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Abstract. The classical trust-region method for unconstrained minimization can be aug-
mented with a line search that finds a point that satisfies the Wolfe conditions. One can use
this new method to define an algorithm that simultaneously satisfies the quasi-Newton con-
dition at each iteration and maintains a positive-definite approximation to the Hessian of the
objective function. This new algorithm has strong global convergence properties and is robust
and efficient in practice.
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1. Introduction

Many important problems may be expressed in terms of nonlinear multivariate
unconstrained optimization. The basic unconstrained optimization problem is to
minimize a real-valued objective function f(z) over all vectors = € IR™. Many
techniques are available for solving unconstrained minimization problems when
f(z) is twice continuously differentiable. Quasi-Newton techniques for minimiz-
ing f(x) are popular, particularly whenever the matrix-valued second derivative
of f(x), called the Hessian and written V2f(z), is not known analytically or is
prohibitively expensive to compute or store.

As their name suggests, quasi-Newton methods are closely related to New-
ton’s method. Given the current iterate xj, an unmodified Newton method com-
putes a step sy by the formula

sk = =V f(xr) "'V f(x)

and then takes xp11 = x) + sk as its next iterate. Similarly, an unmodified
quasi-Newton method takes

Sk — —B,:1Vf(xk) (1)

as the step to the next iterate, where { By} is a sequence of matrix approximation
to the Hessian. Like Newton’s method, quasi-Newton methods must be modified
to enforce convergence and to encourage convergence to a minimizer, rather
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than a maximizer or other point at which V f(x) = 0. Furthermore, the simple
quasi-Newton iteration given by (1) is not even defined if By is singular, and a
practical algorithm must handle this case.

Two broad classes of modified quasi-Newton algorithms are trust-region
methods and line-search methods. Trust-region methods define each iterate as
the approximate minimizer of a relatively simple model function within a region
in which the algorithm “trusts” that the model function behaves like f. In their
simplest form, line-search methods produce each iterate by searching for an ac-
ceptable value of x along a line passing through the previous iterate. The fact
that many different line-search methods exist makes it difficult to make a gen-
eral statement about how the search direction is chosen. Normally, the step will
be related to the quasi-Newton step (1), with some modification that preserves
convergence if By becomes nearly singular. A line-search method often requires
more iterations to find a minimizer of f than does a trust-region method. On
the other hand, a line-search method tends to compute each iterate more quickly
than does a comparable trust-region method.

In this paper, we propose and analyze a new algorithm that combines ele-
ments of trust-region methods with elements of line-search methods. The new
algorithm retains the quick convergence and stability of trust-region methods,
while significantly decreasing the average cost per iteration of the method. The
new method, like most trust-region methods, also puts few restrictions on the
sequence { B }. In particular, the method will behave correctly if some of the ma-
trices are indefinite or singular. Thus, one can to choose By, to be V2f(zy), the
exact Hessian of the objective function, or one can use a quasi-Newton method
such as the symmetric rank-one (SR1) update that does not produce a positive
definite sequence {By}.

When By is not the exact Hessian, however, there is some advantage to
maintaining positive definiteness. If By is not positive definite, then the exact
solution to the trust-region subproblem will be at a point at which the trust-
region radius will be active. Therefore, when By is indefinite, a method for
solving the trust-region subproblem approximately will not, in general, choose
an unmodified quasi-Newton step (1).

Line-search quasi-Newton methods have traditionally also had another ad-
vantage over their trust-region counterparts. By employing an appropriate line-
search strategy and an appropriate updating strategy for By, one can generate a
positive definite sequence of approximations to the Hessian of f(x). In contrast,
trust-region methods have traditionally had to modify By in ways that make
it a less accurate model of the Hessian of f(z) in order to maintain a positive
definite sequence of approximate Hessians. We describe some of these modifica-
tions, and the sense in which they make the approximate Hessian less accurate,
in Section 3.

The algorithm proposed in this paper, on the other hand, provides a nat-
ural way of modifying the approximate Hessian to produce a positive definite
sequence of matrices. We provide a general convergence theory for the algorithm
and show how the algorithm, in conjunction with the BFGS update (5), may be
used to produce an efficient quasi-Newton method.
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2. Trust-Region Methods

Trust-region methods produce a trial step by minimizing a quadratic model of the

objective function subject to a constraint on the length of the trial step. Because

of this restriction, trust-region methods are sometimes known as restricted-step

methods. In this section, we summarize some properties of trust-region methods.

For an in-depth overview of trust-region methods see Conn, Gould, and Toint [2].
A quadratic model of f(xy + s) — f(x) takes the form

Qi (s) = gis + 55" Bys, (2)

where s = 2 — xy,. Typically, gi is chosen to be V f(xy) or a close approximation
to the gradient. In this paper, we always choose g, = V f(x), and we write g(x)
for V f(x). Trust-region methods put few restrictions on the choice of By. In
Section 3 we describe how to choose By to be a quasi-Newton approximation to
the Hessian. The trust-region subproblem may be formally stated as follows:

minimize Qk(s) 3)
subject to | Nys|| < dx,

where 4y is a scalar known as the trust-region radius, || - || is any vector norm,
and N is a nonsingular matrix used to scale the problem.

No consensus exists on what choice of Ny, is appropriate. Convergence theory
allows the choice Ny = [ for all k, and this choice seems to be acceptable for
well-scaled problems. Choosing N to be a constant matrix in order to improve
the scaling of the problem is a trivial modification to a trust-region algorithm.
Some methods for solving problem (3), however, must vary Ny, at each iteration
in order to compute the trial step efficiently (see, for instance, Steihaug [15] and
Toint [18])

Our new quasi-Newton method always chooses Bj, to be positive definite.
We also choose || - || to be || - ||ooc and Ny, to be diagonal. With these choices, the
trust-region subproblem (3) is a convex quadratic program (QP) with only sim-
ple bounds on the variables. The minimizer is unique, and the subproblem can
be solved by off-the-shelf software. Possibly the first method to use a quadratic
model of the objective function with the trust-region based on || - || was de-
scribed by Wilson [19]. More modern methods were studied by Fletcher [3], who
maintains a positive definite By, and by Friedlander et al. [5], who define a
method that finds a direction of sufficient decrease by solving a simplified QP.

