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Abstract. As the sound sp eed is in�nite for incompressible 
o ws, computation of

the pressure constitutes the sti�est comp onen t in the time adv ancemen t of unsteady sim-

ulations. F or complex geometries, e�cien t solution is dep enden t up on the a v ailabilit y

of fast solv ers for sparse linear systems. In this pap er w e dev elop a Sc h w arz precondi-

tioner for the sp ectral elemen t metho d using o v erlapping sub domains for the pressure.

These lo cal sub domain problems are deriv ed from tensor pro ducts of one-dimensional

�nite elemen t discretizations and admit use of fast diagonalization metho ds based up on

matrix-matrix pro ducts. In addition, w e use a coarse grid pro jection op erator whose

solution is computed via a fast parallel direct solv er. The com bination of o v erlapping

Sc h w arz preconditioning and fast coarse grid solv er pro vides as m uc h as a fourfold re-

duction in sim ulation time o v er previously emplo y ed metho ds based up on de
ation for

parallel solution of m ulti-million grid p oin t 
o w problems.

Key w ords. sp ectral elemen t metho ds, domain decomp osition, sparse matrices,

parallel algorithms.

AMS(MOS) sub ject classi�cations. Primary 65M70,65Y05,65M55.

1. In tro duction. W e consider the problems encoun tered in large-

scale sp ectral elemen t sim ulations of unsteady incompressible 
o ws. F or

semi-implici t time discretization of the incompressible Na vier-Stok es equa-

tions based up on op erator splitting, the linear subproblem asso ciated with

the pressure/div ergence-free constrain t can b ecome v ery ill-conditioned at

elev ated resolutions, and consequen tly tends to b e the most exp ensiv e phase

of the sim ulation when iterativ e solv ers are emplo y ed. This problem can b e

exacerbated b y the presence of high-asp ect ratio elemen ts or widely v arying

scales of resolution, b oth of whic h are frequen tly encoun tered in practice.

Therefore, a robust parallel preconditioning strategy is required.

W e presen t a preconditioner for the pressure problem that deriv es from

a lo w-order �nite elemen t Laplacian (with appropriate b oundary condi-

tions) and is w ell suited for application to three-dimensional problems. The

lo w-order op erator de�nes a system to whic h additiv e o v erlapping Sc h w arz

metho ds, as prop osed b y Dryja and Widlund (e.g. [11]), can b e readily

applied. The com bination of sp ectral metho ds and �nite elemen t precondi-

tioning w as �rst prop osed b y Orszag [27] and has b een studied extensiv ely

b y Deville, Mund, and co w ork ers, (e.g. [9, 10]). F or the case of the discrete

Laplacian, the com bination of sp ectral metho ds, �nite elemen t precondi-

tioning, and additiv e Sc h w arz metho ds has b een in v estigated b y P ahl [28],
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P a v arino and Widlund [30], and Casarin [5]. R�nquist [33] and Casarin

[6] ha v e studied iterativ e substructuring metho ds for sp ectral elemen t so-

lution of the fully-coupled steady Na vier-Stok es equations. R�nquist also

prop osed a blo c k-Jacobi/de
ation-ba sed sc heme applied to the consisten t

P oisson op erator go v erning the pressure for the unsteady case [15, 32].

The presen t sc heme is closely related to our earlier t w o-dimensional

w ork in whic h lo cal sub domain problems w ere based up on linear �nite

elemen ts [17]. Here w e abandon the 
exible unstructured �nite elemen t

(FEM) approac h in fa v or of tensor-pro duct forms for the lo cal op erators on

the o v erlapping regions. The tensor-pro duct forms admit the use of solv ers

based up on the fast diagonalizatio n metho d (FDM) [7, 8, 31] that require

only O ( K N

d

) storage and O ( K N

d +1

) w ork p er solv e for problems in l R

d

discretized with K sp ectral elemen ts of order N . Moreo v er, this form ulation

ob viates the need to tetrahedralize the Gauss p oin ts in l R

3

. Consequen tly ,

w e ha v e b een able to extend our earlier w ork to three dimensions and, for

sev eral large runs, ha v e found the metho d to yield a fourfold reduction in

sim ulation time o v er our previous de
ation-based pro duction co de [15, 16,

32].

The outline of the pap er is as follo ws. In Section 2, w e review the

sp ectral elemen t form ulation for the unsteady Na vier-Stok es equations and

deriv e the system go v erning the pressure. In Section 3, w e examine the

use of lo w-order discrete Laplacians as a basis for pressure preconditioners.

In Section 4, w e extend this to dev elop an e�cien t o v erlapping Sc h w arz

metho d based up on the FDM. In Section 5, w e discuss the coarse grid

problem and our direct solv er. In Section 6, w e presen t n umerical results

comparing the new metho d with earlier solution tec hniques. W e close with

conclusions in Section 7.

2. Na vier-Stok es discretization. As the nature of the pressure op-

erator is quite di�eren t from discrete Laplacians based up on standard

w eigh ted residual tec hniques, w e brie
y review the temp oral and spatial

discretization for the sp ectral elemen t metho d.

