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1 Introduction

We have usedthefirst-ordermodel-searchingrogramdvACE andSEM to studyvariousprob-
lemsin lattice theory First, we presenta casestudyin which the two programsare usedto
examinethe differenceshetweenthe stagesalongthe way from lattice theoryto Booleanal-
gebra. Secondwe answerseveral questiongposedby NormanMegill andMladen Pavici¢ on
ortholatticesand orthomoduladattices. The questionsrom Megill and Pavici¢ arosein their
studyof quantumlogics,which arebeinginvestigatedn connectionwith proposedcomputing
deviceshasedn quantummechanicsPrevious questionof a similar naturewereansweredy
McCuneandMACEn [2].

MACE (Models And CounterExamples)3] andSEM (Systemfor Enumeratingviodels)
[6] are programsthat searchfor finite modelsof first-orderand equationallogic statements.
If the input statemenis the denial of a conjecture thenary modelsfound are countergam-
ples. MACE searche$or modelsby transformingts input into an equiconsistenpropositional
problem,thencalling a Davis-Putnam-Leeland-Logemaiprocedure SEM usesa moredirect
methodof filling in tablesaccordingto variousheuristicsand evaluatingthe input againstthe
tables.SEM s usuallymoreeffective thanMA CE for problemswith largeformulas.Both pro-
gramsaredesignedo becompletethatis, if thesearcHor amodelof sizen terminatesithout
finding a model,thenthereshouldbe noneof thatsize. We believe the latticeswe presentin
this note arethe smallestonessatisfyingthe given properties because¢he programsreported
thatsmallerexamplesdo not exist.

This note has a companion page on the World Wide Weh The page
http://iwww.mc  s.a nl.g ov/A R/a ar _lattice contains links to MACE, SEM,
andEQPinputfiles andotherdatafiles relatedto this work. In this note,we referto thosefiles
with bold-facedunderlinedposeudolinkdike this.

2 From Lattice Theory to Boolean Algebra

Thestandardiefinitionof Booleanalgebrais thatit is auniquelycomplementedistributivelat-
tice, but otherstepsalongthe way areof interestin the studyof quantumlogics. As suggested
by Martin Zieglerin [7], a startingpointfor studyingthe differencedetweertherelatively well
understooctlassicallogic andthe less-refinedless-understoodjuantumlogic, would be ex-
aminingthe basicunderlyingstructuresof eachobject. Seseral suchstructuresarerepresented
asnodesin the hierarchyshown in Figurel. Eachnoderepresents variety of latticesdefined
by the axiomslisted. Eachline betweenwo nodesrepresentsninclusionof the top classof
latticesasa subsebf the classbeneathit. Theinclusions(B), (D), (E), and(G) areclearfrom
the axiomsalone: in eachcase,the axiomsof the lower classare a subsef the classabore



it andhenceimmediatelyform a moregeneraltheory The remaininginclusions(A), (C), and
(F) wereproved with the programEQP [1], with inputsavailableonlinein files eqp-a[12].in,
egp-c.in, andegp-f.in,
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Figurel: StructureHeirarchy

The focus of this sectionis on proving theseinclusionsto be strict inclusionsby finding ex-
plicit models. An explicit modelcanaddto anintuitive descriptionof the theoriesinvolved.
For example,eachmodelgivenbelow resultedonly after several earliercompletedexhaustive
searchesandsoeachmodelgivenis the smallestmodelthatexists for the particularproblem.
Eachnodein Figurel represents classof latticesthatsatisfythe axiomslisted here.

Commutatvity (1) cle(z)) ==z
TANYy=yAz Compatibility (6)
tVy=yVa czVy)=c(z)Acy)

Associatvity (2) clzNy)=c(z)Vecy)
(AYANz=2A(yAz) Modularity (7)
(zvy)Vz=aV(yVz) tV(yAzvz)=(eVy A(zVz)

Absorption(3) Orthomodularity(8)

(zVy)hz ==z zV(c(z)AN(zVy)=zVy

(zAy)Ve ==z WeaklInvertibility (9)

Distributivity (4) rVe(z)=1

tA(yVz)=(zAy)V(zAz) cle(z)) ==z
Invertibility (5) WeakOrthomodularity(10)
oV e() =1 (@) A2V 9) V (cy) V (2 Ag)) =1
rAc(z)=0

Figure2: Axioms

2



UsingtheseequationsMACE andSEM foundmodelsthatprove thatnoneof theaxiomsets
for the separataypesof latticeareequivalent. Thiswasaccomplishedby supplyingthe axioms
for a giventype of lattice alongwith the negationof anotheraxiomor setof axiomswhich are
uniqueto the secondype of lattice. Thediagramsn Figure3 arelabeledto correspondo their
usein Figurel.
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Figure3: Lattices

For example,in orderto obtainthe model(A) thatsatisfiesall the axiomsof a modularortho-
lattice but is not necessarilya Booleanalgebra,the axioms(1), (2), (3), (5), (6), and(7) are
includedasinput while axiom(4) is denied.MACE thensearchedo find amodelthatsatisfies
all the input clausesincluding the denial. A matrix of valuesexplicitly listing the operation
valuesfor meet,join andcomplementvasreturnedthat translatedo model(A). The MACE
inputsfor models(A), (B), (C), (D), and(F), areavailableonlinein files mace-[abcdf].in.

The procedureusedto find models(E) and (G) wasdifferentbecausave mustfind a lat-
tice (or modularlattice) without an appropriatecomplementoperation. We did this in two
stages:first finding a lattice (or modularlattice) satisfyinginvertibility but not compatibility;
thenshawing that that particularlattice doesnot have a complemenbperation.In the caseof
(E), for example,axioms(5) and(6), which distinguishortholatticetheoryfrom lattice theory
introducecomplementationWith axioms(1), (2), (3), and(5) with the denialof (6), MACE’s
outputgave amodelthatincludedalist of valuesdefiningthecomplemenbperatiorc(x). From
the outputwe know thatthe operationexplicitly foundby MACE doesnot satisfythe ortholat-
tice axioms;however, we needto prove that no possiblecomplemengxists for the lattice that
could satisfy the additionalaxiomsof an ortholattice. The function valuesfoundin the can-
didatelattice wereinsertedinto the input, forcing MACE to considerthe samelattice but now
with the axiomsof an ortholatticeincluded(5) and(6) in their original form (not negated). A
secondsearchwith this inputallowedall possiblefunctionsc(x) underaxioms(5) and(6) to be
consideredThe searchwascompletewith no modelsfound, proving thatthe candidatdattice
indeedcannotbeanortholattice. The MACE inputsfor models(E) and(G) canbefoundonline
in files mace-€[12].in andmace-g[12].in.




3 Answersto Two Questions

In 1999,Meqill asked4] whethertheequation
rA V(@A (@) V(2 AY)) =2 A (c(z) V(A y)) (*3-M68)

holdsin all weakly orthomoduladattices. SEM found a countermodebf size 20, which is
depictedn Figure4.

A

eg. 2.12] andseveral of Megill’ s unpublishedjuestiong4]. The SEM inputthatproducedhis
lattice is availableonlinein file sem-rw-1.in.

In July 2001,Meqill askedus[4] whetherthe equation
(z V (e(y)A(c(z) V (c(y) A (2 V (e(y) Ae(2)))))) = (4)
(2 V (c(y) Ae(z) v (e(y) Az V (c(y) A (e(z) V (e(y) Az))))))))

holdsin every ortholattice. SEM founda countermodebf size16,showvn in Figure5. The SEM
input canbefoundonlinein file sem-rw-2.in.

Figure5: RW-2
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