A MULTILEVEL STOCHASTIC COLLOCATION ALGORITHM FOR
OPTIMIZATION OF PDES WITH UNCERTAIN COEFFICIENTS

D. P. KOURI*

Abstract. In this work, we apply the MG/OPT framework to a multilevel-in-sample-space
discretization of optimization problems governed by PDEs with uncertain coefficients. The MG/OPT
algorithm is a template for the application of multigrid to deterministic PDE optimization problems.
We employ MG/OPT to exploit the hierarchical structure of sparse grids in order to formulate a
multilevel stochastic collocation algorithm. The algorithm is provably first-order convergent under
standard assumptions on the hierarchy of discretized objective functions as well as on the optimization
routines used as pre- and post-smoothers. We present explicit bounds on the total number of PDE
solves and an upper bound on the error for one V-cycle of the MG/OPT algorithm applied to a linear
quadratic control problem. We provide numerical results that confirm the theoretical bound on the
number of PDE solves and show a dramatic reduction in the total number of PDE solves required
to solve these optimization problems when compared with standard optimization routines applied to
the same problem.
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1. Introduction. The numerical solution of partial differential equation (PDE)
constrained optimization problems with uncertain coefficients is computationally ex-
pensive because of typically high-dimensional stochastic representations of the PDE
solution. This work applies the MG/OPT algorithm [33] to solve the optimization
problem

~

Minimize J(z) = J(u(z), 2),

zEZ

where Z is a reflexive Hilbert space, U is a Banach space, and u = u(z) € U is
the solution of a PDE with uncertain coefficients. We discretize J(z) in the sample
space using a hierarchical sparse grid collocation discretization [27]. We demonstrate
that applying MG/OPT to this hierarchy of semi-discretized optimization problems
may reduce the number of PDE solves required to obtain a minimizer of J (z) when
compared with other standard optimization algorithms.

The MG/OPT algorithm is an optimization-theoretic multigrid approach to solv-
ing PDE-constrained optimization problems [33, 30]. MG/OPT is a template which
allows for user-defined optimization routines, discretizations, and intergrid transfer
operators [33, 30]. Moreover, MG/OPT generalizes the full approximation scheme
(FAS) [25] to optimization and has traditionally been applied to a hierarchy of spatial
discretizations for the state and design variables. In this work, we apply the ideas of
MG/OPT to a hierarchy of stochastic discretizations.

Globalized with a line search, MG/OPT is provably convergent [33, 34]. At each
level, MG/OPT is analogous to a V-cycle (or more general cycles) of multigrid. As
in traditional multigrid, each level of MG/OPT requires pre- and post-smoothing.
These smoothing steps correspond to performing a finite number of iterations of an
optimization algorithm [33]. Recently, the authors of [21, 22, 23, 24] have developed a
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recursive trust-region algorithm that accelerates the trust-region step using multigrid
correction. Similarly, [47] has developed a line-search approach to multigrid opti-
mization. Both of the multilevel trust-region and line-search algorithms are provably
convergent and do not require pre- and post-smoothing.

Aside from MG/OPT and its adaptations, spatial multigrid has been applied
to optimization problems governed by deterministic PDEs in [44, 8, 7, 10, 11, 12]
by using multigrid solvers on the optimality system. We note that simply applying
multigrid to the optimality system need not result in a minimizer since multigrid seeks
only a stationary point of the optimality system [30]. This pitfall is circumvented by
including target functions in the multigrid formulation. These ideas are extended
to problems governed by PDEs with uncertain coefficients in [13, 14, 15]. Those
works focus on multigrid in space, however, and do not consider multilevel sampling
schemes. Unlike these multigrid algorithms for PDE-optimization with uncertain
coeflicients, the algorithm presented in this paper provides a multilevel-in-sample-
space optimization routine. Moreover, one can incorporate existing spatial multigrid
algorithms within the MG /OPT framework to solve the sparse-grid subproblems.

In Section 2, we present the problem formulation for the example problems con-
sidered in this paper. The problem formulation resembles standard quadratic control
or least-squares type PDE-optimization. In Section 3, we review stochastic colloca-
tion and discuss hierarchical sparse-grid techniques. In Section 4 we extend MG/OPT
to handle optimization of uncertain PDEs, and in Section 5 we prove the first-order
convergence of MG/OPT. In Section 6, we present explicit upper bounds on V-cycle
error and computational work. In Section 7, we demonstrate the power and efficiency
of MG/OPT for stochastic collocation through numerical examples. In Section 8, we
present conclusions and future work.

The following notation and conventions are employed throughout this paper. K
denotes the finest level of sparse grid, and 1 always refers to the coarsest level of sparse
grid. The index k denotes the intermediate levels of sparse grid (i.e., k =1,2,..., K).

2. Problem Formulation. Let D ¢ R¢, d = 1,2, 3, denote the physical domain
and I' € RM denote the finite sample space. The sample space T is endowed with the
probability density p: ' — [0, 00) and satisfies

M M
I'= H (@, b and ply) = H Pm(Ym)
m=1 m=1
with am, < by, and pp, @ [, bin] — [0,00) for m = 1,..., M. Such finite-dimensional

probability spaces satisfy the finite-dimensional noise assumption [1] and typically
result from Karhunen-Loéve or polynomial chaos expansions. Let V = V(D) denote a
Banach space of deterministic functions with domain D, and let Z = Z(D) denote a
reflexive Hilbert space of deterministic functions with domain D. V is the determin-
istic state space and Z is the control space. The control space is deterministic; this
models the situation when one must determine a control prior to observing the state
of the physical system. The governing PDEs in this work have the form

A(y)u(y) + N(u(y),y) =F(z,y) VyeT, (2.1)
where A : T' — LV, V*), N: VxT — V* and F : Z x T — V*. Now, let the
Hilbert space W, C € L(V, W), and @ € W be given. The prototypical example for
PDE-constrained optimization is the quadratic control problem

o~

. 1 _ o
min J(z) = 5 / p(W)|Cu(z;y) — w3y dy + S [l2]1%, (22)
zZ€EZ 2 r 2
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where u(z;y) = u(y) € V solves (2.1) almost surely in I'. The solution of this opti-
mization problem can be approximated by sampling schemes such as Monte Carlo [31]
and stochastic collocation [1, 37, 36, 48] or by projection schemes such as stochastic
Galerkin [2, 3] and polynomial chaos [49, 17].

To simplify the analysis in this section, we focus on the quadratic control problem
(2.2). The algorithm presented in this paper also applies to more general objective
functions, although the analysis is typically more complicated [27].

The solution of (2.1) is a mapping y — u(y) : ' — V and is assumed to have
finite p* moment for some fixed p € [1, 00); that is, u € LE(T; V), where

LA(T;V) ={v:T =V : v strongly measurable, /Fp(y)Hv(y)Hf, dy < oo}

To sample y — u(y), we further assume that u € Y = Cg (T; V), where

CS(F; V)={v:T'—=V : v continuous, 8161113 pW)lv(y)lly < oo}
y

which ensures that point evaluations of y — wu(y) are possible. Furthermore, for
the objective function to be well-defined, we require that CS (T'; V) be continuously
embedded in L2(T; V).

ASSUMPTION 2.1. The inclusion C3(T';V) C L2(T;V) holds. Moreover, for each
z € Z the state equation (2.1) has a unique solution u(z;-) € CJ(T;V) satisfying
(2 Mgy < ellutz: Vles oy for some ¢ > 0.

The algorithm described in this paper requires gradient information. We use
adjoints to derive the gradient, VJ(z). To ensure differentiability, we require the
following assumption.

ASSUMPTION 2.2. For every y € I', the functions v — N(v,y) : V — V* and
z = F(z,y) : Z = V* are Fréchet differentiable with Fréchet derivatives N'(u,y) and
F'(z,y), respectively. Moreover, the mapping z — u(z;-) : Z — C’S(F;V) 18 Fréchet
differentiable, and the derivative v = u/(z; )0z satisfies

A(y)v(y) + N'(u(y),y)v(y) = F'(z,9)0z Yyel.

