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1. TIME-STEPPING SCHEMES
AND THEIR RELAXATION




Nonsmooth contact dynamics—what is it?

= Differential problem with variational inequality constraints — DVI

Newton Equations Non-Penetration Constraints
dv ! -
i 2 ( ROMC) ﬁ(])t(]) +ﬁ(]) + f.(q,v)+k(t,q,v)

dt j=12,...p
dg . -
e § = F(q)v . Generalized Velocities
dt
c'/ > 0 1L ®YV(g)=20, j=12,..p

() RG) — : T.(J) T.(J)
[ [ b2 j B argmlnu(j)c’(qj)2\/[ﬁl(j)+ﬂ§j))2 |:[V i )'314_(‘) £ jﬁz] ]

= Truly, a Differential Problem with Equilibrium Constramy4 Friction Model
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Time stepping scheme -- original

= A measure differential inclusion solution can be obtained by time-stepping
(Stewart, 1998, Anitescu 2006)

]\[(v(l+l) o vl) — Z ( /’4’7j D;: + /"}'DZ + Dzv) +
i€c A(qV e) _
Speeds : O ) (1) impalses
+ > (W )+ hf, (1D, q1) v 1)
€U
L 1) T (141) o' ,
Constraint 0= E\P (q( )+ VU vl + 7 1€ Ggn
Stabilization 1 -
0< 30 (q") + Vo oY (
L 4,20, i€ Ag",e)
i ; . _ 1) COMPLEMENTARITY!
(A’f“" A’/“> - arsimin >\ (Vi) 2+ (E)? i € Alq (  €)
0! (1D}, +7.D))] <
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Pause: Constraint Stabilization

= Compared to original scheme
V(I)(q(l))Tv(Hl) > () = (I)(J')(q(l)) 4+ f},hlv@(q(l))TU(Hl) > (.

v@(q(l))TU(lH) = —= @(j)(q(l)) + 7hlv@(q(l))TU(lJrl) =ufy

= Allows fixed time steps for plastic collisions.

= How do we know it is achieved? Infeasibility is one order better than accuracy
(O(h"2))
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Time Stepping -- Convex Relaxation

= A modification (relaxation, to get convex QP with conic constraints):

]\[(v(l_*_l) o vl) — Z ( )rlle + AlleDIu + ’\I;Di') +
'iEA(q(l) €)

+ ) (V) +af, (V. g0 0")
icUn

h (I) ( (l)) +V(I)IiTv(l—{-1) _M'z\/<DL.T,U)2 +(Di,'T’U)2

1L~ >0,ie AW, e)

n

. 1 €05

[ see M.Anitescu, “Optimization Based Simulation of Nonsmooth Rigid Body Dynamics” ]
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What is physical meaning of the relaxation?

=  Behavior

Gomparison between methods x10% LGP algorithm versus optimization based algorithm
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Further insight.

" The key is the combination between relaxation and
constraint stabilization.

0< %(I)(j) (q(l) )+ qu)(j) (q(l) )v(1+1) _‘u(j)\/(])i,tv)2 + (I)é,fv)2

= |f the time step is smaller than the variation in velocity
then the gap function settles at

1 ' ' t t
0 ~ Z(D(J) (q(l) )—,U(])\/(Df,’ V)2 4 D\i’ v)2

= So the solution is the same as the original scheme for a
slightly perturbed gap function.....

TTTTTTTTTTTTTTT
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Comparing with penalty methods Applymg
ADAMS to granular flow =T

= ADAMS is the workhorse of
engineering dynamics.

= ADAMS/View Procedure for
simulating.

= Spheres: diameter of 60 mm and
a weight of 0.882 kg.

= Forces:smoothing with stiffness
of 1E5, force exponent of 2.2,
damping coefficient of 10.0, and
a penetration depth of 0.1
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ADAMS versus ChronoEngine *

* From Madsen et al.

