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Abstract

We describea simple componentarchitecturefor the developmentof tools for mathematicallybasedsemantic
transformation®f scientificsoftware.This architectureconsistof a compilerbased|anguage-specififront-endfor
sourcetransformationJoosely coupledwith one or more language-indepatert “plug-in” transformationrmodules.
Thecouplingmechanisnbetweerthefront-endandtransformatiormodulesis provided by the XML Abstractinter
faceForm (XAIF). XAIF providesanabstractlanguage-independaérepresentationf languageconstructsommon
in imperatie languagessuchasC andFortran. We describehe useof this architecturen theconstructiorof toolsfor
automaticdifferentiation(AD) of programsaritten in Fortran77 andANSI C. The XAIF is particularlywell suited
for performingthe sourcetransformationsieededor AD. Differentiationmodulegypically operatewithin thescope
of statement®r basicblocks,working at a level whereproceduralanguagesrevery similar. Thus, it is possible
to specifyacommoninterfaceformatfor mathematically-basesemantidransformationshatneednotrepresenthe
unionof all languages.
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codefragmentsto be transformed.The front-endcollectscodefragments which may rangefrom single statements
to basicblocksto entiresubroutinesandpasseshemto the XAlF-basedtransformatiormodule. The transformation
modulethenoperate®n theintermediateepresentation.

The modulemay work in several stagesjncluding analysisto gatherinformation aboutthe objectsto be trans-
formed; fragmentdecompositionpr breakingup expressiondnto binary and unary operationshigh-level transfor
mations,which may specifytemplatedalgorithmic operationgo be performedinsteadof transformingat the basic
operatotevel; andfinally, tool-specifidnstantiation suchascallsto a subroutindibrary or inlined code.Thesestages
arediscussedn moredetailin the context of automatiadifferentiationtools (Section3).

We have identified the following issuesin defining the interface betweensourcetransformationmodulesand
language-specififront-ends:

¢ Granularity. Differenttypesof sourceransformationsnay operateat differentcodegranularities For example,
someof the automaticdifferentiationmodulesdescribedin this papertransformsingle statementswhereas
othersmay requirebasicblocks or even coarsegrainedstructuresasinput. The intermediaterepresentation
mustbeflexible enoughto accommodatéhe needsf existing aswell asfuturemodules.

¢ Mixedstrategies Theintermediateepresentatiomustenabletheapplicationof differenttransformatiorstrate-
gieson differentportionsof the code.

o Efficientintermediatecodeanalysisandtransformation Most AD algorithmsfor generatingobustandefficient
derivative codeuseelementdrom dataflow analysisandstandardyraphalgorithmsdevelopedfor a variety of
closelyrelatedproblemsincludingmoderncompilertechnology{4, 19 andgraphalgorithms[24]. The XAIF
shouldenablereuseof mostof the availablealgorithmscanbe used thusavoiding unnecessar{re-inventions
of thewheel”.

¢ Abstiactionawayfromlanguagespecifics Our goalis notto defineanabstracintermediateepresentatiothat
comprisegheunionof all supportedanguagesinstead we mustidentify the subsebf featureghatconcerrthe
type of semantidransformatiorbasedon mathematicatules. We provide abstraction®f commonconstructs
andrely on thefront-endto provide mappinggo andfrom language-specificonstructs Keepingthe represen-
tationassimpleaspossiblenot only makesool developmenteasierbut it mayalsomakeit possibleto perform
optimizationshatwould beinfeasibleif therepresentatiois complicatedby language-dependedetails.

o Extensibility The intermediateformat shouldbe extensiblein orderto supportvariousmodules,which may
defineor requirenew features.

e Syntax. The syntaxshouldbe simple, yet flexible enoughto represenprogramstructureat multiple levels.
Furthermorethe syntaxshouldbe easyto parseandvalidate.

Therestof this paperis organizedasfollows. Section2 containsanintroductoryoverview of automaticdifferen-
tiation. Section3 discussegshe componenarchitecturaisedin the constructiorof tools for automatiadifferentiation.
Sections4 and 5 describethe XAIF in detail, while Section6 shavs an example of successfullyusing the XAIF
componenframework for derivative computations.