W e consider solution of the incompressible Na vier-Stok es equations in

l R

d

, d = 2 or 3:

@ u

@ t

+ u � r u = � r p +

1

R e

r

2

u in 
 ;

r � u = 0 in 
 ;

where u = ( u

1

; : : : ; u

d

) is the v elo cit y v ector, p the pressure, and R e =

U L

�

the Reynolds n um b er based on a c haracteristic v elo cit y , length scale, and

kinematic viscosit y . W e ha v e asso ciated initial and b oundary conditions

u ( x ; 0) = u

0

( x ) ; u = u

v

on @ 


v

; r u

i

�
^

n = 0 on @ 


o

;

where
^

n is the out w ard p oin ting normal on the b oundary and subscripts

v and o refer to b oundary regions where either \v elo cit y" or \out
o w"

b oundary conditions are sp eci�ed.
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2.1. T emp oral discretization. Time adv ancemen t is based up on a

semi-implici t sc heme in whic h the nonlinear con v ectiv e terms are treated

explicitly either via a third-order Adams-Bashforth sc heme or via a stable

c haracteristics-based sc heme that allo ws for time step sizes exceeding stan-

dard Couran t limited time step sizes [7, 24]. Suc h a splitting leads to an

unsteady Stok es problem to b e solv ed at eac h time step:

H u

n

+ r p

n

= f

n

in 
 ;(2.1)

r� u

n

= 0 in 
 :

Here H is the Helmholtz op erator, H =

�

�

1

Re

r

2

+

c

0

� t

�

, and c

0

is an

order unit y constan t. The inhomogeneous term, f

n

, and c

0

are determined

b y the c hoice of the nonlinear treatmen t. F or the follo wing deriv ation w e

assume that c

0

= 1 and drop the sup erscript n in (2.1). W e also assume,

without loss of generalit y , that u

v

� 0 on @ 


D

.

2.2. Spatial discretization. The Stok es problem (2.1) can b e recast

in an equiv alen t v ariational form:

Find u 2 X , p 2 Y such that

1

R e

( r u ; r v ) +

1

� t

( u ; v ) � ( p; r � v ) = ( f ; v ) 8 v 2 X(2.2)

� ( q ; r � u ) = 0 8 q 2 Y ;

where

8 �;  2 L

2

(
) ; ( �;  ) �

Z




� ( x )  ( x ) d x :

The prop er subspaces for u , v and p , q are [21]

X = f v : v

i

2 H

1

(
) ; i = 1 ; : : : ; d ; v = 0 on @ 


v

g

Y = L

2

(
) :

Here L

2

(
) is the space of all functions that are square in tegrable o v er


, and H

1

(
) is the space of all functions b elonging to L

2

(
) whose �rst

deriv ativ es are also in L

2

(
).

Spatial discretization pro ceeds b y restricting u , v , p , and q to com-

patible �nite-dimensional v elo cit y and pressure subspaces, X

N

� X and

Y

N

� Y , resp ectiv ely , and using appropriate quadrature to appro ximate

the inner pro ducts in (2.2):

Find u 2 X

N

, p 2 Y

N

such that

1

R e

( r u ; r v )

GL

+

1

� t

( u ; v )

GL

� ( p; r � v )

G

= ( f ; v )

GL

8 v 2 X

N

(2.3)

� ( q ; r � u )

G

= 0 8 q 2 Y

N

;

where the quadrature rules ( :; : )

GL

and ( :; : )

G

are related to the spaces X

N

and Y

N

.
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In the sp ectral elemen t metho d [23, 29] the bases for X

N

and Y

N

are de�ned b y tessellating the domain in to K nono v erlapping sub domains,


 = [

K

k =1




k

, and represen ting functions within eac h sub domain in terms of

tensor-pro duct p olynomials on a reference sub domain

^


 = [ � 1 ; +1]

d

. (W e

will refer to the 


k

's as sub domains to distinguish them from elements ,

whic h will b e de�ned in the con text of �nite elemen t preconditioners in

the next section.) Eac h 


k

is the image of the reference sub domain under

a mapping: x

k

( r ) 2 


k

= ) r 2

^


, with w ell-de�ned in v erse: r

k

( x ) 2

^


 = ) x 2 


k

. Th us, eac h sub domain is a deformed quadrilateral in l R

2

or

deformed parallelepip ed in l R

3

. The in tersection of the closure of an y t w o

sub domains is v oid, a v ertex, an en tire edge, or an en tire face.

T o a v oid spurious pressure mo des, Mada y , P atera, and R�nquist [25]

and Bernardi and Mada y [3] suggest the follo wing appro ximation spaces

for the v elo cit y and pressure:

X

N

= X \ l P

d

N ;K

(
)

Y

N

= Y \ l P

N � 2 ;K

(
) ;

where

l P

N ;K

(
) =

�

v ( x

k

( r ))

�

�




k

2 l P

N

( r

1

) 
 : : : 
 l P

N

( r

d

) ; k = 1 ; : : : ; K

	

and l P

N

( r ) is the space of all p olynomials of degree less than or equal to N .