3. Quasi-Newton Methods

We use a quasi-Newton updating scheme to define the matrices By in our
quadratic model (2). Quasi-Newton methods use the curvature information from
the current iteration, and possibly the matrix By, to define By41. A true quasi-
Newton method will choose Bj1 so that

k+1 — gk = Brg1(Tpq1 — ox). (4)
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In this way, Br11(zr+1—2xk) is a finite difference approximation to the derivative
of g(x) in the direction of xgy; — z. For a practical quasi-Newton method,
computing By should be considerably less expensive than computing V2 f(z).
Popular quasi-Newton methods choose By11 = By + E, where F is a matrix of
low rank, usually one or two.

By using a rank-two update, we may also arrange that By, is always a positive-
definite, symmetric matrix. Many rank-two formulas may be used, but probably
the most famous is the BFGS update,

(Bkpr)(Brpr)™  yryi

Byy1 = By — ;
PEBipr yipr

()

where pr, = xp+1 — 2k and Yy = gr+1 — gk 1t is well known (see, for instance,
Fletcher [4]) that if By is positive definite and y/p, > 0 and By is chosen
using the BFGS update, then By is also positive definite.

We note that for any update satisfying the quasi-Newton condition (4), the
matrix By cannot be positive definite if yfpy < 0, because yipy = piBir1pk-
Typically, quasi-Newton methods that use the BFGS update employ a line search
to locate a point for which y,{pk > 0. In their simplest form, these methods will
generate a search direction sy for which ngsk < 0 and then search for an positive
ay, that satisfies the well-known strong Wolfe conditions,

flan + arsk) — flzn) < armglse (6)

and
lg(wk + arsi) sk| < —wgi sk, (7)

where 0 < 11 < w < 1. Usually, one also requires that n; < 1/2 so that the Wolfe
condition (6) is met by the exact minimizer of a quadratic function. One then
takes xx41 = xk + aisg. We observe that si, oy, and py are related by the rule

Tk+1 — Tk = Pk = Qg Sk-

If 241 satisfies the Wolfe condition on the gradient (7), then

(gk1 — 96) Pk = —(1 — w)gipr, (8)

and therefore ykTpk > 0. Thus, when paired with the BFGS update, a line search
using the Wolfe conditions will produce a positive-definite sequence of matrices
By, and the quadratic terms may be dropped. Traditional trust-region meth-
ods, which do not employ the Wolfe conditions, cannot ensure that ygpk >0 at
each iteration. Thus, traditional trust-region algorithms, typically involve itera-
tions for which no symmetric positive definite By, satisfies the quasi-Newton
condition (4).

When the Wolfe conditions are not used to define zy1, the BFGS update
may still be used to define By1 when yis; > 0. Nocedal and Yuan [11] suggest
simply setting Bry1 = By when yls; < 0. Obviously, their method will not
satisfy the quasi-Newton condition (4) at each iteration, but it will keep By
positive definite. Some care must be taken in applying the update, because when
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the Wolfe conditions are not used, y{s; may equal zero or may be arbitrarily
close to zero. Fletcher [3] develops a trust-region method that employs a rank-
two formula suggested by Powell [12] when y,{sk < 0. As we noted above, his
method cannot satisfy the quasi-Newton condition.

Nocedal and Yuan [11] also experiment with the symmetric rank-one update
(y& — Bipr) (yx — Bipi)”
(yr — Brpr) Tk

Byy1 =B+ , (9)
which is the unique rank-one update that maintains a symmetric sequence of ma-
trices. The matrices generated by this quasi-Newton scheme are not necessarily
positive definite. To avoid numerical problems, the authors skip the update if
|(yx — kak)Tpk| is less than some tolerance. They allow By to become indefinite
and use a method similar to Moré and Sorensen’s [10] to compute the approxi-
mate global minimizer. We are not aware of anyone using the BFGS update to
define By11 when yls; < 0. We see no technical reason why this could not be
done in the context of trust-region methods, provided that proper care is taken
when szksk or ykTsk is nearly zero. On the other hand, we see no compelling
reason to use the BFGS update unless one wishes to generate a sequence of
positive definite matrices.

With low-rank quasi-Newton methods, it is not necessary to factor an n x n
matrix at each iteration to solve the trust-region subproblem. Gill et al. [7] show
how to update a Cholesky factorization of By, to find a Cholesky factorization of
Bj4+1 when By is a low-rank modification of By. If By is chosen to be a diagonal
matrix, no factorization of By is ever required. The process of updating a fac-
torization of By, requires O(n?) multiplications for a rank-one modification and
O(2n?) multiplications for a rank-two modification. This requirement is clearly
preferable to the O(#n®) multiplications needed to factor a dense, symmetric
Bi41. In our numerical experiments, we used the LSSOL algorithm of Gill et
al. [8], which is based on an algorithm by Stoer [16]. This code is specifically
designed for positive semidefinite By and can efficiently use a factorization of
By, rather than By itself, to find a minimizer.

4. Combination Trust-Region Line-Search Methods

The trust-region subproblem, repeated here for convenience, is

minimize Qj(s)

subject to | Ngs|| < d. (10)

We observe that the trial step s; produced by solving the trust-region subprob-
lem is often a suitable search direction for a line-search technique. Furthermore,
these line-search techniques may use a variant of the strong Wolfe conditions,

flag + agsk) — flag) <m (akg,?sk + %ai min(0, szksk)) (11)

and
|g(xx + osi)Tse| < —w(gisk + g min(0, s Bysy)), (12)
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as their termination criteria. When By, is positive semidefinite, these conditions
reduce to the traditional strong Wolfe conditions (6) and (7), which allow com-
bination algorithms to fully exploit the properties of the BFGS update. Fur-
thermore, combination methods may be applied even when Bj is not positive
definite. Gertz [6] shows that when By is chosen to be the exact Hessian, the
quadratic terms in (11) and (12) can be used to ensure second-order convergence
of these methods.
To simplify notation, we introduce the function

qr(s) = gfs + 3 min(0, s"Bys). (13)

In terms of this function, the first Wolfe condition (11) may be written more
succinctly as

flzr) — flag + asg) > —nigr(osy). (14)
We also define the set

W(m,w) = {a > 0| «a satisfies conditions (11) and (12)}. (15)

This notation makes clear the dependence of the set of a’s that satisfy the Wolfe
conditions on the parameters 7; and w.