2 Automatic Differ entiation

Automaticdifferentiation(AD) transformsnumericalprogramsfor evaluatingvectorfunctionsf : z € R® — y €
IR™ with n inputsandm outputsinto new programsthat computederivativesof (someof) the outputswith respect
to (someof) the inputs. Dating backto 1964[25], AD hasbeendevelopedover the years[5, 13, 14] to becomean
establishedool for performinga well-definedsetof semantictransformation®n numericalprograms.Most of the
mathematicatheorybehindAD algorithmsis coveredin [16]. Theresearcheadingto this paperhasbeenmotivated
by thelarge numberof generakourcetransformatiorissuegelatedto AD.

Without goinginto muchmathematicatetail, let us briefly introducethe main conceptsehindAD. For a given
setof input values the stepsperformedby the programcanberepresentedsa directedag/clic computationagraph.



The shapeof this graphcanbe determinedat compiletime for control-flov-independenpartsof the program,such
assingle statement®r basicblocks[2]. AD exploits the fact that expressiondor the local partial derivativeswith
respecto the operandsanbe generatedor all elementaryarithmeticoperationg+, —, *, /) andintrinsic functions
(sin, exp, .. .). For example,it is well known that
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The forward andreversemodesof AD generateexpressiondor all local partial derivativesandexploit the chain
ruleto propagatelacobiartimesmatrix (forward-modepr Jacobianransposetimesmatrix (reverse-modeproducts.
The Jacobiamatrix containghe partialderivativesof a subsebf the outputs(the dependentariables)with respecto
a subsetf theinputs(theindependentariables).Intermediatevariablesthat dependon someindependenvariable,
andfor which thereis somedependentariablethatdepend®n them,arecalledactive

Forward-modeAD transformgheoriginal codesothatoneor moredirectionalderivativesarepropagatedorward
for all active variablesa. Thesevaluesare equalto the inner productof the gradientof « with respectto the n
independentariablesand somedirection vector Thus, the whole Jacobiancan be accumulatedy letting these
directionsrangeover the Cartesiarbasisvectorsin R™.

In reversemodethe semantic®f the programis changedo propagateadjointsbackwardfor all active variables.
The adjointof anactive intermediatevariablea is equalto the inner productof somenormal vectortimesthe vector
containingthe partial derivativesof the m dependenvariableswith respecto a. Consequentlythe whole Jacobian
canbeaccumulatedby letting thesenormalsrangeover the Cartesiarbasisvectorsin R™.

Forwardandreversemodesaretwo fundamentatepresentatiesout of a large setof AD-relatedsemantidrans-
formationof numericalprograms Optimal statemenandbasic-blockevel pre-accumulatiotechnique$20], higher
orderderivatives[18], andderivativesof programsexploiting parallelism[10], to nameonly a few more adwanced
AD techniquesrequirehighly sophisticatedand extremely flexible sourcetransformatiorplatforms. The aim of the
XAIF is to provide a quasistandardor the fastimplementatiorof well-known andnew AD algorithmsandthushelp
makethemapplicablea large variety of real-worldproblemsimplementedasnumericalprogramswritten in arbitrary
imperative programmindanguages.

Jexp(w)

= —sin(z), e exp(w),....

3 Construction of Toolsfor Automatic Differ entiation

AD systemssuchasADIFOR (for Fortrancode)[6] andADIC (for C code)[8] usecompilertechniquego augment
sourcecodewith statement$or computingderivatives. One motivation for this sourcetransformatiorapproachis
thatit enableghetool to performanalysespossiblyinterproceduralat compiletime to reducethe costof computing
derivatives. This providesa performanceadwantageover AD toolsthatuseoperatoroverloadingto propagatederiva-
tives. Rokust sourcetransformatiortools are also considerablymore difficult to implement,however, becauseahey
requirealanguage-specifimfrastructurefor parsinganalysis canonicalizationpptimization,andunparsing.

