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1 Introduction

Wehaveusedthefirst-ordermodel-searchingprogramsMACEandSEMto studyvariousprob-
lems in lattice theory. First, we presenta casestudy in which the two programsareusedto
examinethe differencesbetweenthe stagesalongthe way from lattice theory to Booleanal-
gebra.Second,we answerseveralquestionsposedby NormanMegill andMladenPavičić on
ortholatticesandorthomodularlattices. The questionsfrom Megill andPavičić arosein their
studyof quantumlogics,which arebeinginvestigatedin connectionwith proposedcomputing
devicesbasedonquantummechanics.Previousquestionsof asimilarnaturewereansweredby
McCuneandMACE in [2].

MACE (ModelsAnd CounterExamples)[3] andSEM (Systemfor EnumeratingModels)
[6] areprogramsthat searchfor finite modelsof first-orderandequationallogic statements.
If the input statementis the denialof a conjecture,thenany modelsfound arecounterexam-
ples.MACE searchesfor modelsby transformingits input into anequiconsistentpropositional
problem,thencalling a Davis-Putnam-Loveland-Logemanprocedure.SEM usesa moredirect
methodof filling in tablesaccordingto variousheuristicsandevaluatingthe input againstthe
tables.SEM is usuallymoreeffective thanMACE for problemswith largeformulas.Bothpro-
gramsaredesignedto becomplete;thatis, if thesearchfor amodelof size � terminateswithout
finding a model,thenthereshouldbe noneof that size. We believe the latticeswe presentin
this notearethe smallestonessatisfyingthe givenproperties,becausethe programsreported
thatsmallerexamplesdo not exist.

This note has a companion page on the World Wide Web. The page
http://www.mc s.a nl.g ov/A R/a ar lattice contains links to MACE, SEM,
andEQPinput files andotherdatafiles relatedto this work. In thisnote,wereferto thosefiles
with bold-facedunderlinedpseudolinkslike this.

2 From Lattice Theory to Boolean Algebra

Thestandarddefinitionof Booleanalgebrais thatit is auniquelycomplementeddistributivelat-
tice, but otherstepsalongtheway areof interestin thestudyof quantumlogics. As suggested
by Martin Ziegler in [7], astartingpoint for studyingthedifferencesbetweentherelatively well
understoodclassicallogic andthe less-refined(less-understood)quantumlogic, would be ex-
aminingthebasicunderlyingstructuresof eachobject.Severalsuchstructuresarerepresented
asnodesin thehierarchyshown in Figure1. Eachnoderepresentsa varietyof latticesdefined
by the axiomslisted. Eachline betweentwo nodesrepresentsan inclusionof the top classof
latticesasa subsetof theclassbeneathit. Theinclusions(B), (D), (E), and(G) areclearfrom
the axiomsalone: in eachcase,the axiomsof the lower classarea subsetof the classabove

1



it andhenceimmediatelyform a moregeneraltheory. Theremaininginclusions(A), (C), and
(F) wereproved with the programEQP[1], with inputsavailableonline in files eqp-a[12].in,
eqp-c.in, andeqp-f.in,
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The focusof this sectionis on proving theseinclusionsto be strict inclusionsby finding ex-
plicit models. An explicit modelcanaddto an intuitive descriptionof the theoriesinvolved.
For example,eachmodelgivenbelow resultedonly afterseveralearliercompletedexhaustive
searches,andsoeachmodelgivenis thesmallestmodelthatexists for theparticularproblem.
Eachnodein Figure1 representsaclassof latticesthatsatisfytheaxiomslistedhere.