Table 2: Number of rigid bodies v. CPU time in ChronoEngine

Number of Spheres Max Number of Mutual | CPU time (seconds)
Table 1: Number of rigid bodies v. CPU time in ADAMS Contacts [-]
Number of Spheres Max Number of Mutual | CPU time (seconds) 1 1 0.70
Contacts [-] D 3 0.73
! : o 1 14 0.73
4 14 775 8 44 0.76
3 44 2536 16 152 0.82
16 152 102.78 32 560 1.32
32 560 644.4 64 2144 2.65
The following graph shows the nonlinear increase in the CPU time as the number of 128 8384 6.17
colliding bodies increases. 256 33152 1530
CPU ti . Number of sph inCh Engi =0.0563x + 0.0446
CPU time v. Number of Spheres in ADAMS y = 0.8385x" - 7.2607x + 16.154 ek Jinsrer aphererinlivonolngne: Y R? = 0.9+782
R®=0.9985 18
700
16
600 / *
/ 14 =
500 / 12 /
- L~
% 400 / @ 10 —
E P E /
- 2" —
200 ) 6 - *
/ 4 / /
100 , -
0 2 ] -~ *
0 5 10 15 20 25 30 35 9
0 50 100 150 200 250 300
Number of Spheres [-]
Number of spheres []

Conclusion 1: Often, time stepping is more promising,
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2. CONE COMPLEMENTARITY
TIME STEPPING




Cone complementarity

= Aiming at a more compact formulation:

. 1. 1_.
bA — l(:[)’ll )} Oﬂ. 07 _(I)LQ I 0? 07 Y _(I)ZTIA ) O? 0
h h h

7./4 = { );11?7:11?7:1‘7519? )Z)?Afiz? s ,*.A}'!':‘lnAaA}zlnA5,\)‘;}‘3’71.’4
L, owt 1_, 00U 1 owns
by = -0l 4 —— @24 . — s 4
. {lz T nT e ot }
~NB
S i
[D“\D“’ |D""a], i€ Alg'ie) D'=[D}|D,|D}]
- 11 I) in 7 y '

Dy = [VU1|VE2[. [VE"s], iegs be € R" = {ba, bg!

Ye € R" ={v4, 75}
D¢ = |D 4| D3]
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Cone complementarity

= Also define:

Y = Mo® +hf, (10, g »0)

N=DLM'D¢
r=D{M 'k +be

= Then: M@ —vy= S (4iDi +4iD}, ++iD})

i€ A(qV.€)

+ Y (V) +hf,(t0,q0,00)
€0

1 s T o’
— ZWi(gD it (I+1) el E
0 h\Il(q )+ VU v - at,zegs
0< %(I)i(q(')) + Vo oD
L 74i>0, i€ Ag".¢)

i ni) — aromi ; 0;
(s m) = argmin .o /omrens (€ A(g€)
[vT(')'uD:; + Altl):)]

(.[V")/g -+ ’I") - —TO

becomes..
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Cone Complementarity Problems and Stationary
Iterative Methods

" The resulting cone complementarity problem
1
(Nye+ 7)€ =T" L ye €T =min, _yNy.+ry,
= One method: use a fixed-point iteration

Y = NIy (" —wB" (NY +r+ K" (v —~7)) +(1 = \)~"

= Covers SOR, GS, Jacobi L 0 0] [0 Ki2 Kua -+ Ko, |
00 I\>23 oo I\énk

= Solvesitreallyasa CCP , _ |0 fe-0 NS00 0 - K

(even if it is an OP) 00 e

= Using projector onto cone (dr
IIy : R"¢ — R"¢
aset..)
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The projection operator is easy and separable

= For each frictional contact constraint:

"For each bilateral constraint, simply do nothing.

"The complete operator:

T,
Iy (7p)
\ s"\_
Coat 1 s
7 'n
// Du
\ RSV
Pt TN N
( , ! D, }‘.
L 0\ . ’Y’U"' ------- N\ i
Tz — B ,)r

vi e A(q\V,€)

Yr < HiYn Hz = i
1
LT I1; = {0,0,0}
»
. Yrli + Yn
Yo > HiVn A\ Yo > _’U_IA}n Hi‘n‘ = W
;1L
qu — ,.)“UIL zm in
L
111,
I, = ~, Lillin
Y
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Finding other Interesting Behaviors by Modeling the
Force Constraint Set

" For computational reasons, we like the relaxation: it leads to
solving convex optimization at each step.

" |t seems to be easy to solve any time | can have a force
constraint set that | can project easily onto. This implicitly (by
duality) constrains the motion.