Early AD toolshave beenbuilt in amonolithicfashion withoutregardfor reusingpartswith commonrfunctionality.
It is possible however, to decouplethe developmentof algorithmsthat exploit the chainrule from theinfrastructure
that dealswith the languageandthe userinterface. This decouplingleadsto a softwarearchitecturefor semantic
transformatiortools,in which looselyconnecteccomponenteommunicatéhroughan abstracinterface.Defininga
language-independeintterfacesuitablefor toolsfor automaticdifferentiationandsimilar typesof semantidransfor
mationis simplerthanthe generakaseof sourceransformationsincethetransformation®ccuratalevel wheremost
imperative languagesresemanticallyequivalent.

Figure? illustratesthe rolesof the front-endandtransformatiorcomponentsn the semantiadransformatiorpro-
cess.Thefront-endis responsibldor severaltasks:

¢ Parsingthe sourcecodeandbuilding thelanguage-dependemitermediateepresentation.

¢ Canonicalizinghelanguage-dependeimtermediataepresentationin the codecanonicalizatiorstage codeis
rewritten into a standardorm. For example,function calls appearingwithin conditionaltestsare hoistedinto
assignment new temporaryvariables.
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Figure2: Roleof XAIF

o Performingary necessargnalysesfor example,determiningwhich variablesareactive andthusneedto have
derivative objectsassociatedvith them. During this stage the ADIFOR preprocessoappliesinterprocedural
analysigechniquedo determinewhich variablesn acodefragmentareactive.

¢ Producingthe language-independeMiAlF representationPortionsof the language-dependeiiternalrepre-
sentatioraretranslatednto XAIF.

¢ Unparsingthe transformedXAIF codebackinto the sourcelanguage.Derivative codeis generatedor each
assignmenstatementontaininganactive variable,andderivative objectsareallocated.

Theplug-in AD modulesareusuallyresponsibldor threetasks:

¢ Defining the shapeandsize of new (derivative) objects. The modulemay declareone or morederivative ob-
jectsto be associatedvith eachactive variable. The XAIF interfacealsoprovidesa mechanisnfor declaring

temporaryvariables.

¢ Augmentingstatementfvolving active variableswith derivative computationgorrespondingo the differenti-
ationmethod.

o Specifyingvariabletype corversiong(for active variables).

In generala seriesof transformationganbe appliedto the intermediataepresentatioty oneor moretransfor
mationmodules.

4 XAIF Overview

The XAIF definesacanonicaketof constructghatrepresenthe original programin alanguage-independefashion.
A majorchallengdn definingthe sourcetransformatiorcomponeninterfaceis to identify commonfeaturesn imper



ative languagesuchasC andFortran. Representinghesecommonalitiesn an abstracfashionmakesit possibleto
applythe sametransformatioralgorithmin all supportedanguages.

The precursotto the XAIF, genericallyreferredto asthe Automaticdifferentiationintermediatd=ormat(AIF) [3],
is a tree-basedepresentationwith no supportfor call graphor control flow information. Furthermorethe different
language-dependefrbnt-endghatgeneratehe AIF usedifferentsyntax.For example,the notationusedby ADIFOR
is basedon functional programming so the intermediaterepresentatioiis generatedn the functional programming
languageScheme. ADIC usesa customtext-basedrepresentationwith additional parsingand unparsingsupport.
While theintermediateepresentatiogeneratedby bothtoolsis semanticallyequivalent transformatioomodulesamust
translatebetweerformatsin orderto operatewith bothfront-ends.Ourexperiencandicateghatit is hardto ensurehat
all tool developersconformto the samecustom-definedgyntaxfor the intermediat€form. While allowing different
syntaxfor the intermediaterepresentatiomprovidesflexibility for the language-dependeifitont-ends,the lack of a
sharedsyntaxmakesusingthe sameplug-in modulewith bothtools problematic.A translatorcanbe usedto convert
betweerformats;however, this solutionis not scalableandcomplicatesvalidation. Furthermorethe implementation
of themodulemustbe updatedeachtime a tool introducedifferentsyntax(without modifying the semantics).