F or the v elo cit y space, w e c ho ose as a basis for l P

N

( r ) the set of

Lagrangian in terp olan ts on the Gauss-Lobatto-Legendre (GL) quadrature

p oin ts in the reference domain: �

i

2 [ � 1 ; +1], i = 0 ; : : : ; N . F or the pres-

sure space, the basis for l P

N � 2

( r ) is the set of Lagrangian in terp olan ts on

the Gauss-Legendre (G) quadrature p oin ts �

i

2 ] � 1 ; +1[, i = 1 ; : : : ; N � 1.

Figure 1 sho ws the no dal p oin ts for b oth the v elo cit y (GL) and pressure

(G) meshes for a regular sub domain con�guration. Note that the basis for

v elo cit y is con tin uous across sub domain in terfaces, while the basis for the

pressure is not.

The Lagrangian bases p ermit con v enien t implemen tation of the quad-

rature rules, whic h w e no w de�ne. Let f

k

( r ) := f ( x

k

( r )), r 2

^


. In l R

2

w e ha v e

( f ; g )

GL

:=

X

k

N

X

i =0

N

X

j =0

f

k

( �

i

; �

j

) � g

k

( �

i

; �

j

) � j J

k

( �

i

; �

j

) j � �

i

�

j

(2.4)

( f ; g )

G

:=

X

k

N � 1

X

i =1

N � 1

X

j =1

f

k

( �

i

; �

j

) � g

k

( �

i

; �

j

) � j J

k

( �

i

; �

j

) j � �

i

�

j

;(2.5)

where J

k

( r ) is the Jacobian arising from the transformation x

k

( r ), �

i

is

the GL quadrature w eigh t asso ciated with �

i

, and �

i

is the G quadrature

w eigh t asso ciated with �

i

. The extension to l R

3

follo ws readily from the

tensor-pro duct forms.
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@ 


v

�

?

@ 


o

�

�

Fig. 1 . Sp e ctr al element c on�gur ation ( K = 4 ; N = 5 ) showing L agr ange inter-

p olation p oints for the pr essur e (Gauss) mesh on the left, and for the velo city (Gauss-

L ob atto) mesh on the right. Op en cir cles denote true de gr e es-of-fr e e dom. Solid cir cles

denote Dirichlet b oundary no des for velo city.

2.3. Sp ectral elemen t op erators. The lo cally structured/globally

unstructured bases of the sp ectral elemen t metho d naturally de�ne a t w o-

lev el op erator and data hierarc h y , whic h w e no w describ e. Our notation will

b e t w o-dimensional, restricted to the case of a�ne mappings: x

k

( r

1

; r

2

) =

( x

k

0 ; 1

+

L

k

1

2

r

1

; x

k

0 ; 2

+

L

k

2

2

r

2

), where x

k

0 ;i

and L

k

i

represen t lo cal translation

and dilation constan ts.

W e �rst de�ne the lo cal bases and op erators asso ciated with the v e-

lo cit y space. Within a giv en sub domain, ev ery scalar �eld in l P

N ;K

(
) is

represen ted in the form

f ( x ) j




k

=

N

X

i =0

N

X

j =0

f

k

ij

h

i

( r

1

) h

j

( r

2

) r

1

; r

2

2 [ � 1 ; 1]

2

;

where h

i

( r ) 2 l P

N

( r ) is the Lagrange p olynomial satisfying h

i

( �

j

) = �

ij

,

and �

ij

is the Kronec k er delta function. F or eac h sub domain, w e asso ciate

a natural ordering of the no dal v alues f

k

ij

, i; j 2 f 0 ; : : : ; N g

2

with the

v ector f

k

and, in turn, asso ciate a natural ordering of the v ectors f

k

, k 2

f 1 ; : : : ; K g with the K ( N + 1)

2

� 1 v ector f

L

. Note that if f ( x ) 2 H

1

, then

f

L

con tains redundan t information, since basis co e�cien ts on sub domain

in terfaces are represen ted in eac h adjoining sub domain.

W e de�ne the unassem bled mass matrix to b e the blo c k-diagonal ma-

trix B

L

:= diag ( B

k

), where eac h lo cal mass matrix is expressed as a tensor

pro duct of one-dimensional op erators:

B

k

=

�

L

k

1

L

k

2

4

�

^

B 


^

B k 2 f 1 ; : : : ; K g :
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Here,

^

B = diag ( �

i

), i = 0 ; : : : ; N , is the one-dimensional mass matrix on

the reference domain [ � 1 ; 1]. In a similar fashion w e de�ne the unassem bled

sti�ness matrix, or discrete Laplacian, as A

L

= diag ( A

k

), where A

k

is the

lo cal sti�ness matrix:

A

k

=

�

L

k

2

L

k

1

�

^

B 


^

A +

�

L

k

1

L

k

2

�

^

A 


^

B k 2 f 1 ; : : : ; K g :(2.6)

The one-dimensional sti�ness matrix,

^

A , is de�ned in terms of the sp ectral

di�eren tiation matrix,

^

D :

^

A

ij

=

N

X

l =0

^

D

li

�

l

^

D

lj

i; j 2 f 0 ; : : : ; N g

2

with

^

D

ij

:=

dh

j

dr

�

�

�

�

r = �

i

i; j 2 f 0 ; : : : ; N g

2

:

Implemen tation details for fully deformed three-dimensional geometries are

in [13].

