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FAST AND SLOW DYNAMICS FOR THE
COMPUTATIONAL SINGULAR PERTURBATION METHOD*
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Abstract. The computational singular perturbation (CSP) method of Lam and Goussis is
an iterative method to reduce the dimensionality of systems of ordinary differential equations with
multiple time scales. In [J. Nonlinear Sci., 14 (2004), pp. 59-91], the authors of this paper showed
that each iteration of the CSP algorithm improves the approximation of the slow manifold by one
order. In this paper, it is shown that the CSP method simultaneously approximates the tangent
spaces to the fast fibers along which solutions relax to the slow manifold. Again, each iteration
adds one order of accuracy. In some studies, the output of the CSP algorithm is postprocessed by
linearly projecting initial data onto the slow manifold along these approximate tangent spaces. These
projections, in turn, also become successively more accurate.
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1. Introduction. Complex chemical reaction mechanisms typically involve tens
or even hundreds of reactants participating in a multitude of reactions, which occur
on a broad spectrum of time scales ranging from microseconds to seconds. In these
and other systems with multiple time scales, it is often the case that the fastest modes
are exhausted after a brief transient period and become dependent on the slower ones.
In terms of dynamics in the state space, the fast transient dynamics bring the orbits
close to lower-dimensional manifolds where the dynamics are slower.

Reduction methods in chemical kinetics are designed to locate these lower-
dimensional manifolds and, hence, to achieve a systematic decrease in the size and
complexity of the systems. In the state space, these manifolds are parametrized by
a subset of all of the variables, commonly known as reaction progress variables. For
a fixed set of values of these variables, the values of the complementary variables are
then determined by the corresponding point on the lower-dimensional manifold. As
a result, one needs only to track the dynamical evolution of the progress variables on
the lower-dimensional manifold; the concentrations of the complementary variables
may be found from look-up tables. Moreover, the reaction progress variables may be
a predetermined set of state variables, or they may be determined in the course of the
computation.
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Among the reduction methods currently in use are the quasi-steady state approx-
imation (QSSA), the intrinsic low-dimensional manifold (ILDM) method of Maas and
Pope, an iterative method by Fraser and Roussel, the method of invariant manifolds
(MIM) of Gorban and Karlin, the computational singular perturbation (CSP) method
of Lam and Goussis, and a variety of other methods; references are given in [12], [32],
and [34].

In the QSSA method [3, 28, 29], chemical intuition is employed to identify re-
actants whose concentrations equilibrate relatively fast. Then the right members of
the ordinary differential equations for these concentrations are set to zero to yield
algebraic equations, and in turn the solution of these equations is an approximation
of the slow manifold.

In the ILDM method [18, 19], the Jacobian of the vector field is partitioned at
each point of the phase space into a fast and a slow component, and a basis for the
slow subspace is generated by means of a Schur decomposition. The ILDM, which
approximates the slow manifold, is then defined as the locus of points where the vector
field lies entirely in the slow subspace.

The iterative method [3, 27] is derived formally from the invariance equation—a
partial differential equation that is satisfied by all invariant manifolds and thus also by
the slow manifold. At each iteration, the terms of the invariance equation involving
derivatives are evaluated at the approximation of the slow manifold available from
the previous iteration, while all algebraic terms are left evaluated at a general point
of the phase space. This reduces the invariance equation to an algebraic equation,
which can be solved to yield the new approximation of the slow manifold. Asymptotic
analyses of this iterative method and of the ILDM method are presented in [12].

The MIM [4, 5, 6, 7, 8] also exploits the invariance equation satisfied by a slow
manifold, and it is constructed so that the reduced equations on the approximate slow
manifold satisfy a thermodynamic consistency requirement. An initial approximation
of the slow manifold (for example, the QSSA or the equilibrium approximation) is
used to seed the method. The parametrization of this approximate manifold induces
a projection operator onto its tangent space—as well as a complementary projection
operator onto the tangent space of the approximate fast dynamics—and the invariance
equation is expressed in terms of this complementary projection operator. Then a
Newton iteration is carried out to obtain a more accurate approximation. This cycle is
repeated until the desired accuracy is obtained. At any step, the projection operator,
and hence the parametrization of the approximate slow manifold, may be chosen so
that the reduced equations on the manifold are thermodynamically consistent.

The CSP method was first proposed by Lam and Goussis [9, 13, 14, 15, 16] and is
widely used, for example, in combustion modeling [10, 17, 20, 21, 30, 31]. The method
is essentially an algorithm to find successive approximations to the slow manifold and
match the initial conditions to the dynamics on the slow manifold. Moreover, as is
also the case with the reductions methods listed above, it is generally applicable to
systems of nonlinear ordinary differential equations with simultaneous fast and slow
dynamics where the long-term dynamics evolve on a low-dimensional slow manifold
in the phase space.

In a previous paper [34], we focused on the slow manifold and the accuracy of the
CSP approximation for fast-slow systems. In such systems, the ratio of the charac-
teristic fast and slow times is made explicit by a small parameter ¢, and the quality
of the approximation can be measured in terms of €. By comparing the CSP mani-
fold with the slow manifold found in Fenichel’s geometric singular perturbation theory
[2, 11], we showed that each application of the CSP algorithm improves the asymptotic
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accuracy of the CSP manifold by one order of e.

In this paper, we complete the analysis of the CSP method by focusing on the
fast dynamics. According to Fenichel’s theory, the fast-slow systems we consider have,
besides a slow manifold, a family of fast stable fibers along which initial conditions
tend toward the slow manifold. The base points of these fibers lie on the slow manifold,
and the dynamics near the slow manifold can be decomposed into a fast contracting
component along the fast fibers and a slow component governed by the motion of the
base points on the slow manifold. By comparing the CSP fibers with the tangent
spaces of the fast fibers at their base points, we show that each application of the
CSP algorithm also improves the asymptotic accuracy of the CSP fibers by one order
of .

Summarizing the results of [34] and the present investigation, we conclude that
the CSP method provides for the simultaneous approximation of the slow manifold
and the tangents to the fast fibers at their base points. If one is interested in only
the slow manifold, then it suffices to implement a reduced (one-step) version of the
algorithm. On the other hand, if one is interested in both the slow and fast dynamics,
then it is necessary to use the full (two-step) CSP algorithm. Moreover, only the full
CSP algorithm allows for a linear matching of any initial data with the dynamics on
the slow manifold.

The CSP method does not require an a priori separation of the variables into
fast and slow nor that there is an explicit small parameter such as is used in singular
perturbation theory. It requires only that there is a separation of time scales so that
some (combinations of) species are fast and some are slow. For the sake of the analysis
here, it is natural to take the a priori separation as given and measured by an explicit
small parameter .

This paper is organized as follows. In section 2, we recall the relevant results
from Fenichel’s theory and set the framework for the CSP method. In section 3, we
outline the CSP algorithm and state the main results: Theorem 3.1 concerning the
approximation of the slow manifold, which is a verbatim restatement of [34, Theo-
rem 3.1], and Theorem 3.2 concerning the approximation of the tangent spaces of the
fast fibers. The proof of Theorem 3.2 is given in section 4. In section 5, we revisit the
Michaelis-Menten—Henri mechanism of enzyme kinetics to illustrate the CSP method
and the results of this article. Section 6 is devoted to a discussion of methods for
linearly projecting initial conditions on the slow manifold.