XAIF decoupleshelanguage-specifiportionsof thesourceransformatiorprocesgromthelanguage-independent
transformatioralgorithms.This approactprovidesseveral benefits:

¢ Languageindependence XAIF is an encapsulatiorof the operationsrelevantto semantictransformationof
scientificsoftware. We want to avoid trying to find an abstractrepresentatiomf non-AD—specificfeaturesof
eachlanguagesuchasside-efectsandpointertrackingin C andC++.

¢ ToolindependencéNewantto beableto write eachtransformatioomoduleonceandhave it work with multiple
tools without modification. For example,we have developeda second-ordederivative (Hessianmodulethat
workswith both ADIC andADIFOR; it canalsobe pluggedinto ary tool that meetsthe XAIF specifications.
Widely availablevalidating XML parsergrovide furtherflexibility in parsingandgeneratinghe intermediate
form.

¢ ImplementatiorindependenceThe language-specifiront-enddoesnot needto know the detailsof how the
derivative augmentatiotis performedor whatthe derivative objectslook like. Corversely the AD moduledoes
notneedto know how variablesaredeclaredr how derivative objectsareassociatedvith active variables.The
component®f the AD systemcanbe changedgithersubtly or radically, without requiringthat other system
component®emodified.

¢ Rapiddevelopmenbf new algorithms.The XAIF componenarchitecturgrovidesa“workbench”for easilyand
rapidly implementingnew algorithms.This capabilityhasprovedvaluablewith the Hessiamtmmodule wherethe
mostefficient algorithmwasnot known a priori. A numberof differentalgorithmswere quickly implemented
for comparisonAlso, this enabledstraightforwardexperimentatiorwith mixing differentdifferentiatiormodes,
which hasproducedmoreefficient derivative codein somecases.

We have selectedXML for the abstractintermediataepresentatioin partto remedythis problem. XML offers
thefollowing benefitsn the context of AD tool development:

o Standad interface XML is a W3C-endorsedtandardor documentmarkupthatis flexible enoughto provide
theinfrastructurefor componentouplingdescribedn this paper

¢ Widelyavailablevalidatingparsers.Whencreatingnev modulesdevelopersdo not needto implementa parser
for processingheintermediatdormatfrom scratchthe generalvailability of XML parsershassimplifiedthe
taskof parsingand producingXAIF. We implementthe semanticof the XAIF by defininga schemawhich
canbeusedby avalidatingparserto ensurehatthe intermediateepresentatiopassedetweercomponentss
valid.

o Extensibility TheX in XML standgfor extensible. XML is a meta-markupanguage.It doesnt have a fixed
setof tagsandelementsjnstead XML enableausersto defineneedecelementsandthe relationshipdetween
them. Thelanguagecanbe extendedandadaptedo meetdifferentneedssomeof which cannotbe anticipated



at the time a tool is developed. The XAIF schemaallows future extensionsto accommodataew typesof
transformatiorsuchasthe generatiorof interval extensiong1] or corvex underestimatefR?2].

Additionalinformationon the XAIF, includingthe schemalefinitionandthe examplefrom Section6, is available
atwww.mcs.anl.gov/xaif

5 XAIF Definition

In this sectionwe presentthe syntaxof the XAIF in moredetail. Figure 3 shavs the UML [9] modelfor the XAIF
schemausingthe approactdescribedn [11, 12]. Becauseof spaceconsiderationshe modeldoesnot containsome
elementor relationshipsFor a full versionof the currentschemalraft, referto www.mcs.anl.ge/xaif.

The XAIF representationonsistof a serief nestedgraphs.All graphelementsareof type GraphType , whose
definitionis similarto the XGMML notionof agraph[23]. All elementof GraphType containatleastoneelement
of VertexType andzeroor moreelementof EdgeType . All elementof VertexType have identifiersthatare
uniquewithin the parentgraphelement.Edgeshave uniqueidentifiers,aswell askey referenceso sourceandtarget
vertices.For clarity, somerelationshipshave beenomitted. In generalif aUML classnameendswith “Graph”, the
correspondingchemaypeinheritsfrom GraphType . Similarly, typeswith namesendingwith “Vertex” or “Edge”
extendVertexType andEdgeType , respectiely. We have shovn the completedetailsfor the graph-\ertex-edge
relationshipdor the CallGraph elements.

