRIORI ERROR ESTIMATOR IN A SPECTRAL ELEMENT CODE

OANA MARIN, MICHEL SCHANEN, AND PAUL FISCHER

Abstract.

1/0 is becoming an increasing bottleneck on large-scale computer systems. We present a highly
scalable lossy data compression algorithm with controllable committed error based on an a priori
estimator. The scientific data field is compacted via the discrete Chebyshev transform (DCT),
truncated at a level within a user-specified tolerance, and subsequently compressed before writing to
disk by using a version of Huffman encoding. The flexibility of the DCT transform and computational
efficiency doubled by the a priori error estimator allows a dynamic compression ratio which can
achieve as high as 97% compression for data visualization even in cases as complex as fully developed
turbulent flow. In resilience problems however, the compression ratio is problem dependent. The
algorithm is implemented in the spectral-element code Nek5000 and tested on highly turbulent large-
scale simulation data of up to 10 billion degrees of freedom. The implementation via tensor products
is highly efficient, leading to a decrease of flops in matrix-vector multiplications in three dimensions
from O(N®) down to O(N?).

Key words. Large-scale, I/O, discrete cosine transform, discrete Chebyshev transform, Huffman
encoding, lossy, computational fluid dynamics, error estimator

1. Introduction. Although the main challenge of high performance computing
is to develop algorithms that scale well on increasingly many processors, the issue of
handling and storing the generated large data sets is becoming a significant part of
the computation. The performance in the various levels of the memory hierarchy is
steadily diverging, making computations more memory bound and potentially I/0
bound. Whereas cache access speeds have increased significantly, I/O speeds have
not been able to keep up the pace. This work focuses on reducing the amount of data
that has to be written to disk by applying lossy data compression. The compression
ratio is selected optimally through the implementation of an a priori error estimator.

Data compression is a popular concept in image processing, where resolution and
high frame rate have an immediate impact on the viewer, whereas the audience of
scientific data compression is far less wide. One of the ideas imported from image
processing was the discrete cosine transform, which has been the ground algorithm
for JPEG image compression since the early 1970s [1]. More recently, same ideas
were used in computational fluid dynamics simulations [16], but initially limited to
Cartesian grids, extending later to nonconformal meshes.

Compression algorithms can be roughly classified as lossy, where data loss is
allowed within given bounds, and lossless, where no error in incurred but the com-
pression ratio is lower. The Discrete Chebyshev Transform, also known as Discrete
Cosine Transform, and to which we shall refer here to as DCT, falls into the category
of lossy compression algorithms, by which the energy of the signal is compacted in
a convenient way that allows for optimal truncation. Other strategies in the same
category rely on the discrete wavelet transform (DWT) [5, 18, 17] or floating point
compression [9, 14]. Another approach for data compression of time varying sequences
relies on building reduced order models, via proper orthogonal decomposition (POD)
[13], [19]. This approach exploits the dynamics of the simulation. However, it may
require a time series and the dynamics of the system may not always be properly
captured as noted in [13]. These startegies can be complemented by a fast lossless
compression algorithm [3] that instead of truncating, maps the data in such a way
that the representation of probable sequences are shorter than the one of improbable
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sequences.

In the present work DCT was chosen for its exceptional energy compactness prop-
erties as well as being computationally amenable. Although both DCT and DWT
address the nature of the data from a physical/mathematical perspective, DCT is far
easier to implement than DWT which tends to be problem dependent. Essential in
any lossy compression algorithm is to have control over the error, and most works
focus on the error in maz or rms norm, as in [10]. Here, however, we focus on the Ly
norm on curvilinear grids which under the DCT transform leads to an easy to handle
expression for the truncation tolerance.

Gains in data representation due to compression become significant at large scales
and high dimensions and affect not only disk storage but also I/O speed. When used
solely for visualization purposes we can achieve a gain of 97% in compression ratio;
however, we intend to use this technique for a wider range of applications, such as
adjoint-based optimization [15], and to this end we have developed an a priori error
estimator that gives a clear account of how much data we can afford to truncate
in order to restore the solution with a given accuracy. Once the data is truncated,
the compression is performed on the actual bits of data. This is achieved through a
Huffman encoding that specifically targets the truncation symbol, here 0, as the one
with highest probability. The approach of the algorithm requires a scalable algorithm
that under optimal conditions increases I/O speeds in addition to decreasing file sizes.