The lo cal sub domain op erators A

L

and B

L

are formally incorp orated

in to global n

v

� n

v

system matrices through the usual \direct sti�ness"

summation assem bly pro cedure [35]. Let Q b e the global-to-lo cal map-

ping op erator that transfers basis co e�cien ts from their global ordering to

their lo cal ordering. The v ector f

L

= Qf has basis co e�cien ts duplicated

in adjoining sub domains suc h that the corresp onding con tin uous function

f ( x ) is in H

1

. The action of Q

T

up on a lo cal v ector, f

L

, is to sum an y

m ultiple con tributions to global degrees-of-freedom from their constituen t

lo cal no dal v alues. The assem bled sti�ness and mass matrices are giv en b y

Q

T

A

L

Q and Q

T

B

L

Q , resp ectiv ely .

W e call Q

T

A

L

Q the Neumann Laplacian op erator { it has a n ull-

space of dimension unit y corresp onding to the constan t mo de. W e de�ne

the asso ciated Diric hlet op erator b y formally constructing a diagonal mask

matrix, M , whic h has ones on the diagonal, except at lo cations that cor-

resp ond to Diric hlet b oundary no des where it is set to zero. W e de�ne

the discrete Laplacian and mass matrices as A := M Q

T

A

L

Q M , and

B := M Q

T

B

L

Q M , resp ectiv ely , and will treat them as b eing b oth in-

v ertible and symmetric p ositiv e de�nite (SPD), although this is not strictly

true b ecause of the n ull space asso ciated with M . Note that A is nev er

formed explicitly; only the action of A on a v ector is required. This is

computed via the tensor pro duct form (2.6) with appropriate application

of Q and M .
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2.4. Stok es op erators. T o complete the description of the Stok es

op erator, w e need to consider the bilinear form:

( q ; r � u )

G

=

d

X

l =1

�

q ;

@ u

l

@ x

l

�

G

:

The de�nition (2.5) and the notations of the preceding section giv e rise to

the follo wing matrix form in l R

2

:

( q ; r � u )

G

=

K

X

k =1

( q

k

)

T

�

D

k

1

u

k

1

+ D

k

2

u

k

2

�

:

F or the case of the a�ne mappings de�ned ab o v e, the lo cal deriv ativ e

matrices are

D

k

1

=

�

L

k

2

2

�

~

I 


~

D ; D

k

2

=

�

L

k

1

2

�

~

D 


~

I ; k = 1 ; : : : ; K ;(2.7)

where

~

D

ij

= �

i

dh

j

dr

�

�

�

�

r = �

i

;

~

I

ij

= �

i

h

j

( �

i

)

�

i = 1 ; : : : ; N � 1

j = 0 ; : : : ; N

are, resp ectiv ely , the w eigh ted one-dimensional di�eren tiation and in ter-

p olation matrices mapping from the Gauss-Lobatto p oin ts to the Gauss

p oin ts.

The extension from the lo cal op erator to the global op erator pro ceeds

exactly as in the preceding section. The space of admissible functions in

X

N

is limited b y the constrain ts that the v elo cit y m ust b e con tin uous

at the sub domain in terfaces and m ust satisfy the homogeneous b oundary

conditions, enforced b y the action of the op erators Q and M , resp ectiv ely .

Let D

i

:= D

L;i

Q M , i = 1 ; : : : ; d , with D

L;i

:= diag ( D

k

i

). In l R

2

, the

matrix form of the Stok es problem (2.3) is then

2

6

4

H � D

T

1

H � D

T

2

� D

1

� D

2

0

3

7

5

0

@

u

1

u

2

p

1

A

=

0

@

f

1

f

2

f

p

1

A

;(2.8)

where H =

1

Re

A +

1

� t

B is the discrete Helmholtz op erator.

2.5. Stok es solv ers. A common approac h to solution of the Stok es

problem (2.8) is to decouple the v elo cit y and pressure b y formally carrying

out blo c k LU factorization (Uza w a decoupling) to yield a Sc h ur complemen t

system for the pressure, S p = g , whic h is solv ed iterativ ely . Here, S =

P

i

D

i

H

� 1

D

T

i

and g is the corresp onding inhomogeneit y . Once the pressure

is kno wn, d Helmholtz solv es serv e to compute the v elo cit y and complete

the solution at time lev el n .
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As it stands, the Uza w a approac h requires a set of d Helmholtz solv es

for e ach iteration, since H

� 1

is em b edded in S . An e�ectiv e means to cir-

cum v en t this di�cult y is to decouple the viscous and pressure terms via an

additional time splitting. Suc h an approac h w as suggested b y Mada y , P at-

era, and R�nquist [24] and analyzed b y P erot [4] and Couzy [7]; it follo ws

classical splitting approac hes (e.g., [18, 26]) that lead to a P oisson equation

for the pressure except that, in the presen t case, the splitting is e�ected

in the discrete form of the equations. The correct b oundary conditions are

preserv ed and no steady-state temp oral errors are in tro duced.