Additionally, the adjoint equation
A(y)'p(y) + N'(u(y), y)*p(y) = —C*(Cu(zy) —w) VyeT (2.3)

has a unique solution p € C’S(F; V).

If Assumptions 2.1 and 2.2 hold, then the gradient of the objective function J(z) is

~

Vi(z) =az— /Fp(y)F’(zay)*p(y) dy.

3. Hierarchical Sampling Approaches: Sparse Grid Collocation. Multi-
level and adaptive Monte Carlo methods for the solution of the unconstrained stochas-
tic programming problems are presented in [5, 16]. Furthermore, adaptive sparse-grid
collocation methods are developed in [27, 28]. In this section, we review sparse grids
[19, 4, 20, 42] with the goal of exposing their hierarchical nature.

We approximate the expected value in (2.2) using sparse-grid quadrature. Sparse-
grid quadrature exhibits rapid convergence when y — ||Cu(y) — ||}, is sufficiently
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smooth. Tensor products of 1D quadrature operators are the foundation for sparse-
grid quadrature. Let {Ej,m};?‘;l denote a sequence of 1D quadrature operators defined
for continuous functions on [a,, b;,]. We assume that the degree of polynomial exact-
ness for E;,, is dJ, — 1, where {dJ, 521 C N is monotonically increasing. Associated
with each E; ,, is a finite set of knots N; ,,, C I',,. For example, Ej ,,, can be Gaussian,
Hermite, or Newton-Cotes quadrature operators.

To construct the sparse grid operator, we define the one-dimensional differences

Apm=FEi;,m and Ajp=FEjm—Eji_1m J=>2.
Then E;,, = J Ajm. Let T C N% where Ny = {1,2,---}. The general sparse-

i=1
grid quadrature operator is

EI:ZAi1,1®"'®AiM,M~ (31)
ieZ

In order to maintain the telescoping sum property described above, the multi-index
set, Z, must satisfy the following property: Ifi = (i1,...,ip) € Zand j = (j1,...,Jm)
is such that j,, <4, forall m =1,..., M, then j € Z. A multi-index set satisfying
this property is called admissible [20]. Each admissible multi-index set Z produces a
set of points Nz C I called a sparse grid.

The general sparse-grid operator (3.1) can be written as a linear combination of
tensor products of 1D quadrature operators by using the combination technique [19]:

Er = (D)2 +5) | (EBi1® - ® Eiypoar),s (3.2)
S

ieZ \je{o,1}M

where |jl1 = j1 + ...+ jum and xz(j) = 1 if j € Z and zero otherwise. From (3.2), one
can determine the particular form of the sparse grid, Nz. Define

i) = Y (—DHhyz(i+])).
je{0,1}M

Then the sparse grid associated with Z is

Nr= U (M x Nig). (3.3)
{i€T : 0(i)#0}

Now, suppose {Z;}%2, is a family of admissible multi-index sets satisfying
{@,-- )} CicT,c---cNY

and the one-dimensional nodes Nj ,, are nested (i.e., Nj_1, C Nj,, V j). Then,
the resulting sparse grids are nested (i.e. Ny, = Nz, C Npy1 = Nz, fork=1,2,...).
Nested sparse grids are desirable for computation because they allow for the reuse of
many computations in the hierarchy of sparse grids.

3.1. Exposing the Hierarchical Sampling Structure. Hierarchies of multi-
index sets Zy, C Zj+1 can be generated in a multitude of ways. Some common methods
are full tensor-product and isotropic/anisotropic Smolyak algorithms [42, 36, 1]. The
multi-index sets constructed from the full tensor-product algorithm are defined as

Ir={ie€ Nf : er{laXMﬁg -1 <(k-=1)}.
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On the other hand, the anisotropic Smolyak algorithm employs the multi-index set

M
T ={ieNY : ) ylig— 1] < (k- 1)},
=1

where v = (y1,...,vnm) is an M-tuple of positive real numbers and v, = ming ve.
Each component of « determines the relative importance of the associated direction;
and, in the case that v = (1,...,1), we recover the isotropic Smolyak sparse-grid
index set. For both the full tensor-product and Smolyak algorithms, the multi-index
sets create the hierarchy required above. In general, the resulting point sets Nj
produced from the Smolyak algorithm are sparser than those created from the full
tensor-product algorithm. Hence, the Smolyak multi-index sets require fewer solves
of (2.1) to evaluate the discretized objective functions, Jj, = Jz, .

Now, consider isotropic Smolyak sparse grids, and suppose that the one-dimensional
quadrature points satisfy [Ny ;| = O(2F) for j = 1,..., M. Then, the authors of [19]
show that the resulting sparse grids satisfy

Qr = |Nk| = O(QkkMil)

The growth rate between levels k and k — 1 is given by
k \M-1
ar = Qr/Qr—1 ~ 2(m)
for k sufficiently large. Asymptotically, as & — oo, the growth rate is 2, and the
largest growth occurs between levels k = 1 and k = 2, namely, ¢o = Q2/Q1 ~ 2M.
In fact, for £k = 1, Q1 = 1 independent of the number of dimensions M. Therefore,
g2 = Q2 for all M. The growth rate {gx}7>, is a monotonically decreasing sequence

in the interval [2, Q2].
A popular choice of 1D quadrature points on [—1, 1] are Clenshaw-Curtis points

B T(i—1)\ . A
Nm’j—{ COS<d]-1> .Z—l,...,dl}

with d; = 1 and d; = 277! + 1 for j > 1. The Clenshaw-Curtis points are nested.
Furthermore, these points satisfy the assumptions on growth rate discussed in the
previous paragraph. Therefore, the sequence of growth rates for the sparse grids built
on Clenshaw-Curtis nodes is decreasing on [2, Q2]

3.2. Sparse-Grid Collocation. Given an admissible multi-index set Z ¢ N™
and the associated quadrature rule Ez, the collocation discretization of (2.2) is

. =~ 1 _ «
min  Jr(2) = 3 Bz [ICu() — o] + el (3.4)

Note that the evaluation of the quadrature rule E7 requires the solution of only the
Q7 = |Nz| deterministic, decoupled PDEs

A(yZI)uZ+N(uZ7yEI):F(Zay£I) ve:lv"'vQIv

where Nz = {y{,...,y%,} [27, 28]. This is equivalent to a stochastic collocation
discretization of (2.1) [27]. The semi-discretized objective function can be written in
the standard quadrature form as

Qz
~ 1 _ a
Tr(2) = 33" wFlICur(z) — vy + SIAI2,
=1
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where weI are appropriate sparse-grid quadrature weights. Moreover, if Assump-
tions 2.1 and 2.2 hold, then Jz(z) is Fréchet differentiable with gradient

VJr —az—Zw F(z,9%)*

In the gradient, p, € V solves the decoupled deterministic adjoint equations

A(yi)p2+N(u27y2) =-C* (C’U,[*’(I)) vg:]-v"'aQI~

These decoupled adjoint equations are equivalent to a stochastic collocation discretiza-
tion of the infinite-dimensional adjoint equation (2.3) [27].

We note that sparse grids typically produce both positive and negative quadrature
weights [19]. The presence of negative weights may affect optimization because jz(z)
may not be convex or weakly lower semi-continuous even if J(z) is [27, 26].

3.3. Collocation Error Bounds. The convergence of stochastic collocation
has been extensively studied for elliptic, parabolic, and hyperbolic PDEs. See, for
example, [37, 36, 35, 1, 32]. The standard result applies for both bounded and un-
bounded I'. For simplicity, we assume I' is bounded. Furthermore, we require the
following assumption on the regularity of the solution u of (2.1) with respect to
the parameters y € I'. For these assumptions, we use the following notation: for
y= (- ym) €L, 97 = (Y1, ¥j-1,Yj+1, - ym) € I = [[,; Te. Further-

more, given u € C9(I';V), we consider the function u} : T; — Cgf (I'};V) to be
J

defined by (u}(£))(y;) = w(y1,- -, Yj—1,§ Yj+1,- - -, yum), where pi =[], pj.