At the highestlevel, the programis representedby a CallGraph element,whosechildrenare verticescorre-
spondingto subroutinesandedgessignifying subroutinecalls.

CallGraph , ControlFlowGraph , BasicBlockGraph , BasicScopeGraph , andall statemengraph
elementxancontainoptionalProperties  elementencapsulateth a propertytreenamedafterthe corresponding
graph.ThesgyraphanayalsoincludeaSymbolTable elemen{describedn moredetaillater)for storingdescriptie
informationaboutvariable constantandsubroutinesymbolsusedwithin eachscope.

EachCallGraph vertex containsa ControlFlowGraph element,whoseverticesand edgesrepresenthe
control flow of the program. A ControlFlowVertex cancontaina BasicBlockGraph , aForLoopGraph ,
anlIfConditionGraph , Or, in generalary statementhataffectstheflow of controlin thecomputation.

EachControlFlowVertex can containeither a BasicBlockGraph  or a graphcorrespondingo a com-
poundstatemenie.g.,a ForLoopGraph ). The portionsof the codethat are actually augmentedvith derivative
computationsare containedwithin BasicBlockGraphs , which correspondo basicblocksin the code. A ver
tex of a BasicBlockGraph  canbe a BasicScopeGraph (usedto represenscopingwithin a basicblock), a
SubroutineCallGraph , or anAssignmentStatementGraph

Only theassignmenstatementsontainingactive variablegor loopindices)areincludedin the XAIF asAssign-
mentStatementGraphs . Theleft-handsideof anassignmentertex is limited to aVariableReferenceVer-
tex , while the right-handside canbe a ConstantVertex , a VariableReferenceVertex , or an Expres-
sionGraph . The representatiorof expressionsin the ExpressionGraph is straightforward,including both
Booleanandarithmeticoperators.We useda substitutiongroupfor the differentkinds of expressiongraphvertices,
i.e.,eachof themembersf the groupcanbea child of the ExpressionGraph  element.

Transformatiorioolsoperateatdifferentgranularitiesof thegraphhierarchy For example aforward-modenodule
using statement-feel reversemodeneedsaccesnly to the XAIF for assignmenstatements Othermodulesmay
implementstratgiesthatrequirebasicblock-level XAIF, while somereverse-modeools may needaccesgo control
flow or call graphinformation. The XAIF is flexible enoughto allow theindependenprocessingf differentlevels of
thegraphhierarchy

All variableand constantreferenceverticescontaina requiredsymbolld  attribute andan optional symbol-
Tableld attribute. The uniquecombinationof theseidentifierscanbe usedto accessnformationaboutthevariable
or constanin the correspondingymboltable. As mentionedearlier the SymbolTable elementtanbeincludedat
mary differentlevels, allowing for flexibility whengeneratingKAIF for processingat differentlevels. For example,
an existing first-order differentiationmodule operatesonly at the assignmenstatementevel and requiressymbol
informationfor thesymbolsin eachstatement.
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Figure4: XAIF GraphHierarchy

In the XAIF, a symboltablecanbe attachedo eachassignmenstatement.On the otherhand,if a moduleoperates
onthebasicblocklevel, suchreplicationof symbolinformationcanbe avoidedby includinga singlesymboltablefor
eachbasicblock. Entriesin the symbol(Symbol elements)kontainseveralfields, suchasthe type andshapeof a
variable.Theinformationstoredfor eachsymbolcaneasilybe extendedwith new fields.

6 Example

In this sectionwe shav how the XAIF is usedin the automaticdifferentiationof the following C code.The complete
example,includingthe XAIF for the original andtransformedsourcecode,is availableat the XAIF webpage.

void head(dou bl e x, double vy) {
int i
for (i=1;i<10 ;i ++) {
compute(x Ly );
if  (y<0) exit;
}
}

void compute( double x, double vy) {
double h;

h=exp(x*x *x);

y=sin(h*x );




6.1 XAIF of Original Program

In XAIF, a programis representedsa hierarchyof directedgraphsasshown in figure4. The call graphconsistsof
two verticesrepresentinghetwo subroutinesiead andcompute . Thecall of compute insidehead is represented
by theedgeconnectinghesevertices.