This paper starts with a description of the data representation (section 2), fol-
lowed by an analysis of the properties of DCT (section 3). These properties of the
DCT lead to the derivation of the a priori error estimator. Concluding the theoretical
aspects of this work we outline the bitwise encoding strategy (section 4). The results
on three cases of the highest degree of difficulty are presented in section 5, together
with studies of the increase in I/O performance. In section 6 we briefly summarize
our conclusions.

2. Data Representation of the Spectral-Element Method. The spectral-
element method has a two-layered data representation, at the element level and inside
an element, which are populated with a set of points, roots of orthogonal polynomi-
als. Spectral-element methods may differ in their choice of element representation:
hexahedral, tetrahedral, and even hexagonal, or hybrids thereof. In terms of the spec-
tral representation inside each element, the most popular choices are Gauss Legendre
Lobatto points (GLL) [4] or Chebyshev points [2]. The code Nek5000 [6], which we
used to showcase our implementation, is based on GLL spectral grids and hexahedral
elements; however, for completeness we also tested the method on Chebyshev grids.

The entire domain 2 is thus split into elements €2.. The solution is required to be
continuous across each element boundary, class C°, and admits continuous derivatives
within an element, class C'!; for details see [4].

Consider an element 2, with inner data points x = (21, z2, 23). The solution can
be represented as a linear combination of orthogonal polynomials

(1) ux)la, = ) ufpdi(21)d;(@2)én(ws) |

.3,k

where ¢ are Lagrange polynomials and the data points x are GLL points. Since
polynomials ¢ are orthogonal and also evaluate to unity at each grid point, we may
write via tensor products

ulg, = ([ ® I, ® [)u®,
2

This manuscript is for review purposes only.



91

92

93
94
95

96

T2

Y

T1

2

Figure 1: Spectral element mesh, 3 elements with 5 Gauss-Legendre-Lobatto points
per element.

which is an identity. Although redundant in many ways, it gives an insight into
the tensor product representation. Furthermore the solution over the entire mesh is
represented as

M
u(x)lo, =Y W,
j=1
where d is the Kronecker delta function
I, j=e
(2) 5je = {0 .
, JFe

In Figure 1 we can distinguish between these two levels of representation, element-
wise and GLL inner points. The parallelism of Nek5000 is always performed at the
element level; in other words, GLL points interior to an element can never be split
between two processors.

Without detailing on the numerical methods based on a variational formulation,
we note that the spectral-element method, just like the finite-element method, does
not seek a point-wise discrete solution u that approximates the analytical solution u,
but instead seeks a solution that minimizes the scalar product

/Q(u— v

for all test functions v in a given polynomial space tailored to the problem at hand.
With this in mind, a curvilinear element in Nek5000 (be it a part of either a structured
or unstructured mesh) is mapped to a reference element where the spectral integration
quadrature is defined. If we assume that there exists a mapping from an element €,
to a reference element Qe,

x(r): Q. — Q. ,

and that any isoparametric deformation x is

x(r) = Y wirdi(r1)e; (ra) dr(rs) |
ijk
3
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then a data field over the curvilinear mesh of discrete points x takes the form

u(x) = Y ugrdi(r1)e;(ra)dr(rs) ,

ijk

with 71, 79,73 coordinates of the reference element, as illustrated in Figure 1.

However, if we are to compute derivatives and integrals of fields u, we need to
take into account the mapping x(r). For this work we are interested only in mappings
and the Lo norm, namely,

(3) / u? dQ, = / u?J(r) dQ, ,
Qe O

e

with J being the Jacobian of the mapping x(r):

J(I‘) = det(Xr), (Xr)ij = arj,

ij=1,...,d.

3. Data Truncation Algorithm. The truncation of the solution fields is per-
formed on any type of data (e.g., velocity, pressure, temperature) in the same fashion
since from the compression point of view the single most important issue is how over-
resolved or underresolved the data is. For vector fields, such as velocity, we perform
the truncation in each dimension independently.