ASSUMPTION 3.1. Let Assumptions 2.1 and 2.2 hold. Suppose I is bounded, and
let u € CO(F V) be the solution to (2.1) for fired z € Z. Then there exists T, > 0
such that uj : I'; — C’O .(I'};V) has an analytic extension on the set

Z(Fj;’rj) = {g eC: dlSt(f,Fj) < Tj}.

Furthermore, let p € C(T;V) be the solution to (2.3). Then there exists v; > 0 such
that p; : Tj — C’O (I'%; V) has an analytic extension on the set L(T';;7;).

Similar assumptions to those in Assumption 3.1 can be found in [1, Lem. 3.2],
[37, Lem. 3.2], and [36, Lem. 2.3]. For examples of the state equation (2.1) that
satisfy Assumption 3.1, see [37, 36, 35, 1, 32]. For examples of optimization problems
(2.2) for which (2.1) and (2.3) satisfy Assumption 3.1, see [28, 27]. If Assumption 3.1
holds, then stochastic collocation provides a convergent approximation scheme. The
convergence of stochastic collocation depends on the quadrature rules used. In the case
of elliptic PDEs, convergence is proven for isotropic and anisotropic tensor product
quadrature built on 1D Gaussian abscissae, as well as isotropic and anisotropic sparse-
grid quadrature built on Gaussian and Clenshaw-Curtis abscissae. These results are
stated in [1, Thm. 4.1] for tensor products of Gaussian abscissae, in [37, Thm. 3.10,
3.11, 3.18, 3.19] for isotropic sparse grids built on Clenshaw-Curtis and Gaussian
abscissae, and in [36, Thm. 3.8, 3.13] for anisotropic sparse grids built on Clenshaw-
Curtis and Gaussian abscissae. The standard error bound has a specific form that we
assume throughout.

ASSUMPTION 3.2. Let Assumption 3.1 hold, and let T = (m,...,7m) and
¥ = (7,...,7m). Furthermore, suppose T C Nf ts an admissible index set with
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corresponding sparse grid Nz, Q = |Nz|. Then, u € C)(T;V) solving (2.1) and
p € CY(T'; V) solving (2.3) satisfy

1E[] = Ezlu]ll e vy < Clr(r), M)Q™V ™M) (3.5)
and

IE[p] = Ezlp]]l oe oy < Clr(), M)Q™), (3.6)
respectively. The function v : RM — RM s defined componentwise for j =1,...,M

2
by r5(r) = log (5 + /1 + i3 ).
These results are extended to the optimization context for uniformly convex
linear-quadratic optimal control problems in [27]. In this case, if zg € Z is a first-

order necessary point of (3.4) and z, € Z is a first-order necessary point of (2.2), then
the error between zg and z, satisfies the upper bound

20 — 2|z < C(r(v), M)Q~ (M),
where v is defined in (3.6).

4. MG/OPT as a Multilevel-in-Sample-Space Optimization Solver. Sim-
ilar to classic spatial multigrid, the hierarchy of sparse-grid operators described above
induces a hierarchy of (semi-)discretized optimization problems (2.2):

Qk
. - 1 k _ o
min Ji(z) = iiél w; ||Cuz(z)—w\|12,v—|—§||z||2z, k=1,...,K.

Recall that the evaluation of Jj(z) requires the solution of (2.1) at all points in the
sparse grid Ny (i.e., Qr = |Nk| PDE solves). MG/OPT applies to this hierarchy of
optimization problems. In addition, the variants of MG/OPT such as recursive trust-
regions [21, 22, 23, 24] and the multilevel line-search approach of [47] also apply to this
hierarchy of sparse-grid discretizations, but we restrict our attention to MG/OPT.

Unlike spatial multigrid, the hierarchy of sparse-grid collocation discretization
spaces appears implicitly in the definition of the semi-discretized objective function.
That is, the control space is fixed, and VJi(z) € Z for all k. Therefore, the intergrid
transfer operators (prolongation and interpolation) of spatial multigrid are trivially
the identity operator. Moreover, for the application of MG/OPT, it is convenient to
define the coarse-grid corrected objective functions

Te(2) = Ti(z | vi) = Ju(2) — (v, 2)z  for v € Z.

The MG/OPT algorithm defines vy, at each level, but it is always the case that vx = 0.
The multilevel sparse grid optimization algorithm is stated in Algorithm 1.

We offer a few comments on the implementation of Algorithm 1. First, Algo-
rithm 1 defines one V-cycle of MG/OPT; and, with little modification, one can define
more general cycles such as W-cycles, F-cycles, or cascadic multigrid. Second, the
pre- and post-smoothing steps at each level, (4.2) and (4.4), can be computed by
applying a fixed number of iterations of an optimization routine as suggested in [33].
Alternatively, Borzi [9, 6] suggests applying the pre- and post-smoothing optimization
routines until the following sufficient decrease conditions are satisfied:

Ti(zi1) < Te(zg) —=meallVI ()2 me1 € (0,1)
Tie(z) < T(2,3) — e 2|VT (263)llz me2 € (0,1).
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MG/OPT: z/ = MG/OPT(k, z; ,vy)

if k=1 then
Return z;” = z] + s; where s; satisfies
sy =argmin Ji(z; +38)=J1(z; +35) — (v1,(2{ +9))z. (4.1)
sEZ
else

Pre-Smoothing: Perform T}, iterations of a convergent optimization
algorithm to obtain

sk,1 ~ argmin J(z, +s) = jk(zk_ +5) — (v, (2, +9))z (4.2)
seZ
and update zi 1 = 2, + Sg,1.
Coarse Grid Correction: Set vy_1 = vk + (VJi—1(2k1) — VIi(28.1))
and approximately minimize Jx_1(z) = Jr—1(2) — (vg—1, 2) z using
Zk2 = MG/OPT(]C - 1, Zk,1, Uk71)~ (43)

Line Search: Use a line search to determine A\; > 0 which sufficiently
reduces Ji(zx1 + Azk,2 — 2k,1)) and set 2z 3 = 21 + Ae (2,2 — 251)-
Post-Smoothing: Perform T, iterations of a convergent optimization
algorithm to obtain

Sko ~ argmin Ji(2x3 +5) = Ju(ze3 +8) — (g, (zra +8) 2 (4.4)
SEZ

and return z,j = 2,3+ Sk2.
end

Algorithm 1: Recursive MG/OPT algorithm.

Third, if V2j\k(zk,1) exists and is Lipschitz continuous with Lipschitz constant Ly > 0
for k = 1,...,K and if e, = (2,2 — 2x,1) is a descent direction, then Borzi [9, 6]
suggests the following a priori choice for the line-search parameter \:

Ak =min q 2, _ —(VJk(zka) €x) 2 e
(V2Jk(zk1)ers ex) 2 + L llexl|%

This choice of A\ guarantees sufficient decrease in the objective function. In general,
Ly, is unknown, and A is computed by using a standard line-search rule such as
backtracking. As noted in [29], the a priori choice Ay = 1 as commonly used in
the globalization of Newton’s method may not apply to MG/OPT. Furthermore, the
nestedness of the sparse grids N implies that no additional PDE solves are required
when computing vg_;. For optimization problem (2.2), vx_; can be written as

Qr-1 Qk
vher =vr+ > (W W )F 2y )= Y WFF (2,95) D
i=1 i=Qp_141

where K denotes the finest level of sparse grid, wf = wiI"' denotes the level k sparse-
grid weights, yX = inK denotes the level K sparse-grid points ordered so that

Ni = {Ni,Na\ N1,.. ., Nk \ N1} = {yls o U0, Ubse ra1s -2 Yo b

and p; € V solves the adjoint equation (2.3) at y =y fori=1,..., Q.
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5. Convergence Analysis for Algorithm 1. The analysis here follows directly
from the analysis for MG/OPT in [33, 34]. The author in [9, 6] proves similar results
using standard multigrid techniques. The convergence analysis for Algorithm 1 does
not require restriction and prolongation operators. In fact, this analysis depends only
on the sparse-grid discretization through the assumptions on the subproblems Jj(z).
The results in this section require the following assumptions.