<?xml version=" 1. 0" encoding= "UTF-8" ?>
<xaif:Ca IIG raph ... >
<xaif:Cal IGra phPropert ies >

</x'e.1.if:Ca Il GraphProper tie s>
<xaif:Sym bolT able>

</xaif:Sy miol Table >

<l--  head(dou bl e x, double y) -->
<xaif:Cal IGraphVerte x id="0" symbolld=" head">

</xaif:Ca Il GraphVert ex>

<l--  void compute( double x, double y) -->
<xaif:Cal IGraphVerte x id="1" symbolld=" comput e">

</xaif:Ca Il GraphVert ex>
<xaif:Cal IGra phEdge id="0" source="0 " target= "1" />

</xaif:C all Graph>

The controlflow graphof head containsthreeverticesin additionto the standarcentry andexit vertices.lf
thefor -loop conditionis satisfied,the loop body getsexecuted. Otherwise the programis continuedwith the first
statemenfollowing theloop. In this exampleno statemenfollowsthe loop, which resultsin anedgeleadinginto the
exit vertex.

Thefirst statemeninsidethe loop bodyis the call of compute followedby anif -statementDependingonthe
valueof thetest,theloopis exited or the next statemenin theloop bodyis executed.As theif -statemenhappengo
bethelaststatemenbf theloop body; thisis equivalentto jumpingbackto the headof theloop.

<xaif:Co ntr ol Fl owGraph>
<xaif:Con tr ol Fl owGa phPro pert ies >

</x'e.1.if:Co nt ro IF low GraphPr oper tie s>
<xaif:Sym bolT able>
</xaif:Sy miol Table >

<xaif:Con tr ol Fl ow\er te x id="0" name="Entr y" />

<xaif:Con tr ol Fl owVer te x id="1" name="Exit "/ >

<xaif:Con tr ol Fl owVer te x id="2" name="ForL oop">.. .</x aif :Contro IF lo w\ert ex>
<xaif:Con tr ol Fl ow\er te x id="3" name="Basi cBlo ck" >. .. </x ai f: Contr ol FI owVer te x>
<xaif:Con tr ol Fl owVer te x id="4" name="If ">.. .</xa if :Cont ro IF low Vert ex>
<xaif:Con tr ol Fl owVer te x id="5" name="Exit "/ >

<xaif:Con tr ol Fl owEdge id="0" source="0" target=" 2"/>
<xaif:Con tr ol Fl owEdge id="1" source="2"  target=" 1"/>
<xaif:Con tr ol Fl owEdge id="2" source="2"  target=" 3"/>
<xaif:Con tr ol Fl owEdge id="3" source="3" target=" 4"/>
<xaif:Con tr ol Fl owEdge id="4" source="4" target=" 5"/>
<xaif:Con tr ol Fl owEdge id="5" source="4" target=" 2"/>
<xaif:Con tr ol Fl owEdge id="6" source="5" target=" 1"/>

</xaif:C ont ro IF lo wGraph>

The control flow inside compute is straightforward. It consistsof a single basicblock in additionto entry
andexit . After canonicalizatior{performedby thefront-end),the basicblock containsfour assignmenstatements,
which arerepresentetdy the four verticesof the BasicBlockGraph  elementshovn below.



<xaif:Ba sic Bl ockGrap h>
<xaif:Bas ic Bl ockGraphProp erti es>
<xaif:Pro pert y id="0" name="in lo op" value=" no" />
</xaif:Ba si cBlo ckGra phPro pert ies >

<l- t1 = xX***%; -->
<xaif:Bas ic Bl ockVert ex id="0" name="Assig nmentSt at ement Graph">

</xaif:Ba si cBlo ckVer te x>

<l--  h = exp(tl); ->
<xaif:Bas ic Bl ockVert ex id="1" name="Assig nmentSt at ement Graph">

</xaif:Ba si cBlo ckVer te x>

<l-- t2 = h* -->
<xaif:Bas ic Bl ockVert ex id="2" name="Assig nmentSt at ement Graph">