2. Slow manifolds and fast fibers. Consider a general system of ordinary
differential equations,

(2.1) & o)

for a vector-valued function z = z(t) € R™™™ in a smooth vector field g. For the
present analysis, we assume that n components of x evolve on a time scale charac-
terized by the “fast” time ¢, while the remaining m components evolve on a time
scale characterized by the “slow” time 7 = et, where ¢ is a small parameter. (The
assumption that the variables can be separated once and for all into fast and slow
variables, where the characteristic times are related by a fixed parameter ¢, is made
for the sake of the analysis, as noted in section 1. The assumption is not necessary for
the applicability of the CSP method, which requires only a separation of time scales.)
We collect the slow variables in a vector y € R™ and the fast variables in a vector
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z € R™. Thus, the system (2.1) is equivalent to either the “fast system”

(2.2) y' =eq(y, 2 e),
(2.3) 2= ga(y, z,€)
or the “slow system”

(24) y=g1(y,z,€)7
(25) €z = g2(y327€)'

(A prime ' denotes differentiation with respect to ¢ and a dot * differentiation with
respect to 7.) The fast system is more appropriate for the short-term dynamics and
the slow system for the long-term dynamics of the system (2.1).

In the limit as ¢ tends to 0, the fast system reduces formally to a single equation
for the fast variable z,

(2.6) 2 = ga2(y, 2,0),

where y is a parameter, while the slow system reduces to a differential equation for
the slow variable y,

(27) y :gl(y7z70)7

with the algebraic constraint ga(y, z,0) = 0.
We assume that there exist a compact domain K and a smooth function hg defined
on K such that

(2.8) 92y, ho(y),0) =0,y € K.

The graph of hg defines a critical manifold My,

(2.9) Mo ={(y.2) e R™™ 1 2= ho(y), y € K},

and with each point p = (y, ho(y)) € M is associated a fast fiber FJ,
(2.10) Fb={(y,z) e R™™: 2 € R"}, pe M.

The points of My are fixed points of (2.6). If the real parts of the eigenvalues of
D.g2(y, ho(y),0) are all negative, as we assume, then M is asymptotically stable,
and all solutions on F} contract exponentially toward p.

If € is positive but arbitrarily small, Fenichel’s theory [2, 11] guarantees that there
exists a function h. whose graph is a slow manifold M.,

(2.11) M. ={(y,2) e R™" : 2 =h.(y), y € K}.

This manifold is locally invariant under the system dynamics, and the dynamics
on M. are governed by the equation

(2.12) v = g1(y, he(y), €),

as long as y € K. Fenichel’s theory also guarantees that there exists an invariant
family F.,

(2.13) Fo= U 7.
pPEM.
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of fast stable fibers F? along which solutions relax to M,.. The family is invariant in
the sense that if ¢; denotes the time-t map associated with (2.1), then

(214) ¢t(f5) - fgt(p)v pE Ms~

The collection of fast fibers F? foliates a neighborhood of M. Hence, the motion of
any point on F? decomposes into a fast contracting component along the fiber and a

slow component governed by the motion of the base point of the fiber. Also, M. is
O(e)-close to My, with

(2.15) he(y) = ho(y) +chi(y) + ha(y) + -+, €10,

and FP is O(e)-close to F} in any compact neighborhood of M..

Remark 2.1. Typically, the manifold M. is not unique; there is a family of slow
manifolds, all having the same asymptotic expansion (2.15) to all orders in ¢ but
differing by exponentially small amounts (O(e~%¢), ¢ > 0).

3. The CSP method. The CSP method focuses on the dynamics of the vector
field g(x) rather than on the dynamics of the vector x itself.

Writing a single differential equation like (2.1) as a system of equations amounts
to choosing a basis in the vector space. For example, in (2.2)—(2.3), the basis consists
of the ordered set of unit vectors in R™*". The coordinates of g relative to this basis
are £g; and go. If we collect the basis vectors in a matrix in the usual way, then we
can express the relation between ¢ and its coordinates in the form

(5 2)(%)

Note that the basis chosen for this representation is the same at every point of the
phase space. The CSP method is based on a generalization of this idea, where the
basis is allowed to vary from point to point, so it can be tailored to the local dynamics
near M..

Suppose that we choose, instead of a fixed basis, a (point-dependent) basis A
for R™*". The relation between the vector field g and the vector f of its coordinates
relative to this basis is

Conversely,
(3.3) f = By,

where B is the left inverse of A, BA = I on R™™". In the convention of the CSP
method, A is a matrix of column vectors (vectors in R™*") and B a matrix of row
vectors (functionals on R™*").
The CSP method focuses on the dynamics of the vector f. Along a trajectory of
the system (2.1), f satisfies the ordinary differential equation
df

(3.4) Y

where A is a linear operator [22, 34],

dB
dt

dA

(3.5) A= B(Dg)A+ — A =B(Dg)A~ B = BlA,g).
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Here, Dg is the Jacobian of g, dB/dt = (DB)g, dA/dt = (DA)g, and [A, g] is the Lie
bracket of A (taken column by column) and g. The Lie bracket of any two vectors a
and g is [a, 9] = (Dg)a — (Da)g; see [23].

It is clear from (3.4) that the dynamics of f are governed by A, so the CSP
method focuses on the structure of A.

Remark 3.1. Tt is useful to see how A transforms under a change of basis. If C

is an invertible square matrix representing a coordinate transformation in R™™ and
A= AC and B = C~'B, then

A=B(Dg)A - B%‘l = C~'B(Dg)AC — C—le(‘dltC)
dA ac
_ —1 _ —1
= C~'B(Dg)AC — C~'B (dt C+A— )
ac
. —cAC -
(3.6) CTAC-CT

Hence, A does not transform as a matrix, unless C' is constant.

3.1. Decompositions. Our goal is to decompose the vector f into its fast and
slow components. Suppose, therefore, that we have a decomposition of this type,
f= (;;), where f! and f? are of length n and m, respectively, but not necessarily
fast and slow everywhere. The decomposition suggests corresponding decompositions
of the matrices A and B, namely A = (A, A3) and B = (g;), where A; is an
(m+mn) x n matrix, Ay an (m+n) x m matrix, B! an n x (m +n) matrix, and B? an
m x (m + n) matrix. Then f! = Blg and f? = B?g.

The decompositions of A and B lead, in turn, to a decomposition of A,

ALl A2 Bl[A17 ] Bl[AQ, ]
(3.7) A= ( A2l A22 ) = ( 32[141;] B2[A2,Z] )

The off-diagonal blocks A'? and A?! are, in general, not zero, so the equations govern-
ing the evolution of the coordinates f' and f2 are coupled. Consequently, f* and f?
cannot be identified with the fast and slow coordinates of g globally along trajectories.
The objective of the CSP method is to construct local coordinate systems (that is,
matrices A and B) that lead to a block-diagonal structure of A. We will see, in the
next section, that such a structure is associated with a decomposition in terms of the
slow manifold and the fast fibers.