AssUMPTION 5.1. Let K € N be the finest level of sparse-grid hierarchy and
assume a minimizer of Ji (z) exists. Denote this minimizer by 23 € Z. Furthermore,
let B.(z5) ={2€ Z : ||z — z%|lz < r} denote the open ball of radius r > 0 in Z.

1. j\k(z) s twice continuously Fréchet differentiable and bounded below for all

k=1,....K.
2. There exists r > 0 independent of k = 1,..., K such that V2Jy(z) € L(Z, Z)
is a uniformly positive-definite operator for all z € B,(z}) and k=1,...,K;

that is, there exists ki > 0 such that
(V2Ie(2)6,6)z > kll€l% YO£E€ 2, V2 e B(zk). (5.1)
8. The smoothing iteration numbers satisfy
T',>0, T5,>0, and T p+T2,>0 for k=1,..., K.

4. The optimization routines used in (4.1), (4.2), and (4.4) are first-order con-
vergent in the sense that

lim inf ||ij(zj)||2 =0.
J

Assumption 5.1 ensures that the semi-discretized optimization problems at each
level k are well-defined. Assumption 5.1.1 ensures that Newton-type methods are
applicable. Assumption 5.1.2 assumes that when close to a solution (basin of attrac-
tion), the Hessian operators are positive-definite. This ensures second-order sufficient
conditions hold at the minimizer. Assumptions 5.1.3-4 guarantee that Algorithm 1
makes progress toward a solution. Under these assumptions, we first prove that
ex = ZK,2 — ZK,1 is a descent direction.

THEOREM 5.2. Let Assumption 5.1 hold, and let zx 1 € B.(z3). Furthermore,
suppose the optimization problem (4.3) is solved to the relative gradient tolerance

IV Tk-1(2k2) — vi-1llz < vEx-1llzr1 — 2K 2z with v €[0,1). (5.2)

Then ex = zKx2 — 2K,1 15 a descent direction.
Proof. Suppose the approximate solution of (4.3) satisfies (5.2). Then there exists
n € Z such that ||n]|z < vkrx—_1l|zK2 — 2K 1]z and

VjK(ZK,l) = VjK—l(ZK,l) - VjK—l(ZK,2) + .

Therefore,

<ij(ZK,1)7 6K>Z = <VjK—1 (zK,1) — VjK—l(ZK,Q) +n, €K>Z

1
</ V23Ik-1 (2x.2 — ter) (—er) dt, €K> + (n,ex) z
0 z

—kx—1llexlZz + Inllzllexlz < (v — Drx_1llex|% < 0.

IN
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Hence, ek is a descent direction. O
The first-order convergence of Algorithm 1 is an easy consequence of Theorem 5.2.
COROLLARY 5.3. Let Assumption 5.1 and inequality (5.2) hold. Furthermore,

let K € N, denote the finest level of sparse grid. Suppose {z%)};’il C Z denotes a

sequence of iterations produced by Algorithm 1 with initial guess z&?) € Z. Then

lim inf | V.Jx (22)]|z = 0.
J

Proof. If for some j the iterate zg) € B,(z}), then Theorem 5.2 ensures the

search direction ek is a descent direction, and Theorem 1 of [33] proves the result.
On the other hand, if z%) ¢ B, (z}), then the search direction ex need not be a
descent direction. If ex is not a descent direction, then the line-search parameter is
Ax = 0. In this case, Assumption 5.1.4 (i.e., global convergence of the smoothers)
ensures the global convergence of Algorithm 1. O

REMARK 5.4. Corollary 5.3 also holds if we replace Assumption 5.1.2 with the
assumption that the level set

S={zeZ: jK(Z) < jK(Zgg))}

is compact. Under this assumption and if the pre- and post-smoothing steps are per-
formed by using a trust-region or line-search algorithm, then the proof of Corollary 5.3
must be modified to account for possibly no improvement from the recursive step [34,
Thm. 3]. On the other hand, to ensure the descent property in Theorem 5.2 under
this new assumption, the MG/OPT subproblems (4.1) and (4.3) must be replaced by

min Jx(s) subject to sz < A
s€Z

for some A > 0 sufficiently small [34, Thm. 5].

6. The Convex-Quadratic Case. The main result of this section is an explicit
error bound for one V-cycle of Algorithm 1 when the pre- and post-smoothing steps
are performed with a finite number of conjugate gradient (CG) iterations. Before
proving this result, we develop upper bounds for the total number of PDE solves
required in one V-cycle.

6.1. Problem Formulation. Consider the hierarchy of linear-quadratic opti-
mal control problems (k=1,..., K)

Qk

= 1 B o

min Ji(2) = 3w Cuea(2) — wlfy + 21,
=1

where uy ;(z) = ug,; € V solves

A ue: +Byf)z =b(yf) for i=1,...,Qx.

Here, A : T — L(V,V*) is assumed to have a bounded inverse for all y € T', B :
I' - L(Z,V*), and b : ' — V*. Note that assuming A(y) has a bounded inverse
for all y € T implies Assumption 2.1. Again, K denotes the finest level of sparse
grid discretization, while the coarsest level is always k& = 1. Furthermore, suppose
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Vij(z) € L(Z, 2) is uniformly positive-definite for k = 1, ..., K, that is, there exists
0 < ap < A < oo such that

arlvl|% < (V2 Te(2)v,0)z < Apfv]|2 Vv e Z. (6.1)

To simplify notation, denote Ay; = A(yF), Bx;, = B(yF) and by; = b(y}).
By assumption, Ay ; has a bounded inverse A;} € L(V*,V), and the state variable
ug,i(2) = ug,; € V can be written as

Ui = A;;,i (bk,i — By i2).

Substituting this expression for uy ; into the objective function jk(z) gives

Qk
1 _ _ «
Ji(2) = 5 S wHICAT oy~ Briz) — iy + S
=1
1
= §<HkZ,Z>Z - <g/€72>2 + Ck,

where Hy, € £(Z, Z) and g, € Z are defined as

Qk
H, =al+ ) wiBj, A 7C"CA, !By,

i=1

Qr
g = Y wiBiALC (CAL b — w).
=1

Here, I € L(Z, Z) is the identity operator, Hy = Vka(z) is the the Hessian operator,
and ka(z) = Hjz — g, is the gradient. Furthermore, ¢;, is the appropriately defined
constant that is irrelevant in the context of optimization. Given zy € Z, the first-order
necessary conditions are equivalent to the Newton system

Vka(zo)s = —ij(zo) <— Hps=—(Hgzo — gx)- (6.2)

6.2. Hierarchical Sparse Grids and Inexact Conjugate Gradients. Recall
that Z is a Hilbert space and that the existence of 0 < ap < Ap < oo in (6.1) ensures
Hj, is a positive-definite, bounded linear operator. Moreover, the specific form of Hy,
implies that Hj, is self-adjoint. Under these conditions, we can apply the conjugate
gradient algorithm (CG) to solve (6.2). The convergence of CG applied to (6.2)
depends on the spectral properties of Hy as shown in the following theorem. For
this result, we define the Hy-norm and Hp-inner product, ||z|lm, = +/(z,2)u, =
V{(Hgz, z)z for all z € Z.

THEOREM 6.1. The sequence of iterates, {z;} C Z, generated by using CG applied
to (6.2) converges to z, € Z and

J

VAR — \/ag

2 = zillm, < 2| =7 | [z« — 2o0llm,-
Vi Ak + ak

Proof. Note that Hy, is a self-adjoint, positive definite, bounded linear operator.

Moreover, one can easily show that the Z- and Hi-norms are equivalent. Therefore,

Theorems 7 and 11 in [39] apply and prove the convergence of CG applied to (6.2). O
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Each iteration of CG requires the application of the Hessian operator to a vec-
tor. Recall that the computation of the gradient, VJi(z) = Hpz — gy requires 2Q
PDE solves (i.e., a state solve, Ak -, and an adjoint solve, Ak o, for j=1,...,Qk).
Similarly, the apphcatlon of the Hesswn H; to a vector requires 2Q); PDE solves.
Therefore, applying CG to (6.2) requires 2Qx(N&q + 1) PDE solves, where N& de-
notes the number of CG iterations required to solve (6.2). Note that if the control
space Z is finite-dimensional, then N&; < dim(Z) in exact arithmetic.