3.1. Discrete Cosine Transform. The discrete cosine transform represents
the amplitude of a signal in spectral space, by being the real part of a Fourier trans-
form (the remainder, the discrete sine transform, representing the phase). In the
current context, however, we do not make use of the connection between DCT and
the fast Fourier transform, but rather by the correspondence of the DCT to the dis-
crete Chebysev transform, or the Karhunen-Loeve (KL). In [12], it was shown that
DCT is the optimal KL transform, having the best energy compaction efficiency for
strongly correlated Markov processes.

Fast-forwarding to the core ideas of this work, we show that the DCT as applied
to a signal u(x) in a single dimension yields

N
(4) w(z;) = ¢; 3 ula;) cos [%(22‘ —1)( - 1)] L j=1,....N
i=1

(5) c — V 1/Na Jj=1,
7 1V2/N, 2<j<N.

The DCT transform can also be represented in matrix form as
7r

(6) Ty = ejcos | 5-(2i= 1) = 1)] |

leading to w = T'u, where T is an N x N matrix.
4
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Properties of the DCT transform.
1. Orthogonality: T7 T =T T7T = I, where I is the identity matrix.
2. T7! = T7T: thus the inverse DCT transform IDCT is the transpose of the
DCT.
Energy preservation: w? w = (Tu)? (Tu) = u? TT Tu = u’ .
Energy compactness.
5. Separability: the three-dimensional DCT (let us define it 73(u)) is a sequence
of one-dimensional DCT transforms; that is, 7%(u) = (T ® T ® T)u.
To restore a data field from DCT space to the real space, we can apply the inverse

=

u=T"1w.

Given that T—! = T7 is sufficient to compute only the direct transform, the inversion
process follows naturally, via transposition.

3.2. Prerequisites. To assess whether a DCT-based implementation may yield
satisfactory results, and to compare with the JPEG approach, we first performed
a short study of a synthetically generated signal of high frequency on the reference
element [—1, 1]: here u(z,y) = sin(4x) cos(2y) + cos(5z)sin(5y). To this end we
applied the DCT transform to the signal represented on a Chebyshev grid, on a
Gauss-Legendre-Lobatto grid, and on an equidistant grid. We sought to determine
what compression ratio can be achieved such that we can restore the solution with
a fixed error. Here we considered ¢ = 1079, for increasing grid sizes. Note that a
grid of N equidistant discrete points corresponds to polynomial order N — 1 on GLL
and Chebyshev grid representations. In Figure 2a one can observe that in regions
where the signal is underresolved (up to polynomial order ~10) the behavior between
grids does not differ; however, with increasing resolution one can truncate more on
Chebyshev grids than on any others, followed by GLL grids and lastly by equidistant
grids. We note that different signals may yield different results: in some scenarios
the Chebyshev grids and GLL grids have a similar trend whereas equidistant grids
preserve a very slow decay of the error.
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(b) Color plot of the error on a Chebyshev
grid, contour plot of various magnitudes, in
direction of arrow - increasing accuracy (error
from 10~% to 10710).

(a) For a fixed error (10%) comparing com-
pression ratio vs grid size/polynomial order
(N): green: equidistant grid, blue: GLL grid,
red: Chebyshev grid.

Figure 2: Two-dimensional error assessment of a synthetically produced signal.
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For more insight into the qualitative behavior of DCT, now only on Chebyshev
grids, we generated a set of compression ratios and polynomial orders to find the
errors in each regime as illustrated in Figure 2b. Since our code is a GLL based code,
we had to map the data to Chebyshev grids, prior to applying the DCT (although
this can be done in a single step, as will be shown). However, comparative studies
on real three-dimensional cases of fully turbulent flow did not yield great differences
between GLL and Chebyshev grids, since the signal is already packed on the mesh by
design.

3.3. Tensor Products. The separability property of the DCT transform makes
it an efficient tool from a computational viewpoint. Because of separability it can be
applied on a higher-dimensional field as a tensor product of one-dimensional ones,
thus lowering the computational costs of any evaluation.