F ollo wing [7], the unsteady Stok es system (2.8) is recast as:

�

H � � t HB

� 1

D

T

� D 0

� �

u

n

� p

n

�

=

�

Bf + D

T

p

n � 1

f

p

�

+

�

r

0

�

;(2.9)

where � p

n

:= p

n

� p

n � 1

. Here, b oldface indicates the d -dimensional v ector

form of the previously de�ned op erators. The residual

r := ( I � � t HB

� 1

) D

T

� p

n

is neglected, resulting in a metho d that is formally second-order accurate in

time as noted in [4, 7]. Applying blo c k Gaussian elimination to the ab o v e

Stok es system (without the residual term) yields the reform ulated Stok es

problem to b e solv ed at eac h time step:

�

H � � t HB

� 1

D

T

0 E

� �

u

n

� p

n

�

=

�

Bf + D

T

p

n � 1

g

�

;(2.10)

where

E := � t

d

X

i =1

D

i

B

� 1

D

T

i

;(2.11)

and g is the mo di�ed inhomogeneit y arising from Gaussian elimination.

The adv an tage of the splitting pro cedure is that matrix-v ector pro ducts

in v olving E can b e computed without system solv es, since B is diagonal.

T o summarize, time adv ancemen t of the Na vier-Stok es equations in-

v olv es: ev aluating the con tributions from the con v ectiv e terms, solving

for the viscous con tribution in the construction of g (2.10), solving for the

pressure (2.10-2.11), and �nally computing the div ergence-free solution, u

n

(2.10). The systems in v olving H and E are solv ed iterativ ely . The Sc h ur

complemen t system, E , is the most ill-conditioned of the subproblems and

w e address e�cien t strategies for preconditioning it next.

3. E preconditioner. Since E is SPD, sa v e for a p ossible one-dimen-

sional n ull space asso ciated with the h ydrostatic pressure mo de in cases

where @ 


o

= ; , preconditioned conjugate gradien t iteration can b e em-

plo y ed if a suitable SPD matrix, M

� 1

, can b e found that is sp ectrally close
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to E

� 1

and is suc h that M

� 1

E b e easily computable. E has sev eral features

whic h mak e this task di�cult. First, b ecause of the em b edded in terp olation

b et w een the pressure and v elo cit y spaces, the computational stencil of E is

lo cally full with O ( N

d

) nonzeros p er ro w. (Ho w ev er, matrix-v ector pro d-

ucts in v olving E can b e evaluate d in only O ( K N

d +1

) op erations b ecause of

the tensor-pro duct forms (2.7).) Second, b ecause it is in L

2

, no con tin uit y

or b oundary conditions are applied directly to the pressure { these condi-

tions are enforced in the v elo cit y space. F ortunately , as discussed in [4], E

is in man y resp ects similar to a discrete Laplacian with suitable b oundary

conditions. Hence, classical preconditioning strategies dev elop ed for �nite

elemen t discretizations of P oisson's equation can b e used as a basis for the

dev elopmen t of a preconditioner for E .

3.1. Laplacian based preconditioning for E. T o illustrate the

equiv alence of E and the Laplacian w e consider preconditioned conjugate

gradien t iteration for the pressure on the �rst step of impulsiv ely started


o w past a cylinder. The K = 93 sp ectral elemen t mesh is sho wn in Fig. 2

and is t ypical of man y (conforming) pro duction meshes, so w e ha v e used

it as a baseline in a n um b er of studies [16, 17]. The cylinder of diameter

D = 1 is cen tered at the origin in the half-domain 
 = [ � 10 ; 28] � [0 ; 15].

The Reynolds n um b er is R e = D U =� = 5000, where ( U; 0) is the free-

stream v elo cit y tak en b oth as the initial condition and the in
o w b oundary

condition at x = � 10. Symmetry b oundary conditions are imp osed at

y = 0 and y = 15 with Neumann-v elo cit y (out
o w) b oundary conditions at

x = 28. The free-stream v elo cit y is U = 1 and the time step is � t = 0 : 025.

Fig. 2 . Sp e ctr al element mesh ( K = 93 ) for iter ative c onver genc e study.

The preconditioners considered are all global and based up on a Lapla-

cian with homogeneous Diric hlet b oundary conditions sp eci�ed at out
o w

( @ 


o

) and homogeneous Neumann conditions on the remainder of the

b oundary . The �rst preconditioner, M

� 1

s

:= R

T

v p

A

� 1

s

R

v p

, is based up on

the sp ectral elemen t Laplacian, A

s

, and a prolongation op erator, R

T

v p

,

whic h in terp olates from the pressure to the v elo cit y mesh. The second,
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M

t

, is iden tical to M

s

, sa v e that A

s

is replaced b y a �nite elemen t-based

Laplacian using a triangulation of the Gauss-Lobatto p oin ts. The third,

M

� 1

g

:= R

T

aug

A

� 1

g

R

aug

, uses a discrete Laplacian based up on a triangula-

tion of the Gauss (pressure) p oin ts, augmen ted with additional p oin ts to

enforce the Diric hlet b oundary condition.