Remark 3.2. Note that the identity BA = I on R™'™ implies four identities,
which are summarized in the matrix identity

B'A; B'A, I, 0
(38) ( B2A, B4, )=\ 0 1, )
3.2. Block-diagonalization of A. In this section we analyze the properties
of A relative to a fast-slow decomposition of the dynamics near M..
Let 7,F. and T,M,. denote the tangent spaces to the fast fiber and the slow
manifold, respectively, at the base point p of the fiber on M.. (Note that dim7,F. =n

and dim7, M. = m.) These two linear spaces intersect transversally, because M. is
normally hyperbolic and compact, so

(3.9) R™" = T,F. © T,M., peM..
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Let A; be an (m + n) x n matrix whose columns form a basis for 7,F. and As an
(m 4+ n) x m matrix whose columns form a basis for 7, M., and let A = (Ay, As).
(We omit the subscript p.) Then A is a (point-dependent) basis for R™" that
respects the decomposition (3.9). We recall that TM. = [ c . (p, TpM:) and
TF: =U,em, (p, TpFe) are the tangent bundles of the slow manifold and the family
of the fast fibers, respectively. (A general treatment of tangent bundles of manifolds
is given in [1, section 1.7].)
The decomposition (3.9) induces a dual decomposition,

(3.10) R™™ = NyM. & N, F., pe M.,
where N, M, and N,F. are the duals of 7, M. and T,F., respectively, in R™*".
(Note that dimN, M. = n and dimN,F. = m.) The corresponding decomposition

of Bis B = (Bfl)’ where the rows of B+ form a basis for NpyM. and the rows of
B'L a basis for NV, F.. Furthermore,

BstA; BstA, I, 0
(8:11) ( BflAf BI+ A ) ( 0 1In )
The decompositions of A and B lead, in turn, to a decomposition of A,
B*“[Ag,g] B*M[Asg] )
3.12 A= ’ .
(3.12) ( BI+[Ag,g] BI*[As 4]

This decomposition is similar to, but different from, the decomposition (3.7). The
following lemma shows that its off-diagonal blocks are zero.

LEMMA 3.1. The off-diagonal blocks in the representation (3.12) of A are zero at
each point p € M..

Proof. Since B*+ A, =0 on M, and M., is invariant, we have
4 (B4,) = D(B 4,)g = (DB™)(9. A) + B (DA.)g) =
(DB** is a symmetric bilinear form; its action on a matrix must be understood as
columnwise action.)

Also, g € TM,, so B¥-g =0 on M.. Hence, the directional derivative along A,
(taken column by column) at points on M, also vanishes,

(3.13)

(3.14) D(B**g)As = (DB*)(As, 9) + B™(Dg)As = 0.
Subtracting (3.13) from (3.14), we obtain the identity
(3.15) B*[Ay, 9] = B™ ((Dg) As — (DA)g) =

The proof for the lower-left block is more involved, since the fast fibers are in-
variant as a family. Assume that the fiber F? at p € M. is given implicitly by the
equation F(g;p) =0, ¢ € FP. Then the rows of (D,F)(g;p) form a basis for N,F.,
so there exists an invertible matrix C' such that B/+ = C(D,F).

Since the rows of (DyF)(gq;p) span Ny F., we have (D F)(q;p)Ar(¢) = 0. This
identity holds, in particular, along solutions of (2.1), so

LD P a:p) Ar(@) = (D2F)a:p) (9(a), A (@)

+ (DpeF)(40)) (9(p), A ()

+ (DgF)(g;p)) (DAf(q)) 9(q)
(3.16) =0.
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The family of the fast fibers is invariant under the flow associated with (2.1), so if
F(¢;p) = 0, then also F(q(t);p(t)) = 0 and, hence,

dF(q;p)
dt

(3.17) = ((DgF)(g:p)) 9(q) + (DpF)(g:p)) 9(p) = 0.

Next, we take the directional derivative of both members of this equation along Ay,
keeping in mind that (Dg)(p)Af(¢) = 0 because the base point p does not vary
along Ay. (Recall that the columns of A¢(q) span 7,F..) We find that

((DIF)(4:p)) (Ar(a),9(a ))+((D F)(a;p)) (Pg(q)) Af(q)
(3.18) + (DpaF)(4:0)) (Af (), 9(p)) =

But the bilinear forms DgF and Dp.F are symmetric, so subtracting (3.16) from
(3.18) and letting ¢ = p, we obtain the identity

(3.19) (DgF)(pip) (Dg) Ay — (DAf)g) (p) = 0.

Hence, Bf*[A},g](p) = C(D,F)(p;p)[Ay,g](p) = 0, and the proof of the lemma is
complete. 0
The lemma implies that the representation (3.12) is block-diagonal,

Consequently, the decomposition (3.9) reduces A. In summary, if we can construct
bases Ay and A, then we will have achieved a representation of A where the fast and
slow components remain separated at all times and the designation of fast and slow
takes on a global meaning.

3.3. The CSP algorithm. The CSP method is a constructive algorithm to
approximate Ay and A,. One typically initializes the algorithm with a constant
matrix A©),

A(O) A(O)
(3.21) AO = (40 4O —< 1 2
(A7 A7) =y

Here, Agl is an m x n matrix, A22 is an m x m matrix, and the off-diagonal blocks

Agg and Aé1) are full-rank square matrices of order m and n, respectively. A common

choice is qu) = 0. We follow this convention and assume, henceforth, that Ag[i) =0,

0 A(O)
(3.22) A© = (A4 AP ( o a2
(747 =y 4

(Other choices are discussed in Remark 3.6 below.) The left inverse of A©) is

1 11 12
Bio) = ( © ) _ ( B<o> B o) )
B(o) B, 0

(3.23) _ [ A AR ) A )
(A~ 0
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The algorithm proceeds iteratively. For ¢ = 0,1,..., one first defines the operator
A(g) in accordance with (3.5),

dt A2L

dA@ ALL Al2
(3.24) Ag) = B(g) (DQ)A(q) — By - ( Eq; 52 )
q

and matrices Uiy and Ly,

0 (All )—1A12 0 0
3.25 Uy = (9) @ ), Ly = _ .
(3.25) (a) < 0 0 (a) AZL(ALL)T 0

() V(g

Then one updates A@ and B,) according to the formulas

(3.26) AGHD = AT —Ug) (I + L)),
(3.27) Bg+1) = (I = L)) + Ug)) Byg)

and returns to (3.24) for the next iteration.

Remark 3.3. Lam [13] and Lam and Goussis [16] perform the update (3.26)—
(3.27) in two steps. The first step corresponds to the postmultiplication of Al
with I — U,y and premultiplication of B, with I + U, and the second step to the
subsequent postmultiplication of A (I — U, (¢)) With I+ L4y and premultiplication of
(I +U))B(q) with I — L. The nonzero entries of U4 and L, are chosen so that
A is block-diagonalized to successively higher orders in ¢.

Remark 3.4. 1In the special case of a linear vector field g(z), the block-
diagonalization is commonly referred to as the power method.

3.4. Approximation of the slow manifold. After q iterations, the CSP con-
dition

(3.28) Blpg=0, ¢=0,1,...,

identifies those points where the fast amplitudes vanish with respect to the then
current basis. These points define a manifold that is an approximation for the slow

manifold M..
For ¢ =0, B(lo) is constant and given by (3.23). Hence, the CSP condition (3.28)

reduces to the constraint gs(y, z,£) = 0. In general, this constraint is satisfied by a

function z = v(g)(y,€). The graph of this function defines ICgO), the CSP manifold
(CSPM) of order zero. Since the constraint reduces at leading order to the equation
92(y, 2,0) = 0, which is satisfied by the function z = hqo(y), K may be chosen to
coincide with My to leading order; see (2.9).