Commutativity (1)��������������������������
Associativity (2)� ��������� �!����� � �����"�� ��������� �!����� � �����"�
Absorption(3)� �#���$�����%���� �!���$�&� �'���

Distributivity (4)��� � �(���"�)� � ��� ���*� � �!���"�
Invertibility (5)����+ � �,�)�.-����+ � �,�)��/

+ � + � �0�1�2�3�
Compatibility(6)+ � �!� ���)��+ � �,�*��+ � �$�+ � �!� ���)��+ � �,�*��+ � �$�
Modularity (7)��� � ��� � �����"�1�4� � �!���$�*� � �����"�

Orthomodularity(8)��� � + � �0�,� � �����$�1�)�������
WeakInvertibility (9)����+ � �,�)�.-+ � + � �0�1�2�3�

WeakOrthomodularity(10)� + � �0�*� � �����$�1�*� � + � ���*� � �������1�)�5-
Figure2: Axioms
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Usingtheseequations,MACEandSEMfoundmodelsthatprovethatnoneof theaxiomsets
for theseparatetypesof latticeareequivalent.Thiswasaccomplishedby supplyingtheaxioms
for a giventypeof latticealongwith thenegationof anotheraxiomor setof axiomswhich are
uniqueto thesecondtypeof lattice.Thediagramsin Figure3 arelabeledto correspondto their
usein Figure1.

6768979:
;< =7=>

?@AB
C7CD EF
G7GH

IJ KLM7MN O7OO7OP
P Q7QR

ST
UVW7WX Y7YZ [\ ]^_`
ab

c7cd
e7ef

gh

i7ij

kl

m7mn o7op qr
st

u7uv

w7wxyz

{7{|

}~

�7��
���� �� ��
��

�7��

�7�� �7���7���7��
�7�� �7���7����

��

�7�7�7�7�7�7�7�7��7�7�7�7�7�7�7�7��7�7�7�7�7�7�7�7��7�7�7�7�7�7�7�7��7�7�7�7�7�7�7�7��7�7�7�7�7�7�7�7��7�7�7�7�7�7�7�7��7�7�7�7�7�7�7�7�

 7 7 7 7 7 7 7 7  7 7 7 7 7 7 7 7  7 7 7 7 7 7 7 7  7 7 7 7 7 7 7 7  7 7 7 7 7 7 7 7  7 7 7 7 7 7 7 7  7 7 7 7 7 7 7 7  7 7 7 7 7 7 7 7 

¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡7¡

¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢7¢

£7£7£7£7£7£7£7£7££7£7£7£7£7£7£7£7££7£7£7£7£7£7£7£7££7£7£7£7£7£7£7£7££7£7£7£7£7£7£7£7££7£7£7£7£7£7£7£7££7£7£7£7£7£7£7£7££7£7£7£7£7£7£7£7£

¤7¤7¤7¤7¤7¤7¤7¤7¤¤7¤7¤7¤7¤7¤7¤7¤7¤¤7¤7¤7¤7¤7¤7¤7¤7¤¤7¤7¤7¤7¤7¤7¤7¤7¤¤7¤7¤7¤7¤7¤7¤7¤7¤¤7¤7¤7¤7¤7¤7¤7¤7¤¤7¤7¤7¤7¤7¤7¤7¤7¤¤7¤7¤7¤7¤7¤7¤7¤7¤

¥7¥7¥7¥7¥7¥7¥7¥7¥¥7¥7¥7¥7¥7¥7¥7¥7¥¥7¥7¥7¥7¥7¥7¥7¥7¥¥7¥7¥7¥7¥7¥7¥7¥7¥¥7¥7¥7¥7¥7¥7¥7¥7¥¥7¥7¥7¥7¥7¥7¥7¥7¥¥7¥7¥7¥7¥7¥7¥7¥7¥¥7¥7¥7¥7¥7¥7¥7¥7¥

¦7¦7¦7¦7¦7¦7¦7¦¦7¦7¦7¦7¦7¦7¦7¦¦7¦7¦7¦7¦7¦7¦7¦¦7¦7¦7¦7¦7¦7¦7¦¦7¦7¦7¦7¦7¦7¦7¦¦7¦7¦7¦7¦7¦7¦7¦¦7¦7¦7¦7¦7¦7¦7¦¦7¦7¦7¦7¦7¦7¦7¦

§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§7§

¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨7¨

©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©7©

ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ªª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ªª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ªª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ªª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ªª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ªª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ªª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª7ª

«7«7«7«7«7«7«7«7««7«7«7«7«7«7«7«7««7«7«7«7«7«7«7«7««7«7«7«7«7«7«7«7««7«7«7«7«7«7«7«7««7«7«7«7«7«7«7«7««7«7«7«7«7«7«7«7««7«7«7«7«7«7«7«7«