T able 1 sho ws the n um b er of iterations required to reduce the residual

of the E system b y 10

� 5

for v arying degree and n um b er of elemen ts. The

K = 372 and K = 1488 meshes are obtained through successiv e quarter-

ings of the elemen ts in the base con�guration. The dimension of the E

system is K ( N � 1)

2

. Note that the sp ectral preconditioner exhibits no K

dep endence in the iteration coun t for this problem, while the �nite elemen t

preconditioners exhibit mild degradation in the rate of con v ergence. Of

the t w o �nite elemen t preconditioners, it is clear that M

g

is to b e preferred

o v er M

t

. Not only do es it yield a lo w er iteration coun t, it also has a m uc h

less exp ensiv e restriction op erator ( R

aug

is essen tially the iden tit y matrix)

and a lo w er-dimensio nal system to b e solv ed with eac h iteration.

T able 1

L aplacian pr e c onditioners for cylinder 
ow.

N = 7 N = 9

K M

s

M

t

M

g

M

s

M

t

M

g

93 15 24 16 12 27 16

372 12 26 18 12 28 17

1488 12 26 18 12 29 18

4. Ov erlapping Sc h w arz metho d. The Laplacian-based precondi-

tioners describ ed ab o v e require the solution of a global linear system on

eac h iteration. In practice, this is to o exp ensiv e, and a suitable appro xi-

mation, or preconditioning strategy , is required to replace the global solv e.

This problem is decidedly easier than preconditioning E directly , as there

exist man y go o d preconditioners for the �nite elemen t-based Laplacian.

Domain decomp osition-based preconditioners are a natural c hoice for

the sp ectral elemen t metho d since the data is structured within a sub do-

main but is otherwise unstructured. Here w e use the o v erlapping additiv e

Sc h w arz pro cedure dev elop ed b y Dryja and Widlund [11] and Widlund [37].

W e ha v e c hosen the additiv e Sc h w arz pro cedure b ecause it is in trinsically

parallel and symmetric. Although m ultiplicativ e pro cedures ha v e b etter

con v ergence rates and often can also b e parallelized and symmetrized [34],

this is not easy to do if the originating op erator ( E ) has less sparsit y than

the preconditioner, as in the presen t case. W e ha v e c hosen the o v erlapping

metho d as opp osed to a Sc h ur complemen t, or substructuring, approac h

b ecause the additiv e metho d do es not require in terface data structures, an

imp ortan t consideration in this case b ecause the pressure no des do not lie

on the natural sub domain in terfaces.



SCHW ARZ METHODS F OR SPECTRAL ELEMENTS 11

F ormally , the additiv e Sc h w arz preconditioner is expressed as the sum

of outputs from sev eral subproblems:

M

� 1

o

= R

T

0

A

� 1

0

R

0

+

K

X

k =1

R

T

k

A

� 1

k

R

k

:

The subproblems for k � 1 corresp ond to the solution of lo cal P oisson

problems on o v erlapping sub domains,

~




k

. The restriction and prolonga-

tion op erators, R

k

and R

T

k

, k � 1, are Bo olean matrices that transfer data

to and from the sub domain problems. The pro duct p

k

= R

k

p extracts the

comp onen ts of a v ector p whic h b elong to

~




k

, while p = R

T

k

p

k

copies the

comp onen ts of a sub domain solution, p

k

, to a global v ector, p , and sets

comp onen ts outside of

~




k

to zero. In addition to the lo cal problems, the

Sc h w arz preconditioner has a coarse grid comp onen t, denoted here b y sub-

script 0, whic h serv es to e�cien tly eliminate lo w-w a v e n um b er comp onen ts

of the residual. The coarse grid problem corresp onds to a P oisson problem

discretized on a mesh de�ned b y a triangulation of the sub domain v ertices.

The prolongation op erator, R

T

0

, is simply an in terp olan t from the coarse

grid to the Gauss p oin ts.

@

~




k

�

?




k

q q q

q q q

q q b

�

q q q

q q q

b b b

q q q

q q q

q qb

�

q q

q q

q q

b

b

b

b b b

b b b

b b b

b

b

b

q q

q q

q q

q q

q q q

q q q

b

�

b b b

q q q

q q q

q q

q q q

q q q

b

�

Fig. 3 . De gr e es-of-fr e e dom (op en cir cles) for FEM b ase d (left) and tensor-pr o duct

b ase d (right) discr etizations of lo c al pr oblems. V alues at no des marke d \ 
 " ar e set to

zer o by R

k

. Zer o Dirichlet b oundary c onditions ar e applie d on @

~




k

.