For g =1,2,..., the CSP condition takes the form

(3.29) By ¥q-1)(y,€),€)9(y, 2,6) =0, ¢=12,....
The condition is satisfied by a function z = ¥(4)(y,€), and the manifold

(3.30) KD ={(y,2): 2 =P (y€), y € K}, q=0,1,...,

defines the CSPM of order ¢, which is an approximation of M.. The following theorem
regarding the quality of the approximation was proven in [34].
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THEOREM 3.1 ([34, Theorem 3.1]). The asymptotic expansions of the CSPM
ICSZ) and the slow manifold M. agree up to and including terms of O(e9),

q
(3.31) Vi (e) =Y ehy+ 0™, 10, ¢=0,1,....
=0

3.5. Approximation of the fast fibers. We now turn our attention to the
fast fibers. The columns of Ay (y, h-(y)) span the tangent space to the fast fiber with

base point p = (y, he(y)), so we expect that qu) defines an approximation for the
same space after ¢ applications of the CSP algorithm. We denote this approximation

by £ (y) and refer to it as the CSP fiber (CSPF) of order ¢ at p,

(3.32) L9 (y) = span (cols (AL (y, ¥(g) (3, ), €))).-

We will shortly estimate the asymptotic accuracy of the approximation, but before
doing so we need to make an important observation.

Each application of the CSP algorithm involves two steps; see Remark 3.3. The
first step involves U and serves to push the upper-right block of A up by one order of ¢,
and the second step involves L and serves the same purpose for the lower-left block.
The two steps are consecutive. At the first step of the gth iteration, one evaluates
B}, on K™Y to find K{? by solving the CSP condition (3.28) for the function t(,).
One then uses this expression in the second step to update A and B, thus effectively
evaluating qu) on Ing) rather than on /CE’H).

The following theorem contains our main result.

THEOREM 3.2. The asymptotic expansions of Eé’n (y) and T,F., where p =
(y,he(y)) € M., agree up to and including terms of O(g?) for all y € K and for
q=0,1,....

Theorem 3.2 implies that the family £9 = Upem, (v, qu)(y)) is an O(g9)-
approximation to the tangent bundle 7 F..

The proof of Theorem 3.2 is given in section 4. The essential idea is to show that,
at each iteration, the asymptotic order of the off-diagonal blocks of A(,) increases by

one and qu) and B(zq) become fast and fast®, respectively, to one higher order. As a

consequence, in the limit as ¢ — oo, Ay — A, Al — A and B(g) — B, where A,
A, and B are ideal in the sense described in section 3.2.

Remark 3.5. If, in the second step of the CSP algorithm, qu) were evaluated on
ngq*l) instead of on Kgq), the approximation of 7F, would still be O(e?)-accurate.
In section 5 we demonstrate this by means of an example; in Appendix B, we state
the idea of the proof for the general case.

Remark 3.6. The statement of Theorem 3.2 as given above is tailored to suit
our choice of an initial basis A(®); see (3.22). Other choices have also been consid-
ered for systems in which there is not an explicit small parameter. Hadjinicolaou and
Goussis [10] use an arbitrary basis, while Lam and Goussis [15] and Massias and Gous-
sis [21] use the eigenvectors of the Jacobian. These other choices of A(®) introduce
modifications only in the degree to which the CSPM and the CSPF's of order ¢ ap-
proximate M, and T F., respectively, and, for any choice of A, statements similar
to those of Theorems 3.1 and 3.2 can be shown to be true.

4. Proof of Theorem 3.2. The proof of Theorem 3.2 is by induction on gq.
Section 4.1 contains an auxiliary lemma that shows that each successive application of
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the CSP algorithm pushes A closer to block-diagonal form. The induction hypothesis
is formulated in section 4.2, the hypothesis is shown to be true for ¢ = 0 in section 4.3,
and the induction step is taken in section 4.4.

4.1. Asymptotic estimates of A. As stated in section 3, the goal of the CSP
method is to reduce A to block-diagonal form. This goal is approached by the repeated
application of a two-step algorithm. As shown in [34], the first step of the algorithm
is engineered so that each application increases the asymptotic accuracy of the upper-
right block A%g) by one order of ¢; in particular, A%g = O(g?) on Ko [34, eq. (5.25)].
We now complete the picture and show that each application of the second step
increases the asymptotic accuracy of the lower-left block A?;) by one order of ¢ when
the information obtained in the first step of the same iteration is used. In particular,
A%;) = O0(g?t1) on ICéqH), where ICSIH) has been obtained in the first step of the
(¢ + 1)th refinement.

LEMMA 4.1. Forq=0,1,...,

11 12
(4.1) Ay = < Moo +0() TG, ) 7

AL iy EAT ) +O(E?)

when A(q) 1s evaluated on IngH).

Proof. The proof is by induction. The desired estimates of A%ql), A%g), and quQ) on
K9 were established in [34, egs. (5.24), (5.25), (5.27)]. Since the asymptotic expan-
sions of ngqH) and Kéq) differ only at terms of O(g91) or higher [34, Theorem 3.1],
these estimates of A%;), A%QQ), and A?QQ) are true also on K. Tt remains only to
estimate A%ql).

Consider the case ¢ = 0. Let A%& 7 be the coefficient of ¢/ in the asymptotic

expansion of A?é)(y,w(l)(y),e). The estimate A%(%) = O(e) on K& follows if we can

show that AZj = 0. It is already stated in [34, eq. (4.30)] that A%, =0 on K.

Furthermore, [34, Theorem 3.1] implies that the asymptotic expansions of ;) and
(o) agree to leading order. Thus, the asymptotic expansions of A%(}) (y,%(0)(y), €) and

A%é)(y, Y(1)(y), €) also agree to leading order, and the result follows.
Now, assume that the estimate holds for 0,1,...,¢. From (3.6) we obtain

Ay = Al = LA + A Lw — LA ) Lo — AU e
— LipUpAly + LMo U L ~ LU Al L
(4.2) + LU AU Lia) + (PL) 9+ L) ((DUg)) 9) Liq).
The first two terms in the right member sum to zero by virtue of the definition (3.25)
of Ly The next seven terms are all O(¢?+?) or higher by virtue of the induction

hypothesis. Finally, the last two terms are also O(£9%2) or higher by the induction
hypothesis and [34, Lemma A.2]. 0

4.2. The induction hypothesis. The CSPF of order ¢, qu)(y), is defined
in (3.32) to be the linear space spanned by the columns of the fast component,

qu)(y,z/}(q),g), of the basis A@. Thus, to prove Theorem 3.2, it suffices to show

that the asymptotic expansions of A(lq) (y,%(q),€) and the space tangent to the fast
fiber, 7T,F., agree up to and including terms of O(¢9) for p = (y,he(y)) and for
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q=0,1,.... The central idea of the proof is to show that each successive application
of the CSP method pushes the projection of qu) on 7 M. along T F. to one higher
order in €.

We express A9 generated after ¢ applications of the CSP algorithm, in terms of
the basis A,

(4.3) A(Q)(y, z,e) = Ay, hs,s)Q(q) (y,z,¢), ¢=0,1,....
Since B(q) and B are the left inverses of A and A, respectively, we also have
(44) B(q)(yvzag) :R(q)(yvzvg)B(yahevE)v q:()v]-v"'v

where R = (Q@)~1, Introducing the block structure of Q@ and Ry,

(q) (q) 1s L 1fL
(45) Q(Q) — ( ng) Q?f) ) , R(q) = < Réq)L R(Q?J_ > ,
Q1Y Qst Ry By
we rewrite (4.3) and (4.4) as
(4.6) A = ApQ + AQ, AP = 4,087 + AQEY
and
1 _ plslpsl 1fLpfl 2 _ p2slpsl 2fLpfl
(4.7) B =Ry B + Ry B'™, By =Ry B+ Ry B
forq=0,1,....