Consider 4:RM - RM B:RN - RN, C:RF - RP .

w = (A® B)u= AuB” .
In a three dimensional setup this translates into
w=(A®B®C)u=(A® B)uC’ = Auc”B" .

In index notation the two dimensional product w = (A® B)u = AuB” can be written

as
N N
wij =Y awurby, B=bj .
k=11=1
This amounts to O(N?) operations as O(N*) if the matrix A ® B is set up explicitly.
For the three-dimensional case the advantage is even bigger, yielding

N N N
(7) Wik = E § § ailulmpcpkbmj7 B = (b)jm,j,mzl,...Na C= Ckp,k,p=1,...N -

1=1 m=1p=1

Analyzing the expression in (7), we note that each matrix-matrix product neces-
sitates N3 flops. We have two such products, and the last one has to be performed N
times, leading to a total count of N3+ N34+ N?. This reduces the evaluation costs from
O(NY) operations (if the entire matrix is explicitly constructed) to O(N*) operations.
This aspect of separability, which allows for tensor product representations, becomes
important with increasing dimension since the evaluation times go from O(N??) to
O(N¥1), which is clearly more advantageous for higher dimensions d. Now we apply
the DCT transform T in all three directions and denote them, respectively as T, Ty,
T,, although T, =T, =T, = T, we have

(8) w=(T,®T,®T.)u=Tull T,

and in reverse
u= (T, T, T,)w =TI wI.T, .

Furthermore if we want to map the signal to a Chebyshev grid, it also suffices to
have one forward interpolation operator, denoted M9¢, from the GLL grid to the
Chebyshev grid. Now the transform T is applied not to u but to M9u and in one
dimension results in

w=TM%u ,
while in three dimensions the rule in (8) remains unchanged since T — TM9°.
6
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3.4. A Priori Error Estimator. The truncation of the signal (e.g. velocity
field) occurs in DCT space after the signal has been decorrelated. However, in order
to maintain control over the error incurred through the truncation of the flow field,
it is necessary to devise an a priori error estimator that guarantees that the data can
be retrieved with a desired accuracy. As will be shown shortly the Ls norm in DCT
space is equivalent to the Lo norm in real space; although the norm is imposed locally,
it is also satisfied globally.

Local to global error. The entire domain ) consists of elements €., such that
Q = UQe. The global velocity field is therefore split into its local restrictions u, =
u|g,. Because of the nature of our computational domains, which are curvilinear
with nonuniform elements, we need to consider the norm weighted by V = fQ d$2, the
volume of the domain, or element, namely,

) fuf = [ J 42 I,
deQ Vo

By virtue of the spectral element domain decomposition and using u|o, = u. we can
write the global Ly norm as a sum of local norms:

lullz, = > llucllZ, -
e

This translates in terms of the norm weighted by the volume as

2 2
lullz, _ lz ||ue||L2Ve ’
|4 V< Ve

which once again with the current definition of the norm, (9), is
1
(10) [l = 7 D el Ve .

Regarding the truncation error incurred by 1, if we impose a threshold on the global
solution |[u — || < €, then from (10) it is sufficient to impose a similar local norm
[|lue — Q|| <e.

Truncation in DCT space. Assuming a spectral discretization in Gauss-Legendre-
Lobbatto points, with weights gathered in the mass matrix B, the Ly norm in one

dimension becomes
[lullr, = 1// u2 dQ ~ 4’ Bu .
Q

For clarity we denote here as u the discrete correspondent of the velocity field u. Now
if we transfer the field u into spectral space via DCT, we have w = Tu:

lw||L, = W ~w! Bw = o' TTBTw .
Q

From the properties of DCT we have that 77T = I; and since the mass matrix is
a diagonal matrix, we also have TTBT = B. This reasoning is performed in one
dimension; however, because of the separability of DCT, it can be easily transported
to a higher dimension via tensor products.

In conclusion, although the error should be cautiously measured locally in DCT
space, the result is identical to that in real space.

7
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Figure 3: 1/O write operation using 12 processes with 3 I/O ranks.