= This allows me to explore other sets and simulate other
behaviors.
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Example: Friction and Cohesion in 3D by playing
around with Yield surfaces

= Shift the Coulomb cone downward and make it an associative yield surface.
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Cohesive Particle Flow Simulation (cohesive foam)
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Also can model similarly ....

= Plasticity

= Nonassociative plasticity (which results no longer in an
optimization equivalent problem!!)

= Spinning/Rolling Friction
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Modeling plasticity

= Theyield surface give by Coulomb needs to be modified as no infinite reaction is
now allowed (crushing)

N T(’Yh
ST
’ . s
Nr(7,) .QE-A‘_’/
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The model

= Separate elastic and plastic displacement:
(A | i
Y =Yg TYp

= The elastic part of the force allows to compute the force at the contact if the
plastic part of the displacement is known.

Tu=—K'(y' —yp)

= Except, of course, the plastic part is NOT known. But now we use the associated
plasticity hypothesis to constrain the plastic displacement evolution with a
variational inequality.

' ~i . ~i i
Yp € —N3 (Va) ¢ a€T
=  Mathematically, it is the same idea with normal velocity at the contact; EXCEPT

that the containing set is no longer a cone, proper (it can be a shifted cone, or just
some convex set. So we can time-step and close it.
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Nonassociative plasticity

= However, not all plasticity is associative.
* How do we do things in the nonassociative case?
= Extension

ve €T, Nve+r1 € —H_INT(’}’g),

" H is positive definite and symmetric, but N is only symmetric
psd.

= Do we have existence? —yes
= Non reducible to an optimization problem.
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Modeling Rolling/Spinning

= The reaction cone:

Zl= {'r ERS | iyn > V242, pin > VT2 4 72,00y, > ITnI}

= Define total cone (inclusive of bilateral constraints) and its polar:
_ () )
T = (Xieg  Z') X (XicgsB')
* O - O
T° = (XiegAZZ ) X (XiegBBZ )

= Using the virtually identical sequence of time stepping, notations and relaxation
we obtain the cone complementarity problem.

(Nvg+7r)e =T° 1 ~g€T.

THE UNIVERSITY OF

CHICAGO




3. ITERATIVE METHODS




Iterative Methods

= Stationary iterative methods (we presented before Gauss-
Jacobi, Gauss-Seidel, SOR)

" [terative Methods we did not apply before

— Gradient Projected Minimum Residual (GPMINRES)
[FRICTIONLESS]

— Modified Proportioning with Reduced Gradient Projection
(MPRGP) [FRICTIONLESS]

— Accelerated Projected Gradient Descent (APGD)
— Preconditioned Spectral Projected Gradients with Fallback
(P-SPG-FB)

" Primal-Dual Interior Point (PD-IP) (at the moment, single
processor only, difficult for our platform parallel, GPU)
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GP-MINRES

GORITHM GPMINRES(N, 1, 7, 01, %2, Nimazs Minaa)
70 =0,
for k:=0to Nz
y(© = ()
while. agressively. changing active set an
yUt = Pyl - a;Vg(yV)] .
i=i+1 MINRES is used as opposed
ef}:)iWhﬂZ) to CG since many matrices are
=Y Only PSD, and MINRES was

Observed to be more robust.

Line search

=
[y

ucing cost function

Determine active set A(7*)) and Zy, and ry,
Wy = Omk

for j:=0to M,
MINRES step: w\/) — wlth
j=j+1

if slughish convergence
break

Set wy, := wl)
Get y**1) — backtracking line-search with direction dj = ZyW;,
if {|[Vog(y*))lle <7
break
enfor
return Value at time step t;41, 7l

PO — O WO 00 —J O Ul i QO DD M O — — — —— —

)
)
)
)
)
)
) enfor
)
)
)
)
)
)

+1._ o (k4D)

yE+D)

b OavERsiy on Based on work of Jorge
CHICAGO Moré (891) 2




Nesterov’ s Accelerated Projected Gradient Descent

ALGORITHM NAPG(N, 7, t < —L — 7. N, z)

= Amaz(N)

(D =0

(2) ;YO =1,

3) Y=

4) b=

(5) fork:=0to N,

(6) g=Ny,—r

(7) Vi = i (Y, — tg)

(8) Oe1 = —‘9‘2‘“’2\/@

9) Bt = 91\-5%%

(100 Yot = Vewr + Bt (Verr =)