Equation (4.7) shows that Ang? is the projection of Aﬁ” on TM,.. Thus, to

establish Theorem 3.2, we need only to prove the asymptotic estimate ngs) = O(gt).
The proof is by induction on ¢, where the induction hypothesis is

(4.8) Q(q)(' vw(q)vg) = ( O((Z(qi) ((99((61‘1)) ) )
(4.9) Rig) (-, ¥y €) = ( (9((95%) %((iq)) ) ¢g=0,1,....

Remark 4.1. Although the estimate of Qg? is sufficient to establish Theorem 3.2,
we provide the estimates of all the blocks in (4.8)—(4.9) because they will be required
in the induction step.

The validity of (4.8)—(4.9) for ¢ = 0 is shown in section 4.3. The induction step
is carried out in section 4.4.

4.3. Proof of Theorem 3.2 for ¢ = 0. We fix ¢ = 0 and verify the induction
hypothesis for Q(® and Ry By (4.3)

(4.10) QY = BAO,

whence

<l 4(0 <l 4(0
(4.11) QO — ( B LA(}O; B lA%O; > .
BILAD  prigl
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It suffices to show that the lower-left block is zero to leading order, since the other
blocks are all O(1). We do this by showing that Q(O 0 =0 By (4.11),

(0,0) 1 40,0
(4.12) QLY = B AP,
Bgl spans N, Fy for every p € KO, Also, z is constant on N, Fp, so B{;L = (BY+)0),
where B+ is a full-rank matrix of size m. Last, A§°’°) = A§O) = (AE(P> by
(3.22). Substituting these expressions for BgJ‘ and Ago,o) into (4.12), we obtain that

(0,0

=0.
1s

The induction hypothesis on R q) can be verified either by a similar argument or

by recalling that Ry = (Q®)~!, where Q(®) was shown above to be block-triangular
to leading order.

4.4. Proof of Theorem 3.2 for ¢ = 1,2,.... We assume that the induction
hypothesis (4.8)—(4.9) holds for 0,1,...,¢ and show that it holds for ¢ + 1. The
proof proceeds in four steps. In Step 1, we derive explicit expressions for Ry
and QWY in terms of R4 and Q9 these expressions also involve Uy and L,
Step 2, we derive the leading-order asymptotics of U(4) and in Step 3 the leading-order
asymptotics of L(,). Then, in Step 4, we substitute these results into the expressions
derived in Step 1 to complete the induction.

Step 1. We derive the expressions for Q@1 and R(g4+1)- Equations (4.3) and
(4.4), together with the update formulas (3.26) for A and (3.27) for Bg), yield

(4.13) QU = QI —Ug))(I + L),
(4.14) Rigp1)y = (I = Lig))(I + Ug)) R(g)-

In terms of the constituent blocks, we have

(4.15) QY = Q% + Q¥ Ly — QWU Ly,
(4.16) QY = Q2f QP U,

(4.17) QY = Q17 + QY Ly — QU Ly,
(4.18) QS = Q8 - QU

and

(4.19) Rz = R%cff + U R

(4.20) R[5y = Ry + U R

(4.21) Ry = RES — LigRis — Lip U Ry
(4.22) RN = RUS — LR — LU RE)

Step 2. We derive the leading-order asymptotics of the matrix U,

Recall that Ugg) = (A(,)) 1A Moreover, Af, is strictly O(1) and A is strictly
O(e7) by Lemma 4.1. Hence, Uy = U(g.9e?+O(e7t), with U, o) = (A ;0)) 1A1§ o
Therefore, it suffices to derive the leading-order asymptotics of these blocks of A

By definition, A, = By [A@ ] g]. Therefore,

1 (9) (9)
(4.23) A = B(q)[A%qu] (q)[A?qu]
Byl gl BYplAs", ]
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The individual blocks of A, are obtained by substituting (4.6) and (4.7) into (4.23).
We observe that one-half of all the terms would vanish, were they to be evaluated
on M_, by virtue of Lemma 3.1. Since they are evaluated on ICSJH), instead, which is
O(e1)-close to M., these terms are O(£7+2) and therefore of higher order for each
of the blocks; recall Lemma 4.1. Thus,

(4.24) Ay = Rl B [ArQY ) + RIS BT AQY, 4],
(4.25) A2 = RiGBHA,QW, 9] + RIS BIMAQSY g,
(4.26) Ay = R BHAQW, 9] + RV BIA,Q17, g],

where the remainders of O(7+2) have been omitted for brevity. Recalling the defini-
tion of the Lie bracket, we rewrite (4.24) as

19L s (q) d
Al = Rigi B ((Dg ArQuy j( ))
d
d

 (a.00)).

where we recall that all of the quantities are evaluated at (y,(441),€). Next, (Dg)A;
and the two time derivatives in (4.27) are zero to leading order by Lemma A.1 and
[34, Lemma A.2], respectively. Therefore, to leading order (4.27) becomes

(4.27) + R BT ((Dg)AsQﬁ? -

(4.28) Alko) = RIS By (Dg)oAQ%”.

Here, A%; 0) stands for the leading-order term in the asymptotic expansion of

A(I;) (¥, % (q+1)(y), ), and the right member is the leading order term in the asymptotic
expansion of (RI5E B (Dg)A; Q) (y, he(y), 2).
We derive a similar formula for A )+ First, we rewrite (4.25) as

S S d
Aty = Ry B ((Dg)AfQé? o (Ang?)))
d
(4.29) + R BT ((DQ)AsQé? -2 (A@é?)) :

Next, Q;? = 0(e?), g? = O(1), R!3+ = O(1), and R(lg)l = O(&?) by the induction

(@ —
hypothesis (4.8)—(4.9). Thus, [34, Lemma A.2] implies that the two terms in (4.29)

involving time derivatives are O(g97!) and therefore of higher order. Also, (Dg)As is
zero to leading order by Lemma A.1, and thus

(4.30) A2 = RIS B3 (Dg)oAQSH”

We now substitute A(;( and Af? ) from (4.28) and (4.30) in the expression
Uq,a) (A%; 0) ) 1A12 to ﬁnd the de51red expression for U, 4) in terms of QY

(4.31) Ulga) = (Q(q’ ) QL.
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We also need an expression for U, q) in terms of blocks of R, which we will
use in (4.19)-(4.22). Since R, has the near block-diagonal structure given by the

induction hypothesis (4.8)-(4.9) and Q@ is its inverse, we find that

1sl y—1 _ 1sL \—1plfl p2fly—1
Q(Q) = ( +1 2fL(R(1q 0)2)¢ 1sl Eq(R(q’O)) 2flj(q q)l(R(q’O)) )
—e (Rig0) " Rigarn Big) ™ (Bg0)

(4.32)
to leading order for each of the blocks and for ¢ = 1,2,.... Equations (4.31) and
4.32) lead to the desired expression for U, in terms of R,

(9,9) (9)

-1
_ 1f1 [ p2fl

(4.33) Uty = —RIIS (R(%o)) .