Hessian-times-a-vector computations are computationally prohibitive for large
problems even though the PDEs to be solved are linear. Fortunately we can exploit the
hierarchical nature of sparse-grid discretization to possibly reduce this computational
effort. Nested sparse grids allow us to build all levels of sparse-grid approximation
(k < k) concurrently while computing the level k approximation. We suggest the
inexact Hessian-times-a-vector algorithm listed in Algorithm 2.

Multilevel Hessian-Times-a-Vector: Given z, v € Z and 7 > 0.
Set Qo =0 and h, =av for k =1,... k.
for k =1,...,k do
fori=Qx_1+1,...,Q, do
Solve Amiw,@’i = B&iZ.
Solve A:’ipk,,i = C*Cwmi.
for { =k,...,k do
Update hy < hy + we,i By, ;pr.i-
end
end
lf ||h,i — hN,1||Z S THhmleZ then
Set hy = h, and exit.
end
end
Set Hyv =~ hy,.
Algorithm 2: Inexact Hessian-times-a-vector algorithm.

In Algorithm 2 we build all quadrature estimates of H,v for k = 1,. ..,k concur-
rently by exploiting the sparse-grid hierarchy. Notice that no additional PDE solves
are required in the evaluation of lower-order quadrature and that computational sav-
ings occur when Algorithm 2 terminates early with k < k. In this case, Algorithm 2
performs 2(Q — Q) fewer PDE solves than does the standard Hessian-times-a-vector
algorithm at level k. In the case of early termination, Algorithm 2 inexactly applies
H;, to some vector v. Fortunately Krylov methods can be adjusted to handle such
inexactness. In [45, 41, 18] and the references within, the authors study the effects of
inexactness on Krylov subspace methods.

Denote (Hy + E;)v; = hy; as the application of Algorithm 2 during the 4th
iteration of the inexact Krylov method. In [41], the authors present the following
bound on inexactness, which guarantees convergence of the inexact Krylov method:

.

1B, < (6.3)

175-1ll2
where m is the maximum number of CG iterations, € > 0 is a user-defined tolerance,
7j—1 is the inexact residual of (6.2) at the 4 iteration of the inexact Krylov method,
and ¢,, > 0 is a specific problem and algorithm constant. Under this condition, the
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error between the residual from the inexact Krylov method (7,,) and the exact Krylov
method (r,,) at the final iteration satisfies

rm —Fmlz <e. (6.4)

See [41, Thm. 5.3, 5.4] for the specific form of ¢, for inexact GMRES and inexact
FOM. Since CG is equivalent to FOM applied to self-adjoint positive-definite operators
[40], the proof of [41, Thm. 5.4] also applies to CG.

The parameter £, in (6.3) is problem dependent and typically cannot not be
computed a priori. The authors of [41] suggest approximating ¢, with

Umin(Hk)
m

by =

where opmin(Hy) denotes the minimum singular value of Hy. In [45], the authors
set ¢, = 1 and demonstrate that in many circumstances this choice of ¢,, does not
strongly affect the convergence of the algorithm [41, p. 463]. The authors in [18]
propose replacing (6.3) with

min H . Z’m j
By < Tt g, J e
2 ]

where gmﬂ- > 0 is computed by using quantities available at each Krylov iteration [18,
Thm. 4.2]. This condition also ensures the residual error bound (6.4).

REMARK 6.2. The relative error ||hy, — hu—1||z/||hs—1llz used to terminate Al-
gorithm 2 is not an error estimate. Therefore, early termination must be monitored,
and convergence of inexact CG may not be guaranteed.

6.3. Exact Line Search. For this convex-quadratic example, the k'-level line-
search parameter, A, can be computed exactly. Given z, € Z, if ex € Z is a descent
direction of Ji(zx + $) = Jx(2zk + $) — (vk, (2 + 8)) 2, then minimizing Jx(zr + Aek)
with respect to A yields the explicit value

VR (VJe(2k) = vien) z _ (Hrzk —gr— vk er)z (65)

<V2:]\]¢(Zk)6k,ek>g <erkaek:>z

Since ey is a descent direction, Assumption 5.1 ensures that )\ is positive. The
computation of the gradient requires 2Q); PDE solves, and the application of Hj
to the search direction e, requires 2Q); PDE solves. Therefore, computation of Ag
requires 4Q); PDE solves.

6.4. Computational Work. We are now prepared to derive bounds on the
total number of PDE solves required for one V-cycle of MG/OPT using exact CG
smoothing. Let W} denote the number of PDE solves per cycle of Algorithm 1 at
level k, and let W,f ',1 denote the number of PDE solves required for one cycle of
Algorithm 1 excluding the number of PDE solves required to solve (4.3). That is,
W,f 1 is the number of PDE solves required for pre- and post-smoothing, computing
the coarse grid correction vy, and computing the line-search step length M. The
structure of Algorithm 1 leads to the recursive definition of Wy:

K
Wo=W; +W1 and Wiy =WE, +W, = Wg =Y Wi +W, (6.6)
k=2
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where W is the number of PDE solves required to exactly solve (4.1). See [43] for
more details on spatial multigrid work estimates. If we use CG to solve (4.1), then
Wi = 2(Nlg + 1)Q1, where N} denotes the total number of CG iterations.

For the following results, we assume the sparse-grid growth rate satisfies

k

M-1
qr = Qk/Qk—l =2 <k‘—1> for k= 13 25 ) (67)

which is satisfied for many instances of isotropic Smolyak sparse grids (recall Section 3
and [19]). We prove two results: the first result concerns pre- and post-smoothing with
a constant number of iterations, while the second results deals with level-dependent
pre- and post-smoothing.

PROPOSITION 6.3. Let (6.7) hold. Consider Algorithm 1 with Ty, = 7 > 0
iterations of CG for pre-smoothing and T = 19 > 0 iterations of CG for post-
smoothing for k = 1,..., K. Then, the total number of PDE solves for a single
V-cycle of Algorithm 1 satisfies

Wi < 4(3—|—7‘1 —|—7'2)QK + Wi.

Proof. We require 2Q;, PDE solves to compute the gradient, 27 @ PDE solves
for pre-smoothing, 2@, PDE solves for post-smoothing, and 4Q; PDE solves to
compute the line-search step length. Therefore, the growth rate (6.7) implies

K
WE = 420+ 7+ 7))@k = (6 +2(m +m)Qx || 4
j=k+1

ﬁ L[t K—(k+1)+1 k K-t M—1
% =2 K+l K

J=k+1
INE=F o\ M1 ) 1\ K-+ 65)
2 K —\2 ' '
Combining these facts with (6.6) and then invoking geometric series convergence yields
the desired bound. O
For our second example, we vary the number of CG iterations, 7} ; and 15k, at
each level. This approach allows us to more accurately solve the smoothing problems
(4.2) and (4.4) on the coarse levels and less accurately on the fine levels.

PROPOSITION 6.4. Let (6.7) hold and let 71, T2 be fized non-negative integers.
Moreover, suppose pre- and post-smoothing are performed with

Notice that

an:Tja Tj,K—1:27—j,..., TJ,QZ(K—l)TJ fO’f’ ]:1,2

CG iterations, respectively. Then the total number of PDE solves for a single V-cycle
of Algorithm 1 satisfies

Wi < 4(3 + 2(7’1 =+ Tg))QK + Wi.



MULTILEVEL STOCHASTIC COLLOCATION FOR OPTIMIZATION 15

Proof. Note that 2 = > >° /27" and 2 = > 2 n2™". Using these facts, we
obtain from the bound (6.8) and the recursive estimate (6.6),

K 1 K—k
WK<QKZ(6+2(7'1+T2)(K—(/€—1)))<2) + W
k=2

K —
<Qr(1242(r +72) ) (K- k)(%)K ’ +4(m +TQ)) + Wy
k=2

< 4(3 +2(m + Tg))QK + Wi.