4. Compression Algorithm. The number of entries within one spectral ele-
ment is M = P¢, where d is the spatial dimension and P the polynomial order. Based
on DCT and the a priori error estimator, we are able to truncate K entries of u by
setting each one to zero. This leaves us with N = M — K nonzero entries. We assume
that each entry takes m bits in its binary encoding e : R — B™, where

x = [bo, b1, .. bm—2,bm—1]2 ,

with B being the space of binary numbers. One example of such an encoding is
the binary numbers representation where x = er:ol b; - 2'. With double precision
floating-point number encoding as defined by IEEE have, we m = 64 bits. We want a
compression algorithm that is efficient in terms of both performance and compression
ratio and, flexible with regard to the encoding e. Without loss of generality we assume
that e(0) = [0,...,0]s. We propose the compression encoding h:

[0]2, ifbo=""=bm-1 =1[0]2,
——
1 bit
h([bo,b1,. .., bym—2,bpm_1]2) =
[17b0; bla AR bm—?; bm—1]27 else .
m+1 bits

The entries of value zero are all compressed by using the single bit 0 for their
encoding. Every other value is being prepended with the single bit 1. It is a simplified
Huffman encoding where we distinguish only two types of symbols: the zeros that are
being compressed and the nonzeros. Of course, to make this encoding achieve high
compression ratios, we assume that zero is by far the most prevalent number.

We define the optimal zero compression ratio as %7 where all the zeros have zero
size. Using our encoding, we end up with K + M - (m + 1) and thus a compression
ratio of

K+(M-K)-(m+1)
M-m
For K = 0, we end up with an increase of M bits, whereas with K = M our highest
compression ratio is % It follows that this encoding is useful only if K > M/m. The
complexity of this encoding is linear in the number of total grid points n totalling to
O(n - d) with d being the dimension.

4.1. Compressed I/0 in Nek5000. I/O has a wide range of use cases, includ-
ing visualization, resilience, and adjoint checkpointing. It represents the lowest layer

8
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of the memory hierarchy where the data is written on permanent storage devices (e.g.,
disks). Because it is the last memory layer, it generally has the slowest bandwidth and
the highest latency of all the memories involved in the computation. This bottleneck
poses great challenges for large-scale computer systems, and the amount of output
data should be selected wisely.

One way of addressing this bottleneck is to adapt the hardware to the access
patterns. Burst buffers, for example, assume short peaks of high disk access. Another
alternative is to compress and reduce the amount of data. In Nek5000, the data
consists in its simplest form of the velocity vector field and the pressure scalar field.
Because of the continuity we assume that these two fields are an excellent candidate
for the DCT truncation described in section 3, while ignoring the effects of shocks.

The I/O implementation of Nek5000 is shown in Figure 3. It distinguishes I/O
ranks as a subset of compute ranks. For brevity reasons we focus only on the write
operation, which is fundamentally similar to reads and more frequent. After a write
operation is initiated, every compute rank sends its data to the I/O ranks, which then
dispatch the data to the system I/O API (i.e., furite).

Our compression algorithm is made up of two stages. One is the truncation
relying on DCT (see section 3), and the other is the actual compression of the zeros
created by the truncation (see section 4). To achieve maximum scalability, we apply
the truncation on the compute nodes. Consequently, it would also be desirable to
apply the compression on the compute nodes. However, this design raises flexibilty
concerns. One data segment ¢ is compressed from full-length n; to the compressed-
length ¢; and written out serially segment after segment. To know the length ¢; of the
compressed segments, we also store the length ¢; at the beginning of each compressed
data segment. If the data is compressed on the compute nodes, the I/O nodes collect
the various compressed data segments together with the prepended c¢;’s and write them
to disk. Nek5000 is able to be run with different numbers of nodes using the same data.
Let us assume that data has been compressed and written using n compute nodes.
If this data is read and then distributed, for example, among 2n compute nodes, this
distribution becomes nontrivial, because the compressed fragments cannot easily be
split up in a scalable way. Hence, we decided to do the data compression only on
the I/O nodes. In that case, and for the same reason, the compressed data must be
read with the same number of I/O nodes as it has been written. With this process of
course, the compression scales only with the number of I/O nodes, which, as we will
see later, may lack scalability, depending on the architecture.