Step 3. We derive the leading-order asymptotics of the matrix L.
Recall that L, = A%;)(All )~1. Moreover, by Lemma 4.1, A%;) is strictly O(1)
and A7), is strictly O(e?*!). Hence, L) = Lgq+1)e""" + O(e7*?), with Lgq41) =

21
A(q q+1)

A2L
(g,q+1)"
Equation (4.26) and the definition of the Lie bracket imply that

(4.34) R gt <( D)A. Q(q) ( A Q(q>>)

(A11 ) 1. An expression for A%; o) Was derived in (4.28), so here we focus on

Next, Qg‘? = 0(1), Qg? = O(git), R%;)L = O(g9h), and R?qf;‘ = O(1) by the
induction hypothesis. Also, the time derivatives are O(g) by [34, Lemma A.2], and
thus the two terms in (4.34) that involve time derivatives are O(e972). Last, (Dg)As =
O(e) by Lemma A.1. Thus, we find that

(4.35) AZL L) = REL B3 (Dg)oAYQLL”

Equations (4.28) and (4.35) yield the desired formula for L4 q4+1) in terms of the
blocks of Ry,

- —1
sl
(4.36) Ligq+1) = A(Zt;,qul (A(q 0 ) - R(q q+1) (R(lq,o))

Next, we recast (4.36) in terms of blocks of Q@) in order to use it in (4.15)(4.18).
The matrix R, is the inverse of Q9 and has the near block-diagonal form given in
(4.9). Thus,

C —e1(Q1”) Q8 (@5
R =
WO\ @ @) ()

(4.37)

to leading order for each block and for ¢ = 1,2,.... Equations (4.36) and (4.37) lead

to the desired expression for L, 441y in terms of the blocks of QD

0N Y A (gg+1
(4.38) Lgq+1) = — (Qés )) QLY.
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Step 4. We substitute the results obtained in Steps 2 and 3 into the formulas
(4.15)—(4.22) derived in Step 1.

Equations (4.15) and (4.18), together with the induction hypothesis and the esti-
mates Uiy = O(e?) and L, = O(e771), imply that Q(qH and Qgiﬂ) remain O(1).
This concludes the estimation of these blocks.

Next, we show that Q(Hl) = O(e?*1). First, Qs (@D and Q(q) are equal up to and

including terms of O(e77!) by (4.16) and the estimate on U,). Thus, Q(q+1 D=0
for i = 0,1,...,9 — 1 by the induction hypothesis on QQf. It suffices to show that
Qé‘;fl’q) = 0. Equation (4.16) implies that

(4.39) Q(q+1 »q) Q(q ,q) Q(q O)U(q,q)~

The right member of this equation is zero by (4.31), and the estimation of Qs (1) 4
complete.

Finally, we show that ng;l) = O(g972) to complete the estimates on the blocks
of QU First, Q(q+1) and Q(q) are equal up to and including terms of O(g?) by
(4.17) and the order estimates on U(q) and Lg). Thus, (q+1 D=0 fori= 0,1,...,q

by the induction hypothesis on Q\?. Tt suffices to show that QleT4*) — 0. Equation
(4.17) implies that
(440) lei-‘rl»(ﬁ‘l gq ,q+1) Q(% L(q,q+1)v
where the right member of this equation is zero by (4.38). The estimation of Q&ZH)
is complete.

The blocks of R, may be estimated in an entirely similar manner, using (4.19)—
(4.22) instead of (4.15)—(4.18) and (4.33) and (4.36) instead of (4.31) and (4.38). The
proof of Theorem 3.2 is complete.

5. The Michaelis—Menten—Henri model. In this section, we illustrate Theo-
rem 3.2 by applying the CSP method to the Michaelis-Menten—Henri (MMH) mecha-
nism of enzyme kinetics [24, 25]. We consider the planar system of ordinary differential
equations for a slow variable s and a fast variable c,

(5.1) s'=¢e(—s+(s+r—Noc),
(5.2) d=s—(s+r)e.
The parameters satisfy the inequalities 0 < € < 1 and k >A> 0. Only nonnegative

values of s and c¢ are relevant. The system of equations (5.1)—(5.2) is of the form
(2.2)-(23)withm=1,n=1,y =5,z =1c¢, g1 = —s+(s+rk—A)¢, and g = s—(s+K)c.

5.1. Slow manifolds and fast fibers. In the limit as € | 0, the dynamics of
the MMH equations are confined to the reduced slow manifold,

(5.3) MO{(C,S);CSL{,Szo}.

The manifold M is asymptotically stable, so there exists a locally invariant slow
manifold M. for all sufficiently small ¢ that is O(¢e) close to M on any compact set.
Moreover, M. is the graph of a function h,,

(5.4) M. ={(c,s) : ¢ = he(s),s > 0},
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and h. admits an asymptotic expansion, h, = hg + chy +2hg + - --. The coefficients
are found from the invariance equation,

(5.5) s—(s+ K)he(s) =ehl(s)(—s+ (s + K — A)h(s)).
The first few coefficients are

s KAS KAS(26A — 3As — ks — K2)

s+ K’ M(s) = ha(s) = (s + k)7

(5:6) hols) = G

In the limit as € | 0, each line of constant s is trivially invariant under (5.1)—(5.2).
These are the (one-dimensional) fast fibers F} with base point p = (s, ho(s)) € My.
All points on FJ contract exponentially fast to p with rate constant —(s+x). The fast
fiber F} perturbs to a curve FP that is O(e)-close to F} in any compact neighborhood
of M. The fast fibers F?, p € M., form an invariant family.

5.2. Asymptotic expansions of the fast fibers. To derive asymptotic infor-
mation about the fast fibers, we look for general solutions of (5.1)—(5.2) that are given
by asymptotic expansions,

(5.7) s(t;e) = Zsisi(t), c(t;e) = Zsici(t),
=0 =0

where the coeflicients s; and ¢; are determined order by order.

Consider the fast fiber FP with base point p = (s, hc(s)), and let (s4,c?) and
(sB,¢B) be two points on it; let As(t) = sB(t) —sA(t) and Ac(t) = cB(t) —cA(t). The
distance between any two points on the same fast fiber will contract exponentially fast
towards zero at the O(1) rate, as long as both points are chosen in a neighborhood
of M.. We may write

(5.8) As(tie) =Y e'Asi(t), Ac(tie) =Y c'Aci(t),

where As;(t) = sP(t) — sA(t) and Ac;(t) = cP(t) — ¢ (t). The condition on fast
exponential decay of As(t) and Ac(t) translates into

(5.9) Asi(t) = O(e™ %),  Aci(t) = O(e™ ), t — o0,

for some positive constants Cy and C.. We let (52, c?) and (sZ, c¢P) be infinitesimally
close, since we are interested in vectors tangent to the fast fiber.

5.2.1. O(1) fast fibers. Substituting the expansions (5.7) into (5.1)—(5.2) and
equating O(1) terms, we find

(5.10) sy =0,

(5.11) ¢y = so — (so + K)co.
The equations can be integrated,
(512) So(t) = 80(0) = S0,

_ 50 S0 —(so+k)t
1 t) = — 0 .
(5.13) olt) = =2+ (a0) - )
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(5.14)  Aso(t) = Asp(0),
(5.15)  Aco(t) = Acg(0)e= 0T 4 (9, c0(t)) Aso(0) + O((Ase(0))2).

The points A and B lie on the same fiber if and only if
(5.16) Aso(0) = 0.

Thus, (5.15) simplifies to

(5.17) Aco(t) = Acg(0)e™(soFr)t

and Acp(t) decays exponentially towards zero, irrespective of the choice of Acy(0).
Hence, Acy(0) is a free parameter.

We conclude that, to O(1), any vector (2) with a constant (« # 0) is tangent to
every fast fiber at the base point.

5.2.2. O(e) fast fibers. At O(g), we obtain the equations

(5.18) s1 = —s0+ (s + K — A)co,
(519) Cll =81 — (80 + H)Cl — 51Cp-
Using (5.12) and (5.13), we integrate (5.18) to obtain

(5:20) s1(t) = s1(0) — =2 t+5°+HA(CO<0> = ><1e<so+r~>t>.