6.5. Error Estimation. We now derive an error bound for a single V-cycle
of Algorithm 1 where pre- and post-smoothers are computed by using T3, and T5 j
iterations of CG, respectively. The error estimate in this subsection is based on the CG
error estimate given in Theorem 6.1. This subsection is organized as follows. First
we present a compact operator representation for a single V-cycle of Algorithm 1.
Using this operator formulation, we then apply the CG error estimate in Theorem 6.1
to determine an initial upper bound for the V-cycle error. Subsequently, we prove
an optimality result concerning the line-search parameter. Combining this line-search
result with the CG error estimate gives the final error bound. To conclude, we present
explicit bounds for the 2-level case (i.e., K = 2).

We seek a representation of the iterate z,j of Algorithm 1 as an operator equation
depending on the coarse grid information z, , ve, g¢, He, and A, for £ = 1,... k.
First, recall that T} ; iterations of CG applied to (4.2) and (4.4) produce

(I—=Pr1Hi)z, +Pra(gr + o) (6.9a)
(I—PpoHy)zk3 + Pra(gr + vi), (6.9b)

2k,1

+
%k
where Py ; = pr,i(Hy) and py; is a polynomial of degree Ty, ; — 1 for ¢ = 1,2 [40, L.

6.28]. Now, beginning on level k = 1, define S; = Hl_l. Then the result of the level
1 optimization problem (4.1) can be expressed as

Zf_ = (I — SlHl)Zl_ —+ Sl(gl —+ ’Ul).

Employing this expression for z;” and the compact representations of the smoothing
operators (6.9), we arrive at the following compact operator form for the k''-level
MG/OPT iteration:

2 = (I—SgHy)z, + Sk(gk + vi), (6.10)
where Sy, is defined recursively through Algorithm 1 and satisfies
(I-SiHy) = (I —-PyoHp)(I — A\eSp—1H)(I— Py 1 Hy) (6.11)
fork=2,..., K.
We use the operator form (6.10) of the MG/OPT iteration to derive error bounds.

First, we apply Theorem 6.1 to prove the following partial bound.
LEMMA 6.5. Let k € {1,..., K}, \p € R be fized, and =z} € Z satisfy

Hyzj = (gk + vk)-
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Furthermore, let the assumptions of Theorem 6.1 hold, and consider one V-cycle
of Algorithm 1 where pre- and post-smoothing are performed by using 11, and To p
iterations of CG, respectively. Then,

Tk
. 4 VA —ag\ T
” k k ||Hk = (m+\/(7k> H k k'-,3HHk

Proof. This is a straightforward application of Theorem 6.1. O
The goal now is to bound the quantity |z — zx,3||m,. To this end, recall that
er = (zk,2 — 21.1) € Z, and note that ey, satisfies

er = Sp—1(8k + vk — Hpzp1), = Sp—1Hi (25 — 21,1) (6.12)

where z; is defined in the statement of Lemma 6.5. Substituting this expression into
the right-hand side of the error bound given in Lemma 6.5 gives

1z — zkallm, = (T = AeSk—1Hg) (2 — 211) |11, -

Using this error representation, we prove the following optimality result for the exact
line-search parameter computed using equation (6.5).

LEMMA 6.6. Let A\, be the exact line-search parameter computed in equation
(6.5), and define v = (2} — z1). Then

1
Al = arg min §||(I — pSk—1Hy)vll, (6.13)
HER
and
(I — )‘ksklek)UH%-Ik = (I = \eSp—1Hyg)v, v)m, - (6.14)

Proof. Define j(p) = 3|/(I— pSk—1Hy)vllf, . The objective function j : R — R

is differentiable, convex, and quadratic. Expanding j gives

. 1
Jl) = 51T~ Sy HJolly,

1
= §<Hk(1 — pSk—1Hy)v, (I — puSp_1Hy)v) z
p 1
= ?<Hksk—1HkU7 Sk—1Hpv)z — p(Sp—1Hyv, Hyv) z + §<Hk71a v)z.

Setting the derivative, j'(u), to zero and solving for p gives the optimal solution

e = (Sk—1Hiv,Hyv) 2
Y (HgSp—1Hyv, Sp_ 1 Hyv) 2

Now, since e = (2,2 — 2k,1) satisfies (6.12), the optimal value of u satisfies

~ (er,gr + v —Hizp1) =z

= = A
(Hpep, ex)z *

This proves (6.13), and evaluating 2j(\) proves (6.14). O
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The optimality of the line-search parameter, Ay, proved in Lemma 6.6 and Lemma 6.5
combined with Theorem 6.1 implies the following error bound:

Ty k. +T:
\/Ak - \/ak) peE ||Z* Z_H
—_— — H, .
VAL + ax b

This result is comparable to the error bound for performing 77 j, + 1%, iterations of
CG with restart after T} j iterations and is overly pessimistic because it disregards
the coarse-grid information. In the following, we show that the coarse-grid correction
is, in fact, beneficial.

LEMMA 6.7. Let the assumptions of Lemma 6.5 hold, and let o(I — \Sp—1Hy)
denote the spectral radius of (I — M\Sp—1Hy). Then

ot — 2 e, < 4(

VA - &

Ty +To k
zi — 2 |||, (6.15
VEE) e (615)

2 — 2 e, < 4v/2(@ — ASp_1Hy) (

Proof. Lemma 6.6, in particular equality (6.14), implies

(T = XeSe—1Hp) (27 — 2e1) 1, < VoI — MeSe—1Hy)||2f — 211

Therefore, Lemma 6.5 and Theorem 6.1 imply (6.15). O

The goal now is to derive explicit bounds on the spectral radius of (I—A;S;_1Hy,).
In particular, we wish to prove that o(I—A;Sx_1Hy) < 1. This is equivalent to proving
(1 — Agu) < 1 for all eigenvalues, p, of Sp_1Hy. In the case of K = 2, we can prove
such bounds. Note that if (v, ) € Z x C is an eigenpair of S;Hy = Hleg, then
Hov = pHjv; in other words, p is a generalized eigenvalue of the operator pencil
(Hg,H;). Let o(Hg, H;) denote the spectrum of the pencil (Hz,H;). Then the
spectral radius is o(T — AgH; 'Hy) = 1 — Aomin{yu : p € o(Hy, Hy)}.

LEMMA 6.8. Suppose there exists € > 0 such that

Hy -

|Hov —Hyv||z <e Vve{seZ: sz <1} (6.16)
Then, the spectrum o(Hq, H1) satisfies

o(Ho, Hy) C [(1+ay'e) ™ 1+ aylel.

Proof. Let p € 0(H2,H;) and v € Z be a normalized eigenfunction corresponding
to p (i-e., |[v]|z = 1). First note that pu > 0; that is,

Hov=pHijv = (Hv,v)z=pHv,v)z =

since Hy and H; are assumed to be uniformly positive-definite operators.
Write H; = Hy + dH, where dH = H; — H,. Then, substituting Hy + 0H for H;
gives

1—
Hov = pHov + pdHo = 6Hv:7MHgv = ,u_1—1:<;§a21€.
1]

Since p > 0, we have p > (1 +ay'e) L.
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On the other hand, Hy, = H; — dH, and

—(0H
uHiv=Hjv—Hv = (p—1)Hjv=-0Hv = pu—1= (0Hv, v) 2 <ajle.

(Hyv,v)z — !

Therefore, we have pp <1+ afls. This proves the lemma. O
Lemma 6.8 implies the following bound on the spectral radius o(I — )\ngng):

oI — MoH'Hy) <1— Aap(1+ay'e)™.

In the same vein as Lemma 6.8, we can bound the line-search parameter.
LEMMA 6.9. Suppose (6.16) holds. Then, the line-search parameter, X, computed
by using (6.5) satisfies

Ao € [(1+arte) ™ 14 a5 e

Proof. First, note that
(go +vo — Hazo,e0)z = (H HT ' (go +v2 — Hazo 1), e2)z = (Hiea, e2) 2.

Therefore, Ay = % Substituting H; = Hy + dH gives

Haez,ez

/H
7< €2, €2)z < 1—|—a;<16.