</xaif:Ba si cBlo ckVer te x>

<l-- 'y = sin(t2); ->
<xaif:Bas ic Bl ockVert ex id="3" name="Assig nmentSt at ement Graph">

</xaif:Ba si cBlo ckVer te x>

<l--  data flow -->

<xaif:Bas ic Bl ockEdge id="0" source=" 0" target="1

<xaif:Bas ic Bl ockEdge id="1" source=" 1" target="2

<xaif:Bas ic Bl ockEdge id="2" source=" 2" target="3
</xaif:B asi cBlo ck Graph>

<SS
vV V VvV

EachAssignmentStatementGraph consistof avariablereferenceaepresentingheleft-handsideandsome

expressiorDAG representingheright-handside,asillustratednext.

<l- t2 = h* -->
<xaif:Ba sic Bl ockVert ex id="2" name="Assig nmentS tat ementGr aph" >
<xaif:Ass ig nnmentSt at ement Graph>
<xaif:Var ia bl eRefe re nceVert ex id="0" symbolld= "1 _4"/>
<xaif:Ass ig nnent RHSVert ex id="1">
<xaif:Exp re ssi onGraph>
<xaif:Var iab le Refer enceVerte x id="0" symbolld= "1_3"/>
<xaif:Var iab le Refer enceVerte x id="1" symbolld= "1_1"/>
<xaif:Bin ary Expr essio nVert ex id="2" name="Mut ipl y" />
<xaif:Exp res si onEdge id="0" source="0 " target="2" />
<xaif:Exp res si onEdge id="1" source="1 " target="2" />
</xaif:Ex pressio nGrap h>
</xaif:As  si gnmertR HSVer te x>
<xaif:Ass ig nnment St at ement Edge id="0" source="1 " target="0 "/>
</xaif:As  si gnmentS ta te mentGra ph>
</xaif:B asi cBlo ckVerte x>

<l-- 'y = sin(t2); -->
<xaif:Ba sic Bl ockVert ex id="3" name="Assig nmentS tat ementGr aph" >
<xaif:Ass ig nnentSt at ement Graph>
<xaif:Sta te mentP ro perti es>
</xaif:St  at enent Propert ie s>
<xaif:Var ia bl eRefe re nceVert ex id="0" symbolld= "1 _5"/>
<xaif:Ass ig nnent RHsVert ex id="1">
<xaif:Exp re ssi onGraph>
<xaif:Sub routi neCallE xpres si onVerte x id="0" symbolld= "ex p" >
<xaif:S ubr outi neArg unent >
<xaif:Va ri ableR ef er ence symbolld= "1 _4"/>
</xaif:  Subro ut ine Argument>
</xaif:Su  bro ut in eCall Expre ssio nVert ex>
</xaif:Ex pressio nGrap h>
</xaif:As  si gnmertR HSVer te x>
<xaif:Ass ig nnent St at ement Edge id="0" source="1 " target="0 "/>
</xaif:As  si gnmentS ta te mentGra ph>
</xaif:B asi cBlo ckVerte x>

10



1
X 2 3
: (o
0 X vi X 4
cos(v4) -
X V3 * Sin )5

Figure5: LinearizedComputationalGraph

The minimal verticesin the expressionDAGs representvariable references.All other verticesare arithmetic
operationr function calls. The valueassociatedvith the maximalvertex is assignedo the variablereferencedn
theleft-handside.Intermediataesultsarelabeledv, . . . | v5.

6.2 XAIF of Transformed Program

In this sectionwe describethe resultof transformingthe original programsemanticallyaccordingto a two-stepAD
algorithm:

1. Derivative codefor computingthe local Jacobiarof the basicblock in compute is generated.Sincein this
simpleexampletherearejust oneindependenx andonedependeny variable thelocal Jacobiarcontainsonly
oneelementdy/dx, whichis thederivative of y with respecto x.

2. As notedin Section2, derivative codegeneratedccordingto the rulesof forward-modeAD computedirec-
tionalderivativesof thedependentvith respecto theindependentariablesthatis, Jacobiammatrixtimesvector
products.In theexample this simplifiesto aweightedderivative,namely the productof dy/dx andsomescalar
weightad _ x. Thesemantic®f the programis changedn orderto computethis value.