5. Implementation and Results. The current work is independent of the na-
ture of the data fields. However, compression is applied here to flow fields from
turbulent simulations. This choice is justified by our numerical experiments which
showed that fully turbulent flow fields are the hardest to compress since the signal
usually has high frequencies and is fully resolved. On the other hand signals that
are overresolved can be highly compressed, and this implies fields stemming from
Reynolds-averaged Navier-Stokes, laminar flows, and so forth.

Both cases selected here are results of simulations using the incompressible Navier-
Stokes, which in nondimensional formulation are given by

) 1
(11) —u+u-Vu:—Vp+§V2u+f

ot
V-u=0,

where u is the flow velocity, p the pressure, and Re the Reynolds number given as
9
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Figure 4: Workflow for compression and restoring the solution.

Re =UD/u (i being the viscosity).

Algorithm 1 Parallel compression on an already partitioned mesh with nel elements
each.

procedure SETUP
T <+ DCT_setup-1d(p)
end procedure
procedure TRUNCATE
5: for 0 < k < nel do
Upcr,x = T uy - T2 - T
sort(upcr k)
Utrunc,k = UpcT,k > €
end for
10: end procedure
procedure COMPRESS
if I0node then
for q € IOchildren do
Recv (utrunc H q)

15: Ucompress =huff_encode (Ugrunc)
output (ucompress)
end for
else
Send (Utyrync , LOparent)
20: end if

end procedure

5.1. Algorithm. Combining the DCT truncation (see section 3), the Huffman-
based compression (see section 4), the error estimator (see subsection 3.4), and the I/O
layout in Nek5000 (see subsection 4.1), we derive the parallel algorithm in Algorithm 1
and its implementation. The parallel algorithm is described on an already partitioned
data u, each process executing it locally.

The Setup procedure is called once at the startup of Nekb000. It creates the DCT
operator T, which depends on the element grid points (line 2) and ultimately only on
the polynomial order p=N-1. The operator T is of size N-N, and thus its implementation
via tensor products renders its computation extremely fast.

The Truncate and Compress procedures are called one after another each time an
output is initiated. Every process iterates over every element k and applies the three-
dimensional DCT using the tensor product implementation of T (line 6). Subsequently,
the resulting DCT transformed array upcr is sorted and then truncated based on the

10
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error estimator (line 8). No communication is involved in this process, making it
embarrassingly parallel.

In Compress the Huffman encoding is applied at the I/O node level. If the process
is an I/O node (see Figure 3), it iterates over all its children and receives the truncated
data of every child q (line 14). It then applies the Huffman encoding, as seen in
section 4, and writes the output of child q to disk. If the process is not an I/O node it
just sends the data to its I/O parent I0Oparent (line 19). The number of messages and
thus its latency depends on the number of children in I0children (line 13). Assuming
this ratio is constant for a given system and architecture, the compression step is also
embarrassingly parallel at the I/O node level.

The uncompressed I/O uses the same communication structure for collection the
data as in the routine COMPRESS. To achieve a speedup in the I/O using the com-
pression, the for loop in lines 13-17 has to become faster than in the uncompressed
case. All the operations in that loop, Recv, huff_encode, and output are supposed to
scale linearly with the data size. Thus, if the performance gain of the compression in
output is high enough to account for the additional time needed for the encoding, we
experience a speedup. These parameters are highly system dependent. huff_encode
is a highly memory bandwidth bound routine, whereas output is I/O bound. The
current development in diverging memory access and I/O speeds gives us confidence
that future architectures will increase the benefits of our approach.

5.2. Results. The first case is a three-dimensional direct numerical simulation
of flow past an airplane wing [7] at the high Reynolds number of 400.000 based on
freestream velocity and cord length. To fully resolve the turbulent scales requires 3.2
billion grid points (1.847.664 elements), making this a typical large-scale computing
application. This flow case, as seen in Figure 5a, is not fully turbulent in the en-
tire domain, and regions with less fluctuations can be compressed more than their
counterparts.