This paper develops new algorithms, first introduced by Gertz [6], that apply
a line search to the trust-region trial step. These new methods apply rules defined
to favor iterations of the form 41 = .+ sk, because the trust-region step often
produces a very good reduction in f. When f(zj + s) does not meet a sufficient
decrease condition, the method performs a line search to find an aj so that
flap 4+ agsk) — f(x) is sufficiently small when compared with Qp (cy sk ). In this
manner, every time a trial step is computed, the new algorithms produce a new
value of x that meets a sufficient decrease requirement. Classical trust-region
methods, by contrast, may require several solutions of the relatively expensive
trust-region subproblem before they find an acceptable new value of x. The
length g || Nisk|| of the accepted step provides useful information for controlling
the size of the trust-region radius. We have used this length extensively and
effectively in adjusting d.

Toint [18] describes a method that also adds a line search to a trust-region
method. His method is based on the observation that one may substitute z for
xx where f(Zx) < f(zr) at any point in a trust-region method without adversely
affecting the proof that liminfy . [|gk|| = 0. Toint therefore performs a line
search at every iterate to attempt to find a lower value of the objective function.
His method does not impose a sufficient decrease condition on the line search.
Nocedal and Yuan [11] describe a method that performs a backtracking line
search when f(xy + sx) > f(xx). They also do not impose a sufficient decrease
condition on this line search, and moreover they accept f(zp + sx) whenever
flxg + sk) < f(xg). Thus, they do not impose a sufficient decrease requirement
on any step. Gertz [6] also introduces and develops a trust-region method with a
backtracking line search. The backtracking method employs a sufficient decrease
criterion at every iteration and has strong convergence properties. However,
this method is less useful in developing quasi-Newton algorithms than are the
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methods described here because it does not generate steps that satisfy the Wolfe
conditions (11) and (12). For a method that adds a backtracking line search to
a trust-region method for equality-constrained optimization, see El Hallabi [9].

The convergence theorems presented in Gertz [6] are stronger than those pre-
sented in the papers discussed in the preceding paragraph. Since these authors do
not impose a sufficient decrease requirement on each step, the techniques used to
prove the stronger convergence theorems are not available for their methods. We
doubt that the stronger theorems hold. Nocedal and Yuan do make limited use
of the line search to control the trust-region radius, in the sense that when ay sy,
is determined by the backtracking line search and ay||Ngsk|| is small enough,
they set dr = ai||Nisg||. Our use of the step length to adjust the trust-region
radius is more sophisticated.

The theory developed by Nocedal and Yuan is limited to the case in which
I -1l = Il - |2, whereas the theory developed here is not. Furthermore, they base
their algorithm on a method of solving the trust-region subproblem developed by
Moré and Sorensen [10] but omit a key step in this method. The omitted step,
which computes an approximate null vector of a certain matrix, often allows
Moré and Sorensen’s method to find a solution to the trust-region subproblem
far more quickly than their simplified method. Nocedal and Yuan, in fact, use
Moré and Sorensen’s method in their numerical experiments but are vague about
the theoretical basis of their using the method. The omission of the step from
Moré and Sorensen’s algorithm is not trivial. It affects the theoretical properties
of s, significantly.

Neither the method of Toint nor the method of Nocedal and Yuan necessarily
finds steps for which (gx11 — gx)Tsx > 0. Thus, they are limited in their ability
to fully exploit the properties of the BFGS update in their methods.

5. The Biased Wolfe Trust-Region Algorithm

Line-search methods based on the Wolfe conditions have a desirable property not
found in backtracking methods: it is possible to find acceptable values of o that
are greater than one. If the method chooses an a > 1, then either the quadratic
model was unduly pessimistic, or the trust-region bound was active and the
trust-region radius was too small. In either case, the step ajsy still satisfies a
sufficient decrease condition, and generally f(xp + agsk) < f(xx + sx). Since it
is possible, and sometimes necessary, that a > 1, we may define a trust-region
method that relies exclusively on oy||Nisk|| to adjust the trust-region radius.

Algorithm 5.1. Wolfe Trust-Region Algorithm

Let constants kpax, ¥ > 1 and 0 < 77 < w < 1 be given.

k<« 1; 0 — 1; 2 < 20

while £ < k.« and not converged
Let s be an approximate solution to the trust-region subproblem (3).
Choose oy, € W(n,w).
Th4+1 < Tk + O Sk
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Choose Oi+1 € [ak||Neskll, x| Ngskll]-
kE—k+1
end

The introduction of the constant v merits some explanation. The trial step
sk is not computed exactly. Thus, even when all minimizers of the trust-region
subproblem occur on the boundary, s; may be computed only such that || Ngsg||
is within some tolerance of d5. The value of this tolerance depends on the method
used solve the subproblem but is often significantly greater than machine pre-
cision. We may always arrange so that || Nysg|| < dx, but we cannot practically
require that ||Nysk|| = 0. The constant v is used to compensate for this effect.
Assume that || Nygsg| > (1/v)d) unless s = —B; 'g. An acceptable rule for
choosing 0p41 € [o || Nsk||, axv||Nisi||] is

_ ak”NkSkH if Sk:—Bkjlgk
Okt = {Oék5k otherwise. (16)

Other reasonable choices depend on the algorithm used to solve the trust-region
subproblem.

Gertz [6] has shown that Algorithm 5.1 is theoretically sound and possesses
a fast asymptotic convergence rate. Practical problems arise, however, when this
algorithm is paired with usual methods of performing the line search. The rule
Algorithm 5.1 used to adjust the trust-region radius can lead to unnecessarily
small choices of dy1. Moreover, the constants n; and w used in the Wolfe con-
ditions are often chosen to produce a rather relaxed search. Because oy = 1 is
usually the first value tried by line search algorithm, Algorithm 5.1 is not aggres-
sive in increasing the trust-region radius, even when an increase is permissible.
Away from a solution, unnecessarily small values of §; can cause the algorithm
to take unnecessarily small steps. Numerical experiments show an increase in
the number of iterations for some problems. More significant, however, is the
fact that some methods for solving the trust-region subproblem (3) appear to be
adversely affected by an unnecessarily small choice of dj. Since the solution of (3)
can be the computational bottleneck of a trust-region algorithm, it is important
to solve the trust-region subproblem as efficiently as possible.

Algorithm 5.1 is theoretically interesting because of its simplicity, but for
practical use it must be modified to “bias” it against decreasing the trust-region
radius. Rather than modifying the line search to cause it to search more aggres-
sively for a > 1, we have chosen the simple scheme outlined below.