Building onthe AD basicdntroducedn section2 andreferencingelevantliterature,we briefly discussa methodfor
generatingptimalderivative codefor thelocal Jacobiarof compute . Themainelement®f thecorresponding(AlIF
representatioarepresentedn the context of the XAIF of theforward-modeAD transformedtode.

The computationafraphof the basicblockis shaovn in Figure5. Expressiondor the local partial derivativesare
attachedo the edges.Givenavaluefor x, onecanevaluatetheseexpressiongluring a singleevaluationof the basic
blockin parallelwith the actualfunctionvaluey itself. Thisresultsin alinearizedversionof thecomputationagraph.
As shown in [17], the value of derivative dy/dx at the currentagumentcanbe accumulatedy eliminatingthe p
intermediateverticesin the linearizedcomputationagraph(in our example,p = 4). Theorderin which thisis done
determineghe numberof scalarfloating-pointoperationgequiredfor this processMinimizing this valueover the p!
differenteliminationorderingss conjecturedo bean NP-completd15] combinatoriabptimizationproblem[7, 17].
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A deterministicalgorithmfor gradientswith single-readntermediatevariables(suchasthegraphin our example)
is discussedn [21]. It leadsto thefollowing derivative codefor compute :

void compute_ ad(d ouble x, double ad_x, double y, double ad.y) {

double h;

double t1, t2;

double _dy dx_t 1, dy_dx t2, _dy dx_t3, dy_dx_t4;
double _dy_dx;

t1=x*x*X;
h=exp(tl)
t2=h*x;
y=sin(t2)

_dy dx_t1
_dy_dx_t2
_dy_dx_t3 _dy dx_t 1* _dy_dx_t2* x+h
_dy _dx_t4 cos(t2)

_dy dx = _dy dx_t3 * dy_dx_t4

XXX+ X* X
exp(tl)

ad_y = _dy dx * ad_x

The computationof _dy _dx _t1 correspondgo the elimination of vertex 1 in the linearizedcomputational
graph. Vertices2 and 3 areeliminatedby computing_dy _dx _t3 . Finally, the elimination of vertex 4 leadsto
_dy _dx, which representshe pre-accumulategialueof dy/9x. The subroutineitself is transformednto a seman-
tically differentversioncompute _ad with inputsx andad _x andoutputsy andad _y. It is straightforwardto
verify thatfor a givenamgumentx anda derivative weightad _x, compute _ad computesoth the function value
y andad_y—the directionalderivative of y with respectto x in directionad _x. This is what we expectfrom a
forward-modeAD-transformedderivative code. The XAIF of compute _ad is analogougo the onefor the original
routine,with abasicblock containingadditionalassignmentandseveralnew entriesin thesymboltableandargument
list.

Theforward-modeAD versionof thetop-level routinehead is asfollows.

void head_ad( double x, double ad_x, double y double ad.y) {
int i

for (i=1;i<10 ;i ++) {
compute_a d( x, ad_x, y, ad_y) ;
if  (y<0) exit;

The control flow remainsunchangedhead _ad callscompute _ad to computebothy andad _y for givenx
andad _ x. Again,the XAIF is analogouso the onefor thehead subroutinewith the necessarghange®r additions
madeto the symboltable,agumentlist, andcall to compute . The XAIF of the entirederivative codecanbefound
atwww.mcs.anl.gov/xaif

7 Summary

We have presented simplecomponentarchitecturefor the developmentof semantidransformatiortools basedon
the XML AbstractinterfaceForm, anabstracrepresentationf the commonfeaturesn imperative languagesXAIF
decoupleghelanguage-specififront-end,which performsparsing analysis andunparsingunctions,from language-
independentransformations.XAIF providesthe interfacethat enableshe rapid developmentof plug-in semantic
transformatiormoduleghatinteroperatavith multiple language-specififront-ends We have demonstratethe utility
of this architecturén the contet of automaticdifferentiation andillustratedthe useof the XAIF in aforward-mode
differentiationmodule.
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