So+ K So+ K So+ K

Therefore, at O(e),

ySotR—A

(5.21) Asy(t) = Asi(0) P AAco(om — e~ (sotmity,

For the two points to have the same phase asymptotically, it is necessary that
lim; oo As1(t) = 0. This condition is satisfied if and only if

So+ K —

(522) Asl(O) = S0+ K )\AC()(O)

Next, ¢;(t) follows upon integration of (5.19),

c1(t) = ¢1(0)e (o tr)

K So+K—A S0 —(so+r)t
v )+ 22t ~ 0) — 1 — e (50
HCEE (51( )t et h (CO( ) so+n>)( ¢ )
N _ 50 Soth—A K= So (st
(co(O) so+n) <81(0)+ pap— (Co(O)—i— 50+I{)> te

2
_Sot KA (c 0) — S0 ) (6—2(50+R)t — e (sotRty

(so + k)2 S0+ kK
)\SQ S0 2 —(so+r)t
+ —— | c(0) = —— | tfe oTF
2(s0 + k) ( 0(0) 50+Ii>
A
(5.23)  — A0 (o=(s0+m)t 4 (g0 4 k)t — 1).

(80 + K)*
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We infer from this expression that lim; ., Aci(t) = 0, as long as (5.22) and (5.16)
hold. Hence, Acq(0) is a free parameter, just like Acg(0), and the only condition that
arises at O(e) is (5.22) on As;(0).

We conclude that any vector

(5.24) ( g >+€< N (1 _BSOAM)Q )

with a and 3 constant (a # 0), is tangent to every fast fiber at the base point up to
and including terms of O(g). Any such vector may be written as the product of a free
parameter and a constant vector (fixed by sq),

(5.25) (a+eB) ( (1 | ) ) +O(e).

5.2.3. O(e?) fast fibers. At O(c?), we obtain the equation
(5.26) sy =151(co— 1)+ (so + & — ey

Direct integration yields

s2(6) = 520) + | (g (00 - 20 ) - S )

(so + k)2 S0+ kK (so + k)3
k(s + K — N)(s0+ K — 2X) + AZsg 50
B [ (so+ k)4 } (CO(O) a so—i—n)
A(so+ Kk —A) so \°
* 2(s0 + k)3 (CO(O) Cso+ KZ>

() (0w i)

- KA (0) So+K—A co(0) — 250
(so + K)? ! S0+ K 0 S0+ K
kXN2sg
2 _
(5.27) +2(So+l€)3t + R(t),

where the remainder R(t) involves the functions e~ (S0+%)t  te—(sotr)t 42— (sotr)t,
and e—2(50+%)t From this expression we find

ASQ (t) = ASQ (0) + (850 So (t)) ASO (0) + (860 S9 (t)) ACO(O)
(5.28) + (D5, 52(t)) As1(0) 4 (D¢, 52(t)) Acy (0) + O(2) + O(e=Ct)

for some C' > 0. Here, 0, is an abbreviation for the partial derivative d., (o), and so
on, and O(2) denotes quadratic terms in the multivariable Taylor expansion. First,
we recall that Asg(0) = 0 by (5.16). Next, we calculate the partial derivatives in each
of the three remaining terms,

As1(0) k(S0 +K—A)(so+Kr—2)) + A2sq
(s0 +K)? (so+K)?
Aso+Kk—A) S0 KA(so+ Kk —A)
(so+ k)3 (O( )50-‘1-/'6) (so + k)3

600 SS9 (t) =

Y

(5.29)
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s, 52(t) = A (co(O) S0 ) k(so+K—N)

(so + k)2 So+ K (so +K)3
KA
. - —t
(5.30) ot
A
31 t)=1- .
(5:31) ey 52(t) P

We substitute these expressions into (5.28), recall (5.22), and carry out the algebra
to obtain

ASQ(t) = ASQ(O) + (1 - S0+ Ii) ACl (O)
K(so+ Kk —A) — Asg
# o (204 TR ) aa
(5.32) +0©2)+0(e ), C>o0.
In the limit ¢ — oo, (5.32) yields the condition
ASQ(O) = — (1 — Soili> Acl(O)
B A s K(so+ Kk —A) — Asg .
(5.33) (ot i) < 1(0) + (50 T 1)2 > Aco(0).

Finally, Acy(t) vanishes exponentially, as follows directly from the conditions (5.22)
and (5.33). Thus, no further conditions besides (5.33) arise at O(g?).
We conclude that any vector

(0) e ~Og)e)

A A K(so+Kr—A)—As
(534) +{—;2 ( o (1 B S(J+f"v') ﬂ B (s0+r)2 (51(0) + W) (% ) ’
Y

with «, 8, and v constant (« # 0), is tangent to every fiber at the base point up to
and including terms of O(g?).

5.3. CSP approximations of the fast fibers. We choose the stoichiometric
vectors as the basis vectors, so

0 1 B, 0 1
(5.35) A© = (4}, A5") = ( 10 ) 50 = ( B%O; ) - ( 10 )
0

The CSP condition B(lo)g = 0 is satisfied if ¢ = hg(s), so the CSP manifold K
coincides with M. With this choice of initial basis, we have

(5.36) Aoy = B(O)(DQ)A(O) - ( 5(?3—9:5))\) ;((Cc:ll)) ) .
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5.3.1. First iteration. At any point (s,c), we have

0 S+K—A -1 (1) 1
o A (9)eA () (L),
! 1 S+H S+kK 2 _5—0—/@

(5.33) Bl = (-A%, A1), B2 = (A5, -4)).

In the first step, we evaluate Agl) and B(ll) on ICéO) to obtain

1 K
5.39 AWM — . Bl = (-——" _1).
( ) 2 T ’ (1) (s+r)2

Hence, the CSP condition,
K(=s+ (s+ Kk —A)c)

1 _
(5.40) Big=s—(strjc—¢ Gin? =0,
is satisfied if
s KAS K2Xs(s + Kk — A)
541 = — 2 O 3 .
(5.41) ¢ s+n+8(s+n)4 € (s + R)7 +0(”)

Equation (5.41) defines /cé”, the CSPM of order one, which agrees with M. up to
and including terms of O(e); recall (5.6).

Then, in the second step, the new fast basis vector, Agl), and its complement,
B(Ql), in the dual basis are evaluated on ICS),

0 1 0
(542) Agl) = ( 1 > — € K(s+Kr—X) +52 KAs(s+Kr—A) + 0(63)7
R s Fr)
(5.43)  BE = (AR, -al).

Thus, we see that Agl) is tangent to the fast fibers at their base points up to and

including terms of O(g), as (5.24) (with a =1, § = —%) implies. As a result,

Egl) approximates 7 F. also up to and including terms of O(e).

Remark 5.1. If one evaluates Ag) on ICéO), as opposed to ngl) as we did above,
then the approximation of 7 F, is also accurate up to and including terms of O(g).
See also Appendix B.