¬7¬7¬7¬7¬7¬7¬7¬¬7¬7¬7¬7¬7¬7¬7¬¬7¬7¬7¬7¬7¬7¬7¬¬7¬7¬7¬7¬7¬7¬7¬¬7¬7¬7¬7¬7¬7¬7¬¬7¬7¬7¬7¬7¬7¬7¬¬7¬7¬7¬7¬7¬7¬7¬¬7¬7¬7¬7¬7¬7¬7¬

­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­7­

®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®7®

1

2 3 4 5

1

3 6
4

5

2

7

8

0

9

1

3 4

2 5

0

1

4

2
3

0
1

4 3

6 5 2

0

1

0

1

0

5 6 4

2 3 7

2 3

4

5

A B C D

E F

Pentagon    Benzene

 G

0

8

7 9

Figure3: Lattices

For example,in orderto obtainthemodel(A) thatsatisfiesall theaxiomsof a modularortho-
lattice but is not necessarilya Booleanalgebra,the axioms(1), (2), (3), (5), (6), and(7) are
includedasinput while axiom(4) is denied.MACE thensearchedto find amodelthatsatisfies
all the input clausesincluding the denial. A matrix of valuesexplicitly listing the operation
valuesfor meet,join andcomplementwasreturnedthat translatedto model(A). The MACE
inputsfor models(A), (B), (C), (D), and(F), areavailableonlinein files mace-[abcdf].in.

The procedureusedto find models(E) and(G) wasdifferentbecausewe mustfind a lat-
tice (or modular lattice) without an appropriatecomplementoperation. We did this in two
stages:first finding a lattice (or modularlattice) satisfyinginvertibility but not compatibility,
thenshowing that thatparticularlatticedoesnot have a complementoperation.In thecaseof
(E), for example,axioms(5) and(6), which distinguishortholatticetheoryfrom lattice theory,
introducecomplementation.With axioms(1), (2), (3), and(5) with thedenialof (6), MACE’s
outputgaveamodelthatincludedalist of valuesdefiningthecomplementoperationc(x). From
theoutputwe know thattheoperationexplicitly foundby MACE doesnot satisfytheortholat-
tice axioms;however, we needto prove thatno possiblecomplementexists for the lattice that
could satisfy the additionalaxiomsof an ortholattice. The function valuesfound in the can-
didatelatticewereinsertedinto the input, forcing MACE to considerthesamelatticebut now
with theaxiomsof anortholatticeincluded(5) and(6) in their original form (not negated).A
secondsearchwith this inputallowedall possiblefunctionsc(x) underaxioms(5) and(6) to be
considered.Thesearchwascompletewith no modelsfound,proving thatthecandidatelattice
indeedcannotbeanortholattice.TheMACEinputsfor models(E) and(G) canbefoundonline
in files mace-e[12].in andmace-g[12].in.
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3 Answers to Two Questions

In 1999,Megill asked[4] whethertheequation

��� � �#� � �!� � + � �,�*� � �������1���1�2�3��� � + � �,�*� � �������1� (*3-M68)

holds in all weakly orthomodularlattices. SEM found a countermodelof size 20, which is
depictedin Figure4.
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This lattice (namedRW-1) answersan openquestionpublishedby Megill andPavičić in [5,
eq. 2.12]andseveralof Megill’ sunpublishedquestions[4]. TheSEM input thatproducedthis
latticeis availableonlinein file sem-rw-1.in.

In July2001,Megill askedus[4] whethertheequation� ��� � + � �$�1� � + � �,�*� � + � �$�*� � ��� � + � ���*� + � �,�1���1�1�1�1�*� (4)� ��� � + � �$�*� � + � �0�&� � + � ���*� � �!� � + � ���0� � + � �0�*� � + � �$�&���0�1�1�1���1�1�1�
holdsin everyortholattice.SEMfoundacountermodelof size16,shown in Figure5. TheSEM
input canbefoundonlinein file sem-rw-2.in.
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