The second case, involving turbulent flow, in a rod bundle of 37 pins [11], is
the result of a large eddy simulation, illustrated in Figure 5b. This simulation was
performed on 10 billion grid points on an unstructured mesh, and the flow is turbulent
in the entire domain, leading to lower compression rates. The data file in this case
was available in single precision, which is common in such types of simulations when
compression is not available. Data stored in single precision is widely used since most
postprocessing is done at runtime, with little need for full velocity fields. The few
applications that may need the data for postprocessing are not as sensitive to the lack
of accuracy induced by single-precision data.

The third case is the canonical example of turbulent flow in a straight pipe at a
friction Reynolds number of Re, = 180, studied in detail in [8]. This is the smallest
case, 36.480 elements with approximately 18 million gridpoints.

The implementation follows Algorithm 1, or the schematic view Figure 4, by which
we apply the DCT transform, then truncate, and compress. Note the distinction we
make here between truncation, which is the mathematical procedure of setting to
zero the information that is deemed redundant in the signal (i.e. above a certain
tolerance), and compression, which is the actual bitwise encoding that removes these
zeros from the data set.

We defined and tested a set of tolerances in the range of 10~¢ with i = 1,...13
and compressed optimally based on the a priori estimator in subsection 3.4. Assessing
the compression ratio versus loss of accuracy as in Figure 6a and Figure 7a we note
that even in the most challenging case of fully developed turbulence, one can compress

11

This manuscript is for review purposes only.



332
333
334
335
336
337
338
339
340
341

342
343

(a) Flow past an airplane wing (= 3.2 billion gridpoints).

(b) Flow in a rod bundle (= 10 billion grid- (c¢) Flow in a pipe at Re, = 180.
points).

Figure 5: Velocity magnitude of different flow configurations.

more at higher or equal accuracy than by storing data in single precision. The case of
the flow in a rod bundle for which the available data was in single precision allows for
less compression (see Figure 7b) than its fully turbulent counterpart in (see Figure 7a).
We attribute this difference to the noise induced in double-precision operations by the
single-precision format.

The use of compression is envisioned both for file restarts at a minimally necessary
accuracy and visualizations. Nonetheless, the requirements for visualization seem to
be low. An accuracy of 1072, corresponding to 97% compression, is consistently suffi-
cient for satisfactory visualizations, as illustrated in Figure 8a, Figure 8b, Figure 9a,
and Figure 9b.

5.3. Data Compression for Resilience. Data compression can be exploited
beyond visualizations, because it is being used as a restart file for subsequent time
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Figure 6: Flow past an airplane wing
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visualization threshold.
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sponds to visualization in Figure 8b.

Figure 7: Compression ratio (C,.) vs error.

-dependent computations, keeping in mind that the impact of initial conditions may
be overarching. Lossy data compression induces a truncation error, which depending
on the sensitivity to initial conditions may be of greater or lesser relevance. For
example, transition to turbulence can trigger a sudden decay in kinetic energy at
even small errors, where fully developed turbulence leads to the same statistical state
even for larger errors. At high errors we also expect an impact on code efficiency,
since truncations in data may lead to a higher iteration count in the algebraic solver
for the first timesteps after restart. A full study of the impact of data loss for file
restarts is therefore highly problem dependent.

The a priori error estimator is the stepping stone for any restart since it is universal
and relies only on the signal quality. To assess how well the a priori error estimator
agrees with the a posteriori one, we have compared it in Figure 6b. Both DCT
transforms on GLL and Chebyshev grids follow well the imposed tolerance, with a
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(a) Compression 99%, at an error of 1071 (b) Compression 97%, at an error of 1072

Figure 8: Visualization retrieved at different compression ratios for flow in a rod
bundle.

357 smaller deviation on the Chebyshev grid. For noisy data fields, however, the estimator
358 deviates a bit more; see Figure 10b, where the data was available in single-precision
359 compared with double-precision fields in Figure 10a.

360 If any loss in data may be detrimental to the final solution, the alternative is to
361 use the compression only for visualizations, where it performs exceptionally well, and
362 overwrite the checkpoints as uncompressed data at the end of every new successful
363 computation.