No=1+
2 (Hoeg, e2) =

On the other hand, substituting H; = Hy — dH gives

<5H€2, 62>z

-1
> 14 a;te)™h
<H1€2762>2> ( e

Aoy = <1 —+
This proves the desired result. O
Lemmas 6.8 and 6.9 imply the final upper bound on the spectral radius

oI —MH'Hy) <1 - (1+4a7te) M1 4+a5te)™t < 1.

This result shows that the spectral radius is approximately zero for small €.

THEOREM 6.10. Suppose (6.16) holds, and let K = 2. Then, one V-cycle of
Algorithm 1 with pre- and post-smoothers performed by Th 2 and Ts o iterations of
CG, respectively, produces the iterate, 25 , satisfying

Ty,2+T2 2
N _ _ VA — /a3 ' ' .
25—z ||, < 4\/1 —(1+arte)" (1 +ayte)t (\/zTQ—F N |25 =25 || 11, -

Proof. This follows from Lemmas 6.7, 6.8, and 6.9. O

REMARK 6.11. The assumptions in Lemma 6.8 are reasonable for sparse grid
approzimation. In the context of Assumption 3.2, ¢ < C(Q7" + Q3"). It is thus
important to choose an initial multi-index set I; that results in a sparse grid Ny with
more than one point (i.e., [N1| = Q1 > 1).
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0, 0 0,0 0_0

V-Cycle FMG

Fig. 7.1: Depiction of the classic V-cycle and FMG cycle structures used in multigrid.

7. Numerical Examples. The numerical examples presented in this section
demonstrate the dramatic reduction in the total number of PDE solves required by
Algorithm 1 when compared with other optimization routines. These examples are
presented and analyzed in detail in [28]. Furthermore, all examples are implemented
in MATLAB.

For each example, we compare the number of PDE solves required when solv-
ing the fixed high-fidelity discretized optimization problem using Newton-conjugate
gradients (Newton-CG) with the number of PDE solves required by Algorithm 1. Fur-
thermore, we compare two instances of Algorithm 1, V-cycles and F-cycles (FMG).
The FMG algorithm first solves the problem on the coarsest grid, then increases the
grid level after each V-cycle. FMG gives an efficient method for obtaining a good
initial guess for the V-cycle. Figure 7.1 demonstrates both a single V-cycle and the
FMG cycle.

7.1. Optimal Control of a 1D Elliptic PDE with Discontinuous Coeffi-
cients. In this example, the governing PDE is a steady 1D diffusion equation with
discontinuous diffusion parameter for which the location of discontinuity is uncertain
[27, 28]. The motivation for this problem is the control of subsurface flow in fractured
media.

7.1.1. Infinite-Dimensional Formulation. Let D = (—1,1), and let p(y) de-
note the uniform density on I" = [—0.1,0.1] x [-0.5,0.5]. Consider the governing PDE

=0 (e(y, )0puly, x)) = f(y,2) + 2(2) (y,z) €T x D, (7.1a)
u(y, —1) =u(y,1) =0 yerT, (7.1b)

with random field coefficients

] 01 ifzx<y _ 9
e(yw)—{m itz > g and f(yw)—exp(—(l‘—m))-

The optimization problem is

76 =5 [ o) [ @) =17 dedy+§ [ @ e (72

min
z€L2(—1,1) -1 -1
where u(y, z) = u(z; y, x) solves (7.1) and the penalty parameter is « = 10~%. Relating
(7.2) to (2.2), V= H}(D), W = L*(D), and Z = L*(D). Furthermore, the operators
in (2.1) are defined as

Y1 1
(A(y)u, v)p+y = 0.1/ o (z)v (z) do + 10/ o (z)v' (z) du,

-1 Y1
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N(u,y) =0, and F(z,y) = b(y) — B(y)z, where

1

(), v}y v = / @) e and (B vy = - / 2(z)o(z) da.

-1

Additionally, C is the canonical injection from H}(D) into L*(D) and w = 1. The
solution to (7.1) is continuous with respect to y € I' but need not be differentiable. To
circumvent this complication, we use the domain decomposition formulation described
in [28].

7.1.2. Discretization. We discretize the PDE (7.1) in D using piecewise linear
finite elements. The finite-element mesh varies for each collocation point and is uni-
form on each subinterval [—1,y1] and [y1,1]. The control variable is also discretized
by using continuous piecewise linear finite elements on a uniform mesh of N = 128 in-
tervals. Furthermore, we construct the sparse-grid hierarchy using isotropic Smolyak
sparse grids built on 1D Gauss-Patterson points with maximum level fixed to K = 8.
The largest sparse grid has Qg = 1, 793 points.

o~

7.1.3. Spectral Analysis of the Discretized Hessians. Since J(z) is quadratic,
the estimates derived in Section 6 apply when CG is used as smoothers in Algo-
rithm 1. After discretization, the Hessian matrix at each sparse-grid level is bounded
and positive-definite. The maximum and minimum eigenvalues of the Hessian matri-
ces are relatively constant between levels. At each level, the maximum eigenvalue is
approximately 1.64 x 1072, and the minimum is approximately 3.85 x 10~7. Since
the Hessians are positive definite, Theorem 6.1 and the work bounds derived in Sec-
tion 6 apply. The V-cycle error bound in Theorem 6.1 depends on the generalized
eigenvalues of the matrix pencils (V2Jg(2), V2Jr_1(2)). The maximum and minimum
generalized eigenvalues for each level for this hierarchy of matrix pencils are approxi-
mately one, as proven in Section 6. Figure 7.2 depicts the absolute difference between
one and the maximum (solid red) and minimum (solid black) generalized eigenvalues.
As expected from the analysis in Section 6, the decay of the errors is approximately
linear with respect to log;y Q. The red dashed line was fit by using the maximum
eigenvalues and decays at a rate of v = 1.63. The black dashed line was fit by using
the minimum eigenvalues and decays at a rate of v = 2.08.

7.1.4. Optimization Results. We solve the high fidelity problem (K = 8)
using CG, which we terminate according to the relative residual stopping criterion

V2 Tk (2)s + VIk(2)] z < 107V Ik (2)] = (7.3)

The multilevel collocation algorithm uses CG as pre- and post-smoothers at each
level. Algorithm 1 also uses CG to solve (4.1) on the coarsest grid (k = 1) using the
relative residual condition (7.3). The smoothers are computed as in Theorem 6.4 with
T, = K—k+1="T, iterations of CG at each level. The smoother exits early if the
relative residual condition (7.3) is satisfied. Disregarding early exit of the smoothers
results in the theoretical upper bound on the number of PDE solves for one V-cycle

Wi <28Qx +2(Nlg +1) = 50,280 PDE solves,

where the total number of CG iterations on the coarse grid was Nl = 37.
The results for this example are tabulated in Table 7.1. Solving the high-fidelity
optimization problem with CG resulted in 100,408 PDE solves. For Algorithm 1, one
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Fig. 7.2: Error between one and the minimum/maximum generalized eigenvalues
of the matrix pencil (V2Jy(2), V2Jz_1(2)). The horizontal axis is the number of
collocation points. The error for the minimum (black lines) and maximum (red lines)
eigenvalues decays linearly with respect to log19Qr. The decay rate is v = 1.63 for
the minimum eigenvalues and v = 2.08 for the maximum eigenvalues.

Jr(2) PDE Solves Ratio | Theoretical Ratio
CG 0.12638509 100,408 1.00 - -
iCG 0.12638509 67,880 1.48 - -
V-Cycle(1) | 0.12638715 20,586 4.88 50,280 2.00
V-Cycle(2) | 0.12638510 37,758 2.66 100,560 1.00
FMG 0.12638509 18,114 5.54 - -

Table 7.1: Final objective value, number of PDE solves, ratio of PDE solves com-
pared with CG, and theoretical upper bound on the number of PDE solves for each
algorithm: CG for the high-fidelity problem (CG), inexact CG (iCG), one and two
V-cycles (V-Cycle(i), i=1,2), and one F-cycle of Algorithm 1 (FMG).