5.3.2. Second iteration. The blocks of A(;) are

T [CRE N __8
M =G4 B ey (oo

(5.44) peles 2‘12)"; =) [—)\(c — 1)+ [(s+r—Ne— s]} :
(5.45) Al = 5%{ —c+ sﬁ [)\(c 1) = [(s+Kr—Ne— s]],
A% = (SjH)Q{(c— 1)(s + K — A)(s + £ — 2))

(5.46) +)\[(s+f$—>\)c—s]+(8+ﬁ—)\)2<c—Siﬂ)],
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2 _ _¢& _ _ 5
A(l)_s—kn{)\(c D+ (s+k )\)<S—‘r/€ c)

e R

(5.47) +e

with remainders of O(g3).
In the first step, we update Agl) and B(ll) and evaluate the updated quantities on

ICS) to obtain

A2s—k)(s+Kk—A)
4 AD =148 ,
(5.48) 12 te (s + )6 ’
Ak — 33)
A(g) _ K K
SR ER TRk
IN(Ts —2K)(s + Kk — \) + kAZs(s — 2k)
4 28
(5 9) +e€ (S T /{)8 )
(5.50) Bly = (-4, A7)

up to and including terms of O(g?).
The CSP condition

K(=s+ (s+Kk—A)c)

B(12)g:s—(s+/<;)c—5

(s +r)?
9 (Bs —k)(=s+ (s+ K — X))
+e H)\( G T r)P

2s —k)(s+ Kk —=AN(s—(s+K)c

(2o =)o+ 0= o (o109 | o
(5.51) =0
is satisfied if

s KAS o KAS(2KA — 3\s — ks — K2

(5.52) c= i +€(s+n)4 +e ( G ) + O(E3).

Equation (5.52) defines IC§2), the CSPM of order two, which agrees with M. up to
and including terms of O(e?); recall (5.6).
2

Then, in the second step, we update Agl) and B(1) to obtain

2 S+K—A 9 1
Agl) = —¢ i_'_ﬁ —€ e {(s—i—n—)\)(s—i—n—Z/\)(c—l)
(5.53) +®+K—AV(c—sjn>+M@+n—Ak—ﬂ}

(s+K—=AN)(c—1) o 1
(s + k)2 JrE(s—i—.‘ﬁ)‘*

(5.54) +(s+r—2A) (c—sj_ﬁ)—l—)\c}—)\sl <26_235j:>’

(5.55) By = (4%, -4%).

Ag):lJrs

(SJr/-@f)\)[(ernf?)\)(cfl)
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with remainders of O(e3). Evaluating these expressions on ICéz), we obtain

- A —2) ) 42
(5.56) Aﬁ):fger’{ +€2“(8+/‘6 Y(s+K—A) + s,
s+ K (s + k)4
+Kr—A)
AR _ s
21 S P
(5.57) L 28t R N(RH(s + K = 2)) + KAs) + RA%S
' (s+ k)8 '
2 2
oo = (49 -A8).

with remainders of O(g3). Therefore, A§2) is tangent to the fast fibers at their

base points up to and including terms of O(g?), according to (5.34) (with a = 1,
2 2

B = _7"(@1’;)_3’\)7 yo= Lt (s(ti;?g\H”’\SH”’\ *), and £ is an O(e2)-accurate

approximation to 7 F..

Remark 5.2. If one evaluates A§2) on ICS) instead of on ngZ), as we did above,
then the approximation of 7 F. is also accurate up to and including terms of O(g?).

6. Linear projection of initial conditions. The main result of this article,
Theorem 3.2, states that after ¢ iterations the CSP method successfully identifies 7 F,
up to and including terms of O(g?*!), where this approximation is given explicitly
by qu). This information is postprocessed to project the initial conditions on the
CSPM of order g. In this section, we discuss the accuracy and limitations of this
linear projection.

Geometrically, one knows from Fenichel’s theory that any given initial condi-
tion z( sufficiently close to M, lies on a (generally nonlinear) fiber F? with base
point p on M.. Hence, the ideal projection would be wp(zg) = p (the subscript F
stands for fiber or Fenichel), and this is, in general, a nonlinear projection.

Within the framework of an algorithm that yields only linearized information
about the fast fibers, one must ask how best to approximate this ideal. A consistent
approach is to identify a point on the slow manifold such that the approximate lin-
earized fiber through it also goes through the given initial condition. This approach
was used, for example, by Roberts [26] for systems with asymptotically stable center
manifolds, where we note that a different method is first used to approximate the
center manifold. Also, this approach is exact in the special case that the perturbed
fast fibers are hyperplanes which need not be vertical. In general, if o lies on the
linearized fiber £2* and if mp(x¢) = pe, then the error ||p; — p2|| made by projecting
linearly is O(e) and proportional to the curvature of the fiber (see also [26]).

For fast-slow systems, there is yet another way to linearly project initial conditions
on the slow manifold. One projects along the approximate CSPF to the space 7,7,
where p is the point on the CSPM that lies on the same € = 0 fiber as the initial
condition. This type of projection is also consistent, in the sense that it yields an exact
result for € = 0 but has an error of O(¢) for ¢ > 0. Moreover, it is algorithmically
simpler, since it does not involve a search for the base point of the linearized fiber on
which the initial conditions lie. However, it has the disadvantage that the projection
is not exact in the special case that the fast fibers are (nonvertical) hyperplanes.

Appendix A. The action of the O(1) Jacobian on 7,M,. The spaces
T,F. and T, M. depend, in general, on both the point p € M, and €. As a result,
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the basis A also depends on p and ¢, and hence Ay and A, possess formal asymptotic
expansions in terms of ¢,

(A1) Ap =) A}, A=) AL
=0 1=0

Next, we compute the action of the Jacobian on A; to leading order.

LEMMA A.1. Ker(Dg(p))o = T,My for p € My. In particular, (Dg)oAY = 0.

Proof. The Jacobian is a linear operator, so it suffices to show that every column
vector of a basis for 7, Mg vanishes under the left action of the Jacobian. We choose
this basis to be the matrix ( DI;',;O ).

We compute

1 0 0 1 0
A2) D mo) = mo) = :
( ) 90 ( DyhO ) < DyQQ DZQQ ) ( DyhO ) ( Dy92 + DZQZDyhO )

Differentiating both members of the O(1) invariance equation g (y, ho(y),0) = 0 with
respect to y, we obtain

(A.3) Dyga(y, ho(y),0) + Dg2(y, ho(y),0) Dyho(y) = 0.
Equations (A.2) and (A.3) yield the desired result,

I’H’L _ 0
(A4) Dgo( Dyho ) = ( 0 ) on Mo.

Finally, the identity (Dg)oAY = 0 follows from the fact that A% spans 7, M,
since AY = A |.—o by (A.1). o

Appendix B. The CSPFs in a variant of the CSP method. In section 3.5,
we emphasized that when we construct the CSPF's of order ¢ at the second step of the
qth iteration we use the information obtained in the first step of the same iteration.
In particular, we evaluate A(l'n on K7 and define the CSPF of order ¢ to be its span;
see (3.32).

In this section we examine the asymptotic accuracy of a variant of the CSP
method, where we evaluate qu) on K97V 50 that the CSP quantities updated in the
gth iteration are all evaluated on the same manifold, namely on the CSPM of order
q— 1. We show that this modification does not reduce the asymptotic accuracy of the
CSPFs.

The proof is by induction. We assume that the variant of the CSP method
described above yields, at the gth iteration, CSPFs of asymptotic accuracy O(e?) for
0,1,...,q, and we show that the same is true for g+ 1. Recall that the CSPFs of order
g+ 1 are constructed at the second step of the (¢+ 1)th iteration and that this step is
carried out via the update matrix L4). The idea behind the proof is to show that the
modifications introduced in L, by replacing jelath) by K are of O(9%2), although
K9 and K9 differ at terms of O(e?*1). (This property can be attributed to the
fact that, at each iteration, L, is zero to leading order; see Lemma 4.1.) Since L,
is O(e9*!) on /Céqﬂ) by Lemma 4.1, we conclude that L, stays unaltered to leading

order when evaluated on ICéq), instead of on K§q+1)7 and thus the CSPF's of order ¢+ 1
retain their asymptotic accuracy of O(g9t1). The full details of the calculation will
be published in [33].
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