(a) Compression 99%, at an error of 1071 (b) Compression 97%, at an error of 10~2

Figure 9: Visualization retrieved at different compression ratios for flow around a
wing.

14

This manuscript is for review purposes only.



Postcomputed error
A\

10* 10
Error threshold

(a) Flow in a pipe:

Figure 10: A posteriori error vs imposed tolerance on a priori error estimate.

x 10

(blue) GLL grid, (black)
Chebyshev grid, (red dotted) imposed tolerance.

' 107

Postcomputed error

10t 10 10t 107
Error threshold

(b) Flow in a rod bundle case: (blue) GLL grid,
(black) Chebyshev grid, (red dotted) imposed

tolerance.

10 speed (Mbps/s)

Time (s)

02 03 04 05 06 07

Compression ratio

(a) I/O speed in Mbps/s vs compression ratio
using 65,536 processes with 1,024 I/O nodes for
the uncompressed and 2,048 I/O nodes for the

08 09 1

compressed write, (red dotted) theoretical band-
width limit, (red continuous) speed for uncom-

pressed data.

2

0.1

02 03 04 05 06 07 08 09
Compression ratio

(b) Time to write in seconds versus compression
ratio, (red dotted) theoretical bandwidth limit,
(red continuous) speed for uncompressed data.

Figure 11: I/O performance on the flow past an airplane wing case.

5.4. I/O Performance. The implementation of the I/O has been described
in subsection 4.1. We benchmarked the I/O speeds on 1,024 Mira BG/Q nodes at
Argonne using 65,536 processes, called compute nodes in this paper. Each Mira node
is composed of 16 cores. Nek5000 was run with 32 processes per such node, with two
processes per core. Every 128 Mira nodes are physically connected to one I/0 node at
4 GB/s. That 4 GB/s connection is attached to a network switch and the backbone,
which eventually leads to the disks. System noise due to other running applications
may prevent full usage of the 4 GB/s at the I/O node level. Thus, at 1,024 nodes we

may expect a maximum of 32 GB/s assuming no interference with other jobs.

The number of abstract I/O nodes in Nek5000 does not necessarily correspond to
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Table 1: Overview of runtime parameters

Data | Mira Nodes Nek I/O Nodes Nek Nodes
Uncompressed 2,048 1,024 65,536
Compressed 2,048 2,048 65,536

the number of physical I/O nodes on Mira. To determine the maximum write speed,
we wrote data at various numbers of I/O nodes ranging from 128 to 2,048 with 10
measurements each. The peak performance was achieved by using 1,024 I/O nodes
for the uncompressed data and 2,048 nodes for the compressed data. The parameters
of the runs are summarized in Table 1, and the performance is plotted in Figure 11a.

The cost of writing compressed data has been at most 2, with a compression
ratio below 0.2 compared with an uncompressed write. At a compression ratio above
0.9 an I/0 speed advantage can be observed. This would be the case mainly with
visualization data. We expect that further optimizations in the implementation should
lead to an I/O speed increase at lower compression ratios.

6. Conclusions. We have implemented a scalable lossy data compression in a
spectral-element code and controlled the data compression via an a priori error esti-
mator. The lossy data algorithm has been inspired by the DCT transform used by the
JPEG image compression algorithm. However, we have identified that the compres-
sion ratio may achieve higher ratios on Chebyshev and GLL grids than on equidistant
grids, as in image compression. Although our method has been demonstrated on fluid
dynamics data, it is applicable to other types of data. The a priori error estimator is
based on the Ly norm, which is a far more suitable norm for continuous scientific data
than is the rms norm used in image compression. The algorithm has the outstanding
performance for visualization, where it is possible to retain the same visualization
quality using only 3% of the initial data. The compression of the data on disk is
achieved via Huffman encoding, which leads not only to reduced sizes in data but
also to faster I/O speeds by saturating the bandwidth at a higher speed. The imple-
mentation of the DCT not only is flexible but also, because of the separability of the
DCT, leads to an efficient implementation via tensor products, thereby lowering the
computational cost for three-dimensional data from O(N®) to O(N?).
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