4.1. FDM application to the sub domain problems. In this sec-

tion w e consider the dev elopmen t of solv ers for the lo cal problems that

are particularly w ell suited to the sp ectral elemen t metho d in l R

3

. Rather

than w orking with principal submatrices of A

g

as in [17], w e deriv e the lo-

cal sti�ness matrices, A

k

, k � 1, from a tensor-pro duct of one-dimensional

�nite elemen t bases. This di�erence in strategy is re
ected in Fig. 3, whic h

con trasts the previous unstructured �nite elemen t (FEM) basis on the left

with the structured tensor-pro duct basis on the righ t. This allo ws the use
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of FDM-based solv ers, whic h require only O ( N

d

) storage and O ( N

d +1

)

w ork p er solv e [7, 8, 31]. An added b ene�t is the a v oidance of ha ving to

tetrahedralize the Gauss p oin ts in l R

3

.

W e b egin with the de�nition of the o v erlapping sub domains b y con-

sidering the one-dimensional example sho wn in Fig. 4. Degrees-of-freedom

are asso ciated with the no des (op en circles) in

~




k

. The p oin ts �

i

, i 2

f 1 ; : : : ; N � 1 g are the images of the Gauss p oin ts in ] � 1 ; 1[ mapp ed on to




k

. Similarly , �

i

, i � 0 and i � N are the images of the corresp onding

Gauss p oin ts mapp ed on to the left and righ t sub domains, resp ectiv ely . The

o v erlapping region,

~




k

2 [ �

� 1

; �

N +1

], is obtained b y extending 


k

b y t w o

no dal p oin ts in eac h direction. Homogeneous Diric hlet b oundary condi-

tions are applied at �

� 1

and �

N +1

when 


k

is in the in terior of 
 so the

extension adds only t w o degrees-of-freedom to the lo cal problem. W e refer

to this as the minimal o v erlap case. If the left (righ t) side of @ 


k

is co-

inciden t with the b oundary , @ 
, then the domain is not extended b ey ond




0

( 


N

), and homogeneous Diric hlet or Neumann b oundary conditions are

imp osed at that p oin t in accordance with the b oundary conditions on @ 
.

d d d d

�

1

�

2

�

N � 2

�

N � 1




0




N

�




k

-

�

~




k

-

t d

�

� 1

�

0




�

-

d t

�

N

�

N +1

�




+

Fig. 4 . Depiction of overlapping sub domain

~




k

in one dimension, minimal overlap

c ase.

T o construct the �nite elemen t op erators for the standard (in terior)

one-dimensional case, w e consider the space of piecewise linear functions,

�

i

( � ), � 2 [ �

� 1

; �

N +1

], i = 0 ; : : : ; N :

�

i

( � ) =

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

� � �

i � 1

�

i

� �

i � 1

�

i � 1

� � < �

i

� � �

i +1

�

i

� �

i +1

�

i

� � < �

i +1

0 otherwise :

i 2 f 0 ; : : : ; N g(4.1)

The v ariational form for the homogeneous Diric hlet problem, � u

00

( x ) =

f ( x ) in

~




k

, u = 0 on

~

@ 


k

, giv es rise to the tridiagonal sti�ness matrix:

~

A

ij

=

Z

�

N +1

�

� 1

d�

i

d�

d�

j

d�

d� i; j 2 f 0 ; : : : ; N g

2

;
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and asso ciated diagonal (lump ed) mass matrix:

~

B

ij

= �

ij

Z

�

N +1

�

� 1

�

j

( � ) d� i; j 2 f 0 ; : : : ; N g

2

:

The matrices are mo di�ed in the usual w a y if either end of 


k

coincides

with @ 
.

The construction of the one-dimensional problem is extended to l R

d

b y taking the tensor pro duct of the bases and op erators just describ ed. A

t ypical o v erlapping domain in l R

2

is sho wn in Fig. 3 (righ t). The degrees-

of-freedom corresp ond to Lagrangian basis co e�cien ts asso ciated with the

no des (op en circles) in the in terior of

~




k

. If the no des are n um b ered lexi-

cographically , then the sti�ness matrix for the t w o-dimensional Laplacian

on

~




k

can b e written as the Kronec k er pro duct:

A

k

=

~

B

2




~

A

1

+

~

A

2




~

B

1

:(4.2)

Here, the subscript on the one-dimensional matrices,

~

A and

~

B , indicates

the asso ciated co ordinate direction in the reference elemen t.