(11) 6=€(’7k+1)

(12) ife<r

(13) break

(14) endif

(15) endfor

(16) return Value at time step ., Y*' =4 .
CHICAGO B/6/14




Preconditioned Spectral Projected Gradients
with Fallback (Birgin et al. 99), bounds only

AvcoritM P-SPG-FB(N, r, x¢, K, P + x)
(1) X = HIC(XO)a XFB = X, &(] € [a7ni717a7naa:]
g0 == Nxg +1, f(x0) = 5%) Nx + X, wy = 10%
for j:=0to Nyus
pj=P g

dj = I(x; = é;p;) - x;
if (d;,g) >0 \ Attempt Preconditioning (we use

d; =l (x; - 4;g;) — x; . .
el ) diagonal) Grippo et al. 86
while line search

Xjt1 =X+ )\dj

gj+1:= NXjq1 471

f(Xj41) = 3X] . NXj41 + X[

if f(Xj+1) > max f(X]‘_i) +’7)\ (dj,gj)

i=0,..,min(j,N¢ L) \
define \yew € [TminA, OmaxA] and repeat line search

else
terminate line search

Nonomonotone line search

§j = Xj+1 ~ Xj

if 7 is odd .
(5;:Ps) One of the many step choice rules,

Qj+1 = (sj.yi) <

else we observed it has more smoothness

A (sj,y;)
Qiny = —S0¥5)
17 Ty PTyy)
41 = mm(amax,max<amim aj-l-l))

Wit = (|1~ Me(ipn - 7g50)l /el = lel: < Accept Best KKT point so far
i wjn < min as FB

XFB = Xj+1
return xpp

)
)
)
)
)
)
)
)
) Y=g
)
)
)
)
)
)
)
)
)
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Modified Proportioning with Reduced Gradient
Projection (MPRGP), Dostal and Schoberl, 05,
bound constraints only

AvcoriraM KUCERA(N, r, x°, K, T >0, & € (0,||N|| 7Y, € > 0)
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(1) k=0
g=Nx"+r
p=0¢(x")
while [|g(x")|| > ¢
if A(x")7g(x") < T%)(x") g(x")
acy =8 p/p"Np

ap =min(ay;) where ay; = {

if gy <oy
XM =xF —a,p
g=8— acng
7 =0(x"*")"Np/p" Ap
p=9(x**!)~1p
else
X2 = 3k o p
xkt+l = xh+1/2 _ d(JB(XkH/Q)
g =NxM14r
p = g(x*1)
else )
XML = xb — G(xF)
g =NxM14r
p = o(x*)
k=k+1
return x"

e —— e e M M - —— —— ~—— —

Boundary Effects <
Descent Effects?

/

Xi/pi, ifp;i>0

o, ifp; <0

Do CG as much as
possible.

Expansion Step

/

Proportioning Step

2
8/6/14 °




Interior Point

ALGORITHM PD-IP(fy, f1,.... fospt > L,¢)

(1) while ||r; (2, A)[[s > €

(2) Compute t = ’”"

(3) Compute search direction [Az! AN
(4) Compute step length s > 0 via line search
(5) Update: = + sAx, A = A+ sAX
(6)  endwhile

(7)  return Solution * = &, \* = A

m - - -~ -

Vo) DAV @) Vi@ | [se]  [Vhievea
_diag N V() —diag(f(x)]| [AN  [diag(A) f(2) - 11
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Residual Measures

/ Feasibility

r=1f

o J1=|..,min ((N’y + 7’)1 n 0) ] y Complementarity 1
: T :

Iy = f2 00f2 = | 1” (N7+T)1n ZU (N7+T)1u 'w(NV—I—r)i,v."" ERBNC
r3 = || fslloc. 3 = AL (Ny + r).... ] c RN \ Complementarity 2,
' =Com 1 for
o=l £y = =Ty = a (N £ 7)) € B Frictionless
\ Optimality
CHICAGO 2
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Residuals: 128 Body Problem

i t‘n il
Rl J\P\ [

L H' “ T

\
“\M, NATANSVAPPN

“IPis the best (dun)but GPUhard L
'-A\Arrlgg]lg :Letrr?gvtfést, followed by spectral . JwHLmL H l H l l {
-APGD is easily the best at low iteration ™ ' I i Ni” \\ | ” “"l'f\ HEI
e wvmuum\uw i

\ \
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Single Step Tests

. {
YL VY
M) o

b0000el

1,000
bodies
u=0
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?(‘.".9.:0;'3«'0., i
\ ... e .