Algorithm 5.2. Biased Wolfe Trust-Region Algorithm
Let constants kmyax, 0 < amin < 1, 0 < np <m2 <1 and 3 > v > 1 be given.
k<« 1; 0 < 1; 2 < x0
while £ < k.« and not converged
Let si be an approximate solution to the trust-region subproblem (3).
pr — (f(xr + sk) — fzx)) [ar(sk)
Choose ay, € W(n,w).
Th4+1 < Tk + Sk
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if p > 12 and a > api, then
Choose 7, € [1,v].
Ok+1 = max (g, arly || Niskll, v3l| Nesk|)
else
Choose Og+1 € [ag||Ngskll, axv|| Nesk|l]-
end if
k—k+1
end

The scalar v, may be chosen implicitly at each iteration by a rule such
s (16). One would first use an appropriate rule to choose a trust-region radius
oy in the interval [a||Niskll, axv||Nisk|]] and then take o = 64 /|| Niskl|. Tt is
significantly more notationally convenient to refer to the sequence of scalars {1y }
than to the sequence {0 }. Thus the notation &), will not be used in the sequel.
This pseudocode has two subtle details. The first is that if pr > 72 and
Qf > Qupin, then 01 > g, but this is not the only condition under which the
trust-region radius may increase. Even if pp < 19, we may still find o > 1
and increase the trust-region radius. The test pr > 72 exists only to bias the
algorithm toward choosing a larger trust-region radius. The second detail is that
Algorithm 5.2 can take small steps without reducing the trust-region radius.
Specifically, if pr > n2 and @ > auin, then the trust-region radius will not
decrease, but ay||Nsk|| can be significantly smaller than Jy.
Without further conditions, it appears impossible to prove that Algorithm 5.2
does not converge to a point that is not stationary. One need also require that
the algorithm for performing the line search find an oy, that satisfies

flzr +arsk) — f(or) — mar(owsy) < f(ok + k) — f(@r) — mar(se).  (17)

A common method of finding an «y, that satisfies conditions (11) and (12) is to
apply a safeguarded univariate minimization routine to the function

or(a) = f(xr + ask) — f(@r) — mar(ask). (18)

One can safely assume that this routine uses @ = 1 as its first iterate and
produces a nonincreasing sequence of objective values. Our assumption (17) is
merely the statement that ¢y (ax) < ¢ (1), which is simple to achieve in practice.

It is not immediately clear that a line search based on minimizing ¢ (a) will
find a value of «y, satisfying both (11) and (12). In fact, without some further
conditions on By, there may be no such «aj. In Lemma 2 we will give conditions
under which o may be computed. Before we state and prove Lemma 2, however,
we must discuss conditions on s; that a reasonable algorithm will meet.

6. First-Order Convergence of Trust-Region Methods

Under mild assumptions, one can prove that trust-region algorithms produce a
sequence of iterates {xy} for which limy_  [|gk|| = 0. Since the approximation
to the first derivative of f converges to zero, such proofs are often called proofs of
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first-order convergence. These proofs are global convergence proofs in the sense
that it is not necessary to assume that some zy, is sufficiently close to a stationary
point, but only to assume that all iterates lie in a region in which f(x) is bounded
below. Unfortunately, it is not usually possible to produce global proofs that
the sequence of iterates converges. Proofs that {zj} converges (explicitly or
implicitly) generally assume that some iterate is sufficiently close to an isolated
local minimizer.

In the following sections, we prove first-order convergence results for Al-
gorithm 5.2. These convergence theorems do not require that By be positive
definite. We present the more general theory because Algorithm 5.2 is not re-
stricted to methods that use the BFGS update; because the general results are
not significantly more difficult to prove; and because the general results demon-
strate that the algorithm remains robust in the presence of near-singularity or
indefiniteness resulting from numerical error.

The earliest proofs of first-order convergence are due to Powell [13,14], who
proved that lim infy_« ||gk|| = 0. Thomas [17] extended this result, proving that
under additional conditions, limy_ . [|gx|| = 0. Thomas’s proof, however, relies
heavily on Powell’s result. Powell’s theorem is remarkable, not only in that it
requires weak assumptions on f, but also in that his proof provides a general
framework for proving the convergence of trust-region algorithms. To fit within
this framework, an algorithm must have the following two properties:

P1. If f(xk) is bounded below and ||gx|| is bounded away from 0, then ; — 0
and {xy} converges.
P2. If ||gx|| is bounded away from 0 and {xj} converges, then d; / 0.

It follows immediately that for any algorithm satisfying P1 and P2, either f(xy)
is unbounded below or liminfy_, ||gx|| = 0.

Proofs of convergence for trust-region methods require that we specify con-
ditions on the step si. The first condition specifies how accurate s must be as
a solution to the trust-region subproblem. It is wholly unrealistic to require that
s be an exact solution. Possibly the weakest requirement is proposed by Powell,
who requires that for some constant 7 > 0,

—Qk(sk) = Tllgkll min(Sx /[ Nill, lgell /I Bxll) and [[Nysk| < b (19)
This criterion was motivated by the following lemma.

Lemma 1 (Powell). Let k be a constant such that for all s, ||s||2 > k||s||. Then

min{Qu(~ag) | |¥s(ag)] < 0} < ~3lgullmin (2, ) (a0)
o [Nkl NI Brl2
Proof. See Powell [13,14]. 0
Since the minimum value of Qy(s) within the trust region is at least as
small as the constrained minimum value along the steepest descent direction, the
lemma provides an upper bound on the constrained minimum value of Qy(s).
Notice, however, that the lemma also yields an upper bound for the choice of
7 in (19). Because ||Bg|lco > ||Bk|2, a comparison of inequalities (19) and (20)
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shows that 7 must be chosen less than %/{2, where k depends on the choice of

norm. For the infinity and Euclidean norms, x = 1; for the one-norm, x = 1/4/n.
We assume henceforth without comment that 7 is chosen sufficiently small.

The second condition that must be placed on s; is more of a theoretical
annoyance than a practical problem. Powell’s criterion (19) is not sufficient to
ensure that ngsk < 0, a condition that is needed to ensure that the line search
will be successful. Clearly, if glsy > 0, then Q(—sx) < Q(sk), and thus —sy, is a
better approximation to a minimizer of Q(s) than is sx. Therefore, even if our
algorithm for solving the trust-region subproblem (10) produced an sy, such that
g,{sk > 0, we could simply negate the step. Such an action, however, is usually
not necessary, because methods for solving this subproblem tend to be defined
in such a way that they always generate steps for which gl's; < 0. See Conn,
Gould, and Toint [2] for a survey of methods for finding an approximate solution
of (10).