V-cycle required 36,760 PDE solves and reduced the norm of the gradient on the
finest level K = 8 to approximately 107°. Two V-cycles required 64,940 PDE solves
and satisfied the relative residual condition (7.3). FMG required 24,558 PDE solves
and also satisfied the relative residual condition (7.3). All instances of Algorithm 1
resulted in a reduction in PDE solves when compared with CG on the fixed high-
fidelity grid, but FMG was the clear winner with a savings of over 4 times fewer PDE
solves.

7.2. Optimal Control of Steady Burger’s Equation. We now consider the
optimal control of the steady Burger’s equation. Optimal control of the deterministic
Burger’s equation is analyzed in [46].
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7.2.1. Infinite-Dimensional Formulation. Let D = (0,1), and let p(y) de-
note the uniform density on I' = [~1,1]*. Consider the governing PDE

—v(y)Orru(y, ©) + uly, ©)0pu(y, x) = f(y, ) + 2(x) (y,2) €T x D, (7.4a)
u(y,0) =do(y), u(y,1)=di(y) yel, (7.4b)

where the random field coefficients are

=10v 2 -2 =14 -2 =2
v(y) =107, f(y,x) 100° do(y) + 100 And di(y) 1000

The optimization problem is

min  J(z) = 1/Fp(y)/ (u(z;y,x) —1)* dedy + %/ z(x)? du, (7.5)

zeL2(—1,1) 2 1 1

where u(y, 2) = u(z;y, x) solves (7.4) and the penalty parameter is a = 1073, Relating
(7.5) to (2.2), the function spaces are V = H}(D), W = L*(D), and Z = L*(D). For
each y € T, the control operator, F(-,y) : £ — V*, can be written as

F(z,y) = =b(y) — B=.

The operators A : T' - L(V,V*), B: ' —» L(Z, V"), N:V - V*and b: T — V*
are defined in [28]. Moreover, the observation operator C is the canonical injection of
H} (D) into L?(D) and w = 1.

7.2.2. Discretization. We discretize the state and control variables using con-
tinuous piecewise linear finite elements on a uniform partition of D = (0,1). To
sufficiently resolve the possible stiff behavior of (7.4), we use a mesh of N = 512
uniform intervals. To solve the resulting system of finite-dimensional nonlinear equa-
tions, we use Newton’s method with a backtracking line search. Furthermore, we
construct the sparse-grid hierarchy using isotropic Smolyak sparse grids built on 1D
Clenshaw-Curtis points with maximum level fixed to K = 8. The largest sparse grid
has Qg = 7,537 points.

7.2.3. Optimization Results. We solve the high-fidelity optimization problem
(K = 8) and the coarse-grid problem (4.1) using Newton-CG. We terminate CG using
the relative residual stopping condition,

V2T (2)s + VT (2) |z < mi(2)IV T () 2, (7.6)

where the forcing function, ny : Z — (0, 1), is defined as
me(2) = min{1072, |V J(2)| z}. (7.7)

This choice of 7 ensures g-quadratic convergence of Newton-CG whenever the initial
guess zg € Z is sufficiently close to the optimal solution z, € Z [38, Thm. 7.2]. To
globalize Newton-CG, we employ a backtracking line search. Furthermore, we exit
Newton-CG if the norm of the gradient of the objective function is less than the
gradient tolerance gtol. For the high-fidelity problem gtol = 10~¢ whereas for the
coarse-grid problem gtol = 1078.

Similarly, we use a finite number of iterations of inexact Newton with inexact
CG (Newton-iCG) for pre- and post-smoothing. We require inexact CG because we
use Algorithm 2 for Hessian-times-vector computations. To apply the smoothers, we
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Nonlinear Ratio Linear Ratio
Newton-CG 30,148 1.00 | 678,330 1.00
Newton-iCG 30,148 1.00 | 45,556 14.89
V-Cycle(1) 34,198 0.88 37,708 17.99
FMG 12,473 2.42 14,903  45.52

Table 7.2: Number of nonlinear and linear PDE solves required by the four different
algorithms: Newton-CG with a backtracking line search, Newton with inexact CG and
backtracking line search (Newton-iCG), one V-cycle of Algorithm 1 (V-Cycle(1)), and
one F-cycle of Algorithm 1 (FMG). “Ratio” refers to the ratio of the number of solves
for Newton-CG with the number of solves for the other algorithms.

perform T3 = Ts; = 1 outer iterations of Newton-iCG. That is, we apply inexact
CG to approximately solve the Newton system (6.2) at each level, k. Inexact CG is
terminated according to the relative residual condition (7.6) where, for fixed 2 € Z,
the forcing function is set to

e (z) = min{2~F—FD v 7, (2)]| Y%}

for each level k. This specific choice of 7y ensures g-superlinear convergence of
Newton-CG [38, Thm. 7.2] and permits less work on the finer grids.

The primary computational work for general nonlinear PDE constrained opti-
mization problems is PDE solves. To evaluate the objective function, we must solve
Q. deterministic instances of the state equation (7.4). To compute the gradient, we
require Qi nonlinear and @, linear PDE solves corresponding to the state and adjoint
equations, respectively. To apply the Hessian to a vector, we require the solution to
the state equation, the adjoint equation, and the state and adjoint sensitivity equa-
tions which, is a total of @ nonlinear PDE solves and 3Q) linear PDE solves. The
total number of PDE solves can be reduced by storing state and adjoint variables,
although recomputation may be essential depending on memory limitations. We store
state and adjoint variables in our implementation.

As in the previous example, we compare the cost of the high-fidelity solution with
Newton-iCG, one V-cycle of Algorithm 1, and one F-cycle of Algorithm 1 (FMG). For
the high-fidelity problem, Newton-CG required 30,148 nonlinear and 678,330 linear
PDE solves to meet the gradient tolerance. By using inexact CG to solve the Newton
system, we reduce the number of linear PDE solves to 45,556 while maintaining the
number of nonlinear solves. After one V-cycle, Algorithm 1 successfully met the
gradient tolerance. Although this V-cycle required more nonlinear PDE solves, it
reduced the number of linear PDE solves by a factor of 17.99 when compared with
Newton-CG. On the other hand, FMG successfully met the gradient tolerance and
only required 27, 376 nonlinear and linear PDE solves, 14,903 of which were nonlinear
PDE solves. FMG reduced the total number of nonlinear PDE solves by a factor of
2.42 and linear PDE solves by a factor of 45.52 when compared with Newton-CG.
These results are tabulated in Table 7.2.

8. Conclusions. In this work, we present a hierarchical sparse-grid discretiza-
tion for optimization problems governed by PDEs with uncertain coefficients, and
we apply the MG/OPT framework [33, 30] to exploit this multilevel-in-sample-space
discretization. The MG/OPT algorithm, Algorithm 1, is provably first-order con-
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vergent under standard assumptions. The hierarchical sparse-grid discretized opti-
mization problems can similarly be handled with other globally convergent variants
of MG/OPT such as recursive trust-regions [21, 22, 23, 24] and the multilevel line-
search approach [47].

In the case of quadratic optimal control of linear PDEs, we derived explicit upper
bounds on the number of PDE solves required for a single V-cycle of Algorithm 1. We
also proved error bounds for one V-cycle when CG is used as a pre- and post-smoother.
We present numerical examples that confirm these upper bounds, and we demonstrate
the immense reduction in the number of PDE solves required by Algorithm 1 when
compared with Newton-CG applied to a fixed high-fidelity discretized problem.

The number of PDE solves can further be reduced by using the adaptive collo-
cation approach in [27, 28] as a pre- and post-smoother. Alternatively, with slight
modification, one can apply the MG/OPT algorithm to solve the trust-region sub-
problems that arise in the adaptive collocation framework of [27, 28] The framework
in [27, 28] adaptively builds a hierarchy of sparse-grid index sets that can be used in
the multilevel framework presented here. This coupling of the multilevel and adaptive
approach is ideal as both methods perform a majority of their work on coarse sparse
grids, resulting in significantly fewer PDE solves. In addition, the adaptive approach
exploits any anisotropic features of the sample space to further reduce the number of
collocation points. This coupling is left as future work.
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