2,000
bodies
u=0

4.000
bodies
p=0

1,000
bodies
u=0.25
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2,000
bodies
M=0.25
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Single Step Tests: Frictionless (obj and opt)

50 : : 10 80 : 10 : : 10 :
—— JACOBI —— JACOBI —— JACOBI —— JACOBI —— JACOBI —— JACOB
—— SEIDEL —— SEIDEL —— SEIDEL —— SEIDEL —— SEIDEL —— SEIDEL
45 ——GPMINRES|| 4/ | —— GMPINR 7ol ——GPMINRES|| 47| —— GMPINRES | —— GPMINRES o'} —— GMPINRES |
~ APGD — APGD — APGD ~ APGD APGD APGD
10 ——PDIP ——PDIP ——PDIP ——PDIP ——PDIP ——PDIP
10°¢ 60 10° ] \
% “ B} k
% ol ) %50 10‘1\M\
i « T L
g =2 - / \ s I |
g 25 ;v 10 »‘ \ M § 40 | \\, g 10°H _ lM/J‘ ]
E ?\ " /\/‘ E , \\ \ V“"‘M‘L\
5% \ 10°} § %0 10°} Ny |\ 10°
8 \\ ] 8 |\
157\ \ |\
| 10°F 201 | 10°k \ \\ 10°
10\ \ \1 \
; ‘\ 10°} 10 \\ 10°} “l“ L 10°}
O{L * 10° s S 10° | : \\ 10° ‘
0 200 400 600 0 200 400 0 500 1000 0 500 1000 500 1000 0 500 1000
iterations iterations iterations iterations iterations iterations
1,000 Bodies 2,000 Bodies 4,000 Bodies
4,192 Contacts 8,622 Contacts 17,510
Contacts
Among iterative, APGD again best. So we did not expand MRGP and SGP
to friction
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Single Step Tests: Frictional, APGD much better

than stationary iterations

35

30F

— [h~] [l
(] o o

objective function - shifted

—
[=]

%

% | CHICAGO

— JACOBI
—SEIDEL
—APGD

—PD-IP ||

50 1000
iterations

—JACOBI
—SEIDEL
—APGD ||
—PD-IP

0

500 1000
iterations

1,000 Bodies
3,872 Contacts
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60

50

o
o

w
(=]

objective function - shifted

10

[~}
[=]
T

— JACOBI
—SEIDEL

——APGD
\ —PDIP |

0

500 1000
iterations

10 ]
—JACOBI
—SEIDEL

10' —APGD ||
—PD-IP

10°
10%¢
10°% |
10°L— ‘
0 500 1000
iterations

2,000 Bodies
7,931 Contacts
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Simulation Tests: 1,000 Settled Spheres

T T |
——JACOBI
(@] i
a';12000 . SOR
210000 —APGD |
Q
o
gsooof
5
O 6000
el
é 4000
©
§20007
0 e t t T T t T T 1 T
0 0.1 02 03 04 05 06 07 08 09 1
elapsed time in simulation [s]
35, T T T O
——JACOBI
30 ——SO0R
——APGD
25 1

— — N
(=) (4] o
T

cpu time to converge to 1e-3

(4]

(=]

| !
gt

1 | |
0 01 02 03 04 05 06 07 08
elapsed time in simulation [s]
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0.9 1

speedup for given step

1,000 Bodies 3,752 Contacts
Method Com;[)s:]Tlme Speedup
JACOBI 2,243.6 11.43

SOR 927.6 4.72
APGD 196.3 1
——AF;GD vS§ JACOBI
5l ——APGD vs SOR

0.1

| L |
02 03 04 05 06 07 08 09 1
elapsed time in simulation [s]
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Simulation Tests: Settled Spheres

2,000 Bodies

7,678 Contacts

Method Com?;]Tlme Speedup
JACOBI 9,311.4 14.73
SOR 5,047.1 7.99
APGD 632.0 1

4,000 Bodies

15,653 Contacts

Comp. Time

Method s] Speedup
JACOBI 26,592.3 9.40
SOR 25,147.6 8.89
APGD 2,829.2 1
CHICAGO

25

——APGD vs JACOBI

——APGD vs SOR

201

—_
o
T

Simulation Speedup
=

10° 10°
stopping criteria residual
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5 second long flow simulation with

1,000 bodies

Comp.