It is not, however, possible to prove in general that g,{sk is not zero. In
particular, if By is indefinite and || - || is the infinity norm, then there is the
unlikely possibility that the global minimizer, s}, of the trust-region subproblem
might occur at a point for which gfsf = 0 even if gy # 0. Thus, for the line
search to be successful, we must assume that the second-order information Bj
is a sufficiently accurate representation of V2 f(x)) whenever gfs;, = 0.

We note that this is not an issue for quasi-Newton methods that maintain
a positive definite approximation to the Hessian. When By is positive definite,
0> OQr(sk) > g,{sk. Nonetheless, we present the following lemma giving general
conditions under which the line search will be successful.

Lemma 2. Let f(x) be twice continuously differentiable and bounded below. Let
g(x) = Vf(x), and denote g = g(x) for all indices k. If glsy < 0 and further-
more

s%sz(xk)sk < msgBksk < 0 whenever ngsk =0, (21)

then there are constants 0 < a; < ay, such that a satisfies the quadratic Wolfe
conditions (11) and (12) whenever a; < a < auy,.
Proof. Consider the function
o) = flan + asp) — f(zr) — magise — 3ma® min(0, spBysy),

first introduced in (18). By assumption, f(xx + axsg) is bounded below, and
g,{sk < 0 with sszsk negative when g,{sk = 0. Therefore lim,_, o ¢r(a) = 0.
The first and second derivatives of ¢, at zero are

¢5,(0) = (L —m1)gisk and ¢} (0) = s{V?f(zy)s, — m min(0, sy Brsk).

If g,?sk is negative, then so is ¢} (0). If, on the other hand, g,{sk =0, then sszsk
is negative, and thus ¢},(0) = 0 and ¢}(0) < 0. In either case, because ¢;(0)
equals zero, ¢ («) is negative for all sufficiently small positive . Because there
are a > 0 with ¢ (a) < 0 but ¢ () is continuous and lim, . ¢ () = o0, there
is a 8 > 0 with ¢ (8) = 0. Let a® be the global minimizer of ¢ () in [0, §]. The
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minimum value cannot occur at the endpoints because ¢ (0) = ¢r(8) = 0, but
there are « in [0, 3] with ¢y (o) < 0. Thus o* is also a local minimizer of ¢y, (),
and ¢ () < 0.

Let & be any local minimizer of ¢y (a) with ¢5 (&) < 0. Then

flag + ask) — fag) — nl(dg,::sk + %072 min(0, s{Bksk)) <0,

S0
flzr+ asy) — flzr) < m(agisk + 2a° min(0, s Bysy)).

Therefore & satisfies the first Wolfe condition (11). Because & is a local uncon-
strained minimizer, ¢} (&) = 0. In other words

g(zr + c‘usk)Tsk =m (g;fsk + amin(0, szksk)).

The right-hand side of the preceding equation is clearly negative, and thus g(zy+
asy,) sy, < 0. Because w > 1, we find

—w(gpsk, + amin(0, s{Bysk)) > —g(xy + asp) sk = |g(xr + ask) skl,

which shows that @ satisfies the second Wolfe condition (12). The existence of
an appropriate interval then follows immediately from the existence of a local
minimizer and the continuity of ¢y («). O

A well-defined univariate minimization routine will therefore find an appro-
priate a. We assume that, in any implementation of Algorithm 5.2, the method
used to solve the trust-region subproblem will find an s; at each iteration that
satisfies Powell’s sufficient decrease criterion (19) and the conditions of Lemma 2.
We discuss one such method in Section 8.

We now show that Algorithm 5.2 has the property P2.

Lemma 3. Let {xy} be a sequence of iterates produced by Algorithm 5.2, let 2 C
IR™ be a region containing {xy} in its interior, and let f(x) be twice continuously
differentiable and bounded below in (2. Assume further that ||Bg||, || Nkl and
[N Y| are all bounded above. Then if {||gx||} is bounded away from zero and
{z1} converges, o # 0.

Proof. Because xpy1 = T + oSk, we may denote g(xy + axsk) as grx+1- The
second Wolfe condition (12) requires that

—|gi4 15| > w(glsk + a, min(0, s{ Bysy)).

The value —|g,7;+1sk\ is bounded above by g,a_lsk, and min(0, s} Bys) is bounded
below by —|siBysy|. Therefore

91{.;.131@ + akw|s£Bksk| > wg,zsk.
When —g,fsk is subtracted from both sides of this inequality, it becomes

(grs1 — ) "sk + agwlsiBrsk| > —(1 — w)g}sk. (22)
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If 6 — 0 but {||gx||} is bounded away from zero, then dx/||Ni| < llgrll/|| Bkl
for sufficiently large values of k. We subtract 1 (1 —w)s}Bysy, from the right side
of (22), add its absolute value to the left side, and apply the sufficient decrease
condition (19) to obtain

k
(91— 9050+ (s + 41— ) lsTBrsn] > 71— ) | %L,
Let || - |7 denote the norm dual to | - ||. In other words ||z]|z = max;,|=1 [z7y|.

Let k1 > 0 be a constant such that for all z, ||z||r < k1||z|. It then follows from
norm inequalities that

ol

lge1 = gellzllsell + (e + 51 =)llsel*1Bell = 71 = @) o

Using the relationship ||sy|| < ||V, *||0x and canceling wherever possible, we find

lowss = gullrl9 1+ (kzc )Nl 2 (1 =) %60 (23)

where k9 and k3 are constants such that
ko > mw|| Bi[[|[ Ny P and k5 > Jr1(1 = w)|| Byl V1%

Now, if §; — 0, then both || Ngsk|| and ay||[Nkskl| < dk+1 — 0. Since {xy}
converges, the iterates eventually lie in a compact region, and within this region
g(x) is uniformly continuous. Thus, it is clear that the left-hand side of (23)
converges to zero. On the other hand, the right-hand side of (23) is bounded
below by a positive constant, which yields a contradiction. Therefore, it cannot
be that 6, — 0.0

We will show that under suitable conditions, and particularly under the false
assumption that ||g(x)|| is bounded away from zero, > p- &) is finite. It will
then follow that d; — 0 and that {x}} is Cauchy and thus converges. In other
words, we will show that Algorithm 5.2 has the property P1.

To prove that the sum of the entire sequence ¢y, is finite, we proceed in stages,
breaking the sequence into more manageable subsequences. Let & be a constant
such that 0 < av < 1. Define the set

S(a) ={k | ar > a}. (24)

The set S(@&) can be thought of as the set of indices for which «y is not “too
small.” Let the set 7 be defined by the rule

T ={k| f(xr) — f(or + s1) = —n2qr(sx) and ag, > amin }- (25)
We also define a set to represent the union of S(a) and 7, specifically
U@)=8@uT. (26)

The set U(@) is important because it contains as a (typically proper) subset all
indices at which the trust region radius increases. Those indices at which the
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trust region increases because oy > 1 are in S(@), and those indices at which
the trust-region increases because p > 19 and ay > ap, are in 7.

Because agv||Ngsg|| < dg+1, our primary interest is to obtain bounds involv-
ing ||zk+1 — 2kl = agl|sk| indirectly by obtaining bounds involving dx41. We
first establish bounds d;41 for all indices k € S(@).

Lemma 4. Let {zy}, {sr}, and {ax} be the sequences of iterates, search direc-
tions, and step lengths generated by Algorithm 5.2, respectively. Let & be any
number in the interval (0,1/v), and define S(&) by (24). It holds that

)
mra : Ok41 ll g

flzg) — flxr + agsk) > glzg mln( Y3 27

(zx) = 11 ) V3 gt VI[INel " [ Brll (27)

for any k € S(@).

Proof. A combination of the inequality —gx(si) > —Q(s) and Powell’s suf-
ficient decrease requirement (19) yields

—q(sk) = 7llgr || in(Or /|| Nill; [|gx I/ 1| Br)-

The inequality & < 1/v < 1 may be used to obtain an expression for g (asy) in
terms of gx(sy) for all k € S(a). If sIBysy > 0, then —qi(aysk) = —axrgisy >
—aopqr(sg). Alternatively, if sgBksk < 0, then
1
—qr(arsk) = —argrsy, — 504%5531&16
> —aokgLsk — 2aays)Bs, = —aoagq(sk).

In either case, ay sy satisfies the Wolfe condition on the objective (11) and

f(ae) = f(ze + arse) 2 mral|gel| min (arde /|| Nell, arllgell /I Bel) (28

for all k € S(a).
By the updating rules for Algorithm 5.2, d;11 < max(agvdy,v3dx). For k €
S(a), both agv/a > 1 and y3/@ > 1, and thus

a
Op41 < gk E V6.
a

Substituting this upper bound for dxy; into inequality (28) and noting that
ap > a for k € S, we obtain the bound (27). O

Lemma 5. Let {z1}, {sr}, and {ar} be the sequences of iterates, search di-
rections, and step lengths generated by Algorithm 5.2, respectively. Let & be a
constant such that 0 < & < 1/v < 1, and define the set U(&) by (26). Then

f(zr) = f(@rt1) = 07| gl min (Sx1 /(I Nel), vsllgxll /1 Bel) s (29)
where )
P (ma 2 — 771)
N=min | —,— |,
73 3

for all k € U(a@).
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Proof. The step lengths generated by Algorithm 5.2 satisfy the Wolfe con-
ditions (11) and (12) and the condition (17). Condition (17), repeated here for
clarity, is that

[k +apsk) — fzr) — mar(owsk) < f(xk + sk) — f(2r) — mar(sk).-
We combine this condition with the first Wolfe condition (11) to conclude
flar) = flor +arse) = f(or) = f(@r + sk) + mar(sk)- (30)

Consider, now, k € 7. By definition, for indices in 7 it holds that f(xj) —
f(zr + sk) > —m2qi(sk). Thus because of the bound (30), it also holds that

f(@r) — (o + agsk) = — (02 — m)qk(sk)-

But then, because s meets Powell’s sufficient decrease condition (19),

far) = flan + arsk) = (2 = m)7llgw || min (3x /[ Nicll; llgell /1| Bll)

forall k € T.
If k ¢ S(@), then by definition of S(&), o < @ < 7y3. Whenever k € 7 and
a < 73, the radius dgy1 < 30 < 3160k, and thus

N2 — M . Ok41 llgx|l
Fex) = Flo +ansi) > /g | min ( ey gy
o ARG

for all k € 7\ S(@). We may therefore combine Equations (27) and (31) to
obtain the desired bound (29) for k € U(a) = S(a)UT. O

As we noted above, the set U (@) contains all the indices for which d;, increases.
We now explore the behavior of iterates in the complement of U(&).

Lemma 6. Let 0 < av < 1, let U(a) be defined by (26) and let {k | £ < k <m}
be any unbroken sequence of iteration indices for Algorithm 5.2 with no members
inU(&). Then

i 1
Z Opt1 < Opy1- (32)
k=¢

1—va

Proof. When k ¢ U(&), the trust region radius decreases by at least a constant
factor. Specifically, d 1 < avdy, where av < 1. Let {k | £ < k < m} be any
unbroken sequence of iterates with no members in U(&). Then

;(5k+1 < ;(@I/)(kiz)(sg_kl < Z(@V)j(sg+1 = 1= V@5£+17

Jj=0

which is the desired result. O
It is significant that ¢ may be in U(a) and that the sum in the bound (32)
includes 6,11 even if m + 1 € U(&).
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Corollary 1. Let {k | ¢ < k < 0o} be any unbroken sequence of iteration indices
for Algorithm 5.2 with no members in U(&). Then

oo

1
Z5k+1 < T V,5z+1.
[, @

Proof. Because dj, > 0 for all k, it holds that Y 7o , 0k+1 = SUP,,5p D pep Oht1-
Lemma 6 then provides an upper bound on this supremum. O

We now use Powell’s criterion (19) to show that Algorithm 5.2 has the prop-
erty P1.

Lemma 7. Let {xy} be a sequence of iterates produced by Algorithm 5.2, let £2 C
IR™ be a region containing {x} in its interior, and let f(x) be twice continuously
differentiable and bounded below in (2. Assume further that ||Bgl|, || Nk|| and
| N, Y| are all bounded above. Then if {||gx||} is bounded away from zero, 6 — 0
and {z} converges.