Method Time [s] Speedup
JACOBI 49,356.4 20.54
SOR 11,580.1 4.82
APGD 2,403.3 1
CHICAGO

3.5

2.5}

Simulation Time [s]

Simulation Tests: Flowing Spheres

x10°

x JACOBI
x SOR
x APGD

0 0.25

0.75
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SUMMARY OF SIMULATIONS

= APGD is a great improvement over the other
algorithms we considered.

= We implemented in OpenMP/GPU + MPI for
multiGPU.

= Weran it for >10M particles ~ 30-40M variables.
= We can solve some industrial strength problems.

TTTTTTTTTTTTTTT
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Do we really need validation ... ? Yes

= We approximated the distributed/microscopic body model
with a “macroscopic” rigid one

= We approximated the resulting nonconvex LCP with a convex
one

= We solve the resulting solutions approximately.
= For many time steps.

= We have many chances to get the wrong result.
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Analytical Validation: Sliding

0.18 ‘ 0.025 :
—o" — Seidel
016 —APGD || — A
0.14 "M'Analyncﬂ "
012 //
3 /g0t
c 01 S
: /s
2008 g
2 /f x 001
% 0.06 ,//
0.04 / o5/
0.02 '
. 0
0 1 2 0 1 ‘
time [s] time [s]
0.12 001
—— Seidel — Sewdl
——APGD ——APGD
0.1 - Analytical 0.008
o/,
7008 v
T // £ 0.008
g = 0.004
oo,
0.002
) ‘
0 1 2
time [s] time [s]

| CHICAGO

10
——APGD, 1=0.37
—— SEIDEL, p=0.37
= | APGD,y=0.36
E - SEIDEL, 1=0.36
5 10"
& T
X e
) i
] y
kel
2 e
2 o
o, 2 e
g 10 /
X VZ
© s
£ .
10° :
10* 10° 10°
step size [s]
10"
——APGD, y=0.37
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Analytical Validation:

x10° Seidel Solver
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Experimental Validation: Mass Flow Rate
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Experimental Validation: Mass Flow Rate
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Experimental Validation: Varying Gap; Mass Flow
Rate
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Experimental Validation: Impact into Granular
Material

« Experiment:

e Carried out by Durian Research Group
(Physics, U Penn)

- Measured penetration of spherical
projectiles into loose non-cohesive
granular media

« Parameters: p,,, D, h, Py M TN
e Simulations: L 4
o Used DVI formulation, APGD solver

« 500,400 granular particles of 1 mm
diameter

« pg =1.51 g/cm3, D,=2.54 cm, p=0.3
 h={5,10,20} cm, p,={0.28,0.7,2.2} g/cm,
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Experimental validation: splatter h=10 cm, p,=2.2
g/cm3
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Splatter with Force Depiction. Upscaling this looks
scary
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Deepest Penetration
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Penetration and Scaling
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5. OTHER REAL AND FUN APPS




Tires/tracks
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Powder/Material Processing
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Vehicles
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Summary

= Specific Contributions

— Developed new numerical methods for the DVI formulation which demonstrate
improved convergence

Developed Gradient-Projected Minimum Residual (GPMINRES) method for frictionless
problems

Developed Accelerated Projected Gradient Descent (APGD) method for frictional
problems

Implemented APGD to run in parallel with OpenMP or GPU programming
Demonstrated potential of Interior Point methods for future work

— APGD works unexpectedly well.

= Validation:

— Validated APGD against analytical solutions for simple scenarios

— Validated APGD against experimental data for two complex scenarios

= Reference: Toby Heyn, Mihai Anitescu, Alessandro Tasora3, Dan Negrut . “Using
Krylov Subspace and Spectral Methods for Solving Complementarity Problems in
Many-Body Contact Dynamics Simulation", International Journal for Numerical
Methods in Engineering, Volume 95, Issue 7, pages 541-561, 17 August 2013.
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