Proof. If U(@) is finite, then clearly Zkeu(a) dp+1 < 0o. Suppose, on the
other hand, that U(a) is infinite. Algorithm 5.2 generates a nonincreasing se-
quence {f(zx)} of function values that is, by assumption, bounded below. Thus
Soreo (f(zk) — f(@ksr)) is finite, and f(zg) — f(zk4+1) converges to zero. Also by
assumption, the sequence {||gr||/||Bk||} is bounded away from zero, and hence
the bound (29) reduces to

irllocl s
VNG

flxr) = f(xrer) >

for sufficiently large k € U(a).

Therefore, from the false premise that {||gx||} is bounded away from zero,
it follows that Zkeu(&) Ok41 is finite. We now show that, based on the same
premise, Y- Ok is finite.

If U(«) is empty, then Corollary 1 implies that

> 1

E(S < 0 .
k+1_171j6[ 1 <00

k=0

Similarly, if () is finite and K = max(U(a)) then

oo K e K

1
S k1= k1t Y Oky1 <Y kg1 + g K+ <00
k=0 k=0 k=K k=0

Suppose, then, that U (@) is infinite. We denote the members of U(a), taken
as a subsequence of all iterates, using the notation {k;}32;. The sequence of
all iterates may be partitioned into nonoverlapping subsequences as follows. Let
Po=A{k|k<ki}and P;={k|kj <k <kj} forindices 1 < j < oo.
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If Py is not empty, then its first index is zero, and none of its indices are in
U(a). Thus, Lemma 6 applies, and we may use the bound (32) to conclude that

1
Z 5k+1 < 1_]/@51 < 00.
kePo

Similarly, for 1 < j < oo, the first index in the subsequence P; is k;, and none
of the other indices are in ¢(&). Thus

oo

Z Z Ok41 < T —1yd ;51@“ = 1—1ua Z Opy1 < 00.

j=1keP; keu(a)

But then 3707 0k1 = Dpep, Okt1 + 250y > kep, Ok+1 < 00. It follows imme-
diately that &, — 0. Moreover, because ||zx+1— x| < | Ny '||6k41 and [N, ]| is
bounded above, Y 72 ||[xk+1 — @i is finite. Thus the sequence {z;} is Cauchy
and must converge. O

We have proved the following theorem. For clarity, we explicitly state the
conditions we have imposed on the sequences {ay} and {sy}.

Theorem 1. Let {x} be a sequence of iterates produced by Algorithm 5.2, let
2 C IR™ be a region containing {xy} in its interior, and let f(x) be twice con-
tinuously differentiable in 2. Suppose that at each iteration the approximate
solution, sk, to the trust-region subproblem (10) satisfies Powell’s sufficient de-
crease criterion (19) and the conditions of Lemma 2. At each iteration, let the
line search be performed so that oy, satisfies Condition (17). Assume further that
| Bl || Ng|| and | N, t|| are all bounded above. If f is bounded below in £2, then
liminfy o ||gx|| = O.

Proof. Lemmas 3 and 7 are clearly contradictory, and so ||gx|| cannot be
bounded away from zero. O

7. Strengthening the Convergence Results

One may show, under additional assumptions, that limg_,o [|g(zx)|| = 0. The
first such proof is due to Thomas [17], who showed that limy_, ||g(zk)|| = 0
for classical trust-region methods, in other words for those methods for which
Tk+1 = 2 whenever pp < n1. Our proof borrows from Thomas but has been
extensively modified to allow for a line search.

Lemma 8. Assume that the sequence {x} generated by Algorithm 5.2 lies in
a compact region and that {|Ny||} is bounded above. Then the sequence {dy} is
also bounded above.

Proof. Since {z)} lies in a compact and thus bounded region, the sequence
{llzx+1 — zk||} has a finite upper bound. But zx11 — zx = agsk, and by as-
sumption {||Ng||} is bounded above. Therefore, the sequence {ag|Ngsk|} is
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also bounded above. For each iteration, there are two possible rules for choosing
0r+1. The first rule, applied when p < 72 or ax < Qmin, is to choose

Ort1 € [ || Niskll, || Nisil]-
If, on the other hand, pr > 12 and ag > Qumin, We choose 11 by the rule
01 = max (6, V|| Niskll, val| Neskl]) »

where, by definition, the sequence of scalars {7} is bounded above by v and
below by one.

Let I be any number greater than ayv| Ngsk|| for all k. The existence of
an upper bound on {oy||Ngsk||} implies that a suitable I exists. Assume fur-
ther, without loss of generality, that I" is greater than ~3||Nysg|| for those k
for which oy > amin. Then a straightforward inductive argument shows that
0 < max{dg, '} for all k. O

The bound on {d;} may be used to obtain a strengthened form of Lemma 6.

Lemma 9. Let {k | £ < k < m} be any unbroken sequence of iterates with no
members in U(&). Let A be an upper bound on {0y}, and let £ be a constant
scalar such that € > ||[N. | for all k. Then

A.
ZakHskH < 1—va (33)
k=¢
Proof. Lemma 6 implies that Y ;" , k41 < dg41/(1 — va@). But, because ¢ is
not in Y(@), it holds that d,11 < @dy. Furthermore 6y < A by definition of A,
and so

i a

) A.
Z kt1 < 1 —va
k=¢

But agl|sk|| < arl|Nisk|| < &0k41 for any index k. The bound (33) immediately
follows. O

We observe that, in contrast to Lemma 6, the conditions of Lemma 9 require
that ¢ not be in U(&).

Lemma 10. Assume that the sequence {1} generated by Algorithm 5.2 lies in
a compact region and that the sequences {||By||}, {||Nx||}, and {||N, ||} remain
bounded. Choose €1 > €3 > 0. For every e3 > 0 there is an integer L sufficiently
large that ka;; agl|skll < €3 for all indices m > € > L for which ||g(xe)|| > €1,
llg(xk)|l > €2 for consecutive indices k =€, £+ 1,...,m —1, and ||g(zn)| < €.

Proof. Note that if ||g(zy)|| > €1 holds only finitely often, then the lemma is
trivially true. Furthermore, because liminfy_. [|g(xx)|| = 0, it must hold that
for every iteration ¢ for which ||z¢|| > €;, there must exist a subsequent iteration
m such that ||g(xm )] < e2.
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Let A be an upper bound on {3} and ¢ be an upper bound on {||N, *|}.
Let €3 be given. We choose the scalar & so small that

ag €3
< =
1-— VdA -2 (34)

with the foresight that this bound will be used in the sequel to obtain a bound
on (38).

Let J denote the sequence of iteration indices {/, (+1,...,m—1}. Let {k;}};_,
denote the subsequence of 7 with indices in U(a). We partition the set J into r
nonoverlapping subsequences as follows. If U(@) N J is empty, then let Py = J.
Otherwise let, Py = {¢, +1, ..., ki —1}, P; = {kj, k;+1,..., kjp1 — 1},
i=12,...,r—1and P. ={k,, k- +1, ..., m—1}. These definitions allow
the quantity to be bounded to be written as

m—1 T
lzp =gl <> anllsell = D arllsel +> > arllsel- (35)
k=¢

keP, j=1keP;

First we estimate the quantity >, _p axllsi|. If p € U(a), then Py is empty,
and the sum is zero. Suppose, then, that Py is nonempty. Because no indices in
Py are in U(@), the conditions of Lemma 9 are met, and thus

23
> anllsil < 7oA (36)
k="Pq

Clearly, the bound (36) also holds if Py is empty.
We now consider the sum

DD anllsll <€>0 D Grr

j=1kEP; j=1 keP,
For j =1, ..., r, the conditions of Lemma 6 are met, and thus
T 5 T
35wl < -5 S o
j=1keP; j=1

The bounds (36) and (37) may be combined to conclude

1—va

qg—1 f r O_Zf
< , A.
I;)@kHSkH < 1_yd;51@+1+ (38)

Lemma 4 implies that for every index in the set U(&),

f(@r) = f(@rga) = Allgrl min Ora / (IINkID; vsllgx /1 Brll)

where 1) is a positive scalar constant. Let G(L) = {k | k > L and ||g(xx)|| > €2}
Because Y oo, f(zr)— f(zr41) < 00, because the sequences {|| B/} and {||Ny| }
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are bounded by assumption, and because ||g(zx)|| is bounded away from zero for
k € G(L), it follows that

Z 5k+1 < 00.

ke (a)nG(L)

Thus, there is a L so large that

€
Z Opt1 < 53 (39)
keU(a)NG(L)

We use the bounds (34) and (39) to bound the right-hand side of (38). We
conclude that if £ > L, then S37"7," ag|lsk]| < es. O

Theorem 2. Let all the conditions of Theorem 1 hold. Assume further that all
iterates lie in a compact region. Then limy_. ||g(zk)|| = 0.

Proof. If {||g(zk)||} does not converge to zero, then there is an €; > 0 such
that ||g(zx)|| > € infinitely often. But, by Theorem 1, ||g(xk)|| < €1/2 infinitely
often.

Because g(x) is uniformly continuous within a compact set, there is an e3
sufficiently small that ||g(z,) — g(24)|| < €1/2 whenever ||z, — 24| < e3. Taking
€2 = €1/2 and applying Lemma 10, we find that there is an integer L sufficiently
large that 27" a||sk || < es for all indices m > £ > L for which [|g(z¢)|| > €1,
llg(xk)]| > €1/2 for consecutive indices k = £, £+ 1,...,m — 1, and ||g(zm)] <
€1/2. But then for any such indices £ and m

m—1

e = @l < arllsill < es,
k=t

and so ||g(x¢) — g(zm)|| < €1/2. This is a contradiction, because ||g(z¢)|| > €1 and
llg(zm)]| < €1/2. Thus, there can be no €; > 0 such that ||g(zg)|| > €; infinitely
often, and therefore limy_, o ||g(zx)|| = 0. O

8. Numerical Results

We conducted a series of numerical tests on all unconstrained problems in the
CUTE [1] test suite with fewer than 100 variables. All algorithms use the Wolfe
conditions and the BFGS update to produce a sequence of positive definite
approximate Hessians. One of the algorithms uses only a line search on the
direction sy = —B,’ Lg% The other two algorithms are based on Algorithms 5.1
and 5.2 and employ an infinity norm trust region. The iteration is considered
to have converged if ||g(xy)|l2 < 107%(1 + |lg(x0)]]2). The Euclidean norm is
used in the convergence test to make these results comparable with the results
from second-order methods. If the exact Hessian at the computed solution is not
positive semidefinite, the solution is rejected.
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If the solution is not found after 300 iterations, the algorithm is considered
to have failed. Likewise, the algorithm will stop if the line search fails to discover
a step satisfying the Wolfe conditions. Moreover, we also consider the algorithm
to have failed if ||g(zx + agsk)ll2 > 1076 and «|sk||/||zk] < €, where € ~
2 x 1076 is machine precision. We have found that when a step is that small, it
is extraordinarily unlikely that the iteration will eventually succeed.

The scaling matrix is taken to be Ny = I, and the trust-region subproblem
is solved by using LSSOL [8]. In all cases we use 1; = .05, 72 = .25, and w = .9.
For Algorithm 5.2, we set api, = 1076, For each iteration 6, is taken to be
some appropriate multiple of ||sg||. For instance, when the algorithm calls for
choosing 0x+1 € [ax||Nsl||, vax||Nsl||], we choose d;11 = ayl|s||. For all problems,
we use dg = 1 for our initial trust-region radius.

Tables 1 and 2 show the number of function evaluations required by each
algorithm to solve each problem. In Table 3 we list the total number of prob-
lems solved by each algorithm. Thirty-three problems are solved by all three
algorithms. Table 3 also lists the total number of function evaluations required
to solve these thirty-three problems. Both the basic Wolfe condition based algo-
rithm and the biased algorithm perform better than the basic line-search algo-
rithm, with the biased algorithm clearly having the best overall performance.

9. Conclusion

We have developed the convergence theory of a method that performs a line
search on the direction proposed by the solution of a trust-region subproblem.
This method, combined with a BFGS update and a Wolfe condition—based line
search, produces an effective quasi-Newton method.

When the Hessian of the function is available, this method has the same
second-order convergence properties as traditional trust-region methods. Fur-
thermore, under suitable conditions, convergence will be Q-quadratic. Proofs
that the method has these properties are given in [6].
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Table 2. Test problems J-Z with tolerance 106
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PALMERS5C 21 29 27
PALMERG6C 79 35 28
PALMER7C 73 43 32
PALMERSC 81 61 35
PFIT1LS a— — —
PFIT2LS @ — —
PFIT3LS o — —
PFIT4LS @ — —
ROSENBR — 42 40
S308 126 15 12
SINEVAL @ 111 94
SISSER 170 15 15
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TOINTPSP o 78 77
TOINTQOR 49 93 91
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ZANGWIL2 3 2 2
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—:  Line search failed.
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