Matrices that satisfy (4.2) ha v e a particularly simple in v erse based

up on the FDM. If

~

A is symmetric and

~

B is symmetric p ositiv e de�nite,

then the follo wing similarit y transformation holds:

S

T

~

AS = � ; S

T

~

B S = I ;

where � = diag ( �

1

; : : : ; �

n

) the matrix of eigen v alues, and S = ( s

1

; : : : ; s

n

)

is the matrix of eigen v ectors asso ciated with the generalized eigen v alue

problem

~

A s = �

~

B s . As a result, A

k

is readily diagonalized, and its in v erse

is giv en b y

A

� 1

k

= ( S

2


 S

1

) ( I 
 �

1

+ �

2


 I )

� 1

( S

T

2


 S

T

1

) :

The three-dimensional form is similar:

A

� 1

k

= ( S

3


 S

2


 S

1

) D

� 1

( S

T

3


 S

T

2


 S

T

1

) ;

with

D = ( I 
 I 
 �

1

+ I 
 �

2


 I + �

3


 I 
 I ) :

This solution metho d w as in tro duced b y Lync h, Rice, and Thomas [31] and

successfully used in a n um b er of sp ectral elemen t preconditioning applica-

tions b y Couzy and Deville [8] and b y Couzy [7].

It is imp ortan t to note that the use of tensor-pro duct forms allo ws

matrix-v ector pro ducts, to b e recast as matrix-matrix pro ducts whic h are

particularly e�cien t on mo dern v ector and cac he-based pro cessors. F or ex-

ample, if ~u

k

= u

k

ij

, i; j 2 f 0 ; : : : ; N g

2

is the v ector of no dal basis co e�cien ts

on

~




k

, then
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( S

T

2


 S

T

1

) u

k

= S

T

1

~

U

k

S

2

;

where

~

U

k

is simply ~u

k

view ed as the matrix ha ving en tries u

k

ij

.

In t w o dimensions, the computation of A

� 1

k

~u

k

requires four matrix-

matrix pro ducts. The leading order complexit y for the w ork is 8( N + 1)

3

op erations and for storage is 3( N + 1)

2

. This compares quite fa v orably with

a banded solv er, whic h requires 4( N + 1)

3

op erations and ( N + 1)

3

storage.

In three dimensions, the leading order complexities for the tensor-pro duct-

based solv er are 12( N + 1)

4

op erations and ( N + 1)

3

w ords of storage. In

this case the banded solv er is not comp etitiv e, as it requires 4( N + 1)

5

op erations and ( N + 1)

5

w ords of storage.

In general, the FDM cannot b e used for arbitrarily deformed sub do-

mains b ecause the discrete Laplacian can not alw a ys b e expressed in the

tensor pro duct form (4.2). Ho w ev er, for the purp oses of a preconditioner,

all one requires is an appro ximation to the Laplacian on

~




k

. Tw o essen tial

simpli�cations mak e it p ossible to apply the FDM to arbitrary (v alid) sp ec-

tral elemen t meshes in l R

d

. The �rst is to construct restriction op erators

R

k

that gather data only from the 2 d sub domains sharing a common face

(edge) with 


k

and that map zeros to no des in the o v erlap region corre-

sp onding to diagonally adjacen t elemen ts (denoted b y 
 in Fig. 3). This

circum v en ts di�culties arising from cases where, for example, three or �v e

elemen ts share a v ertex in l R

2

.

The second simpli�cation, as suggested in the thesis of Couzy [7],

is to de�ne the P oisson problem on a rectangle or regular parallelepip ed

ha ving the correct a v erage dimensions in eac h co ordinate direction in the

reference domain. These dimensions are readily computed using Gauss-

Lobatto quadrature. F or example, in l R

2

, the a v erage separation of the

faces in the r

1

-direction is computed as

L

k

1

=

"

P

j

�

j

[( x

k

N j

� x

k

0 j

)

2

+ ( y

k

N j

� y

k

0 j

)

2

]

P

j

�

j

#

1

2

:

A similar pro cedure is used to �nd the a v erage thic kness (e.g., the distance

j �

1

� �

� 1

j in Fig. 4) of eac h of the o v erlap regions. With these a v erage

dimensions, construction of the Laplacian follo ws directly from the tensor

pro duct form ulation outlined ab o v e.

5. The coarse grid problem. The coarse grid op erator, A

0

, is de-

riv ed from a linear �nite elemen t discretization of the Laplacian sub ject

to homogeneous Diric hlet b oundary conditions at out
o w ( @ 


o

) and ho-

mogeneous Neumann conditions on the remainder of the b oundary . The

coarse grid space is based up on linear elemen ts ha ving no des at the sp ectral

elemen t v ertices. The prolongation op erator, R

T

0

is simply a bi- or trilin-

ear in terp olan t from the 2

d

v ertices to the ( N � 1)

d

Gauss p oin ts in the

reference domain, and can b e cast as a sequence of e�cien t matrix-matrix

pro ducts.
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In t w o dimensions, the quadrilateral sp ectral elemen t mesh is readily

triangulated b y connecting one pair of diagonally opp osing v ertices in eac h

of the elemen ts. In three dimensions, an equiv alen t lo cal pro cedure is com-

plicated b y the fact that the tetrahedral decomp osition of a cub e in tro duces

a diagonal on eac h face, whic h m ust matc h the direction of the diagonal

in tro duced on the face of the adjoining cub e for the resulting discretiza-

tion to b e conforming. The tessellation problem in l R

3

can b e lo calized b y

computing the (lo cal) sti�ness matrices for the t w o complemen tary tetrahe-

dralizations of the reference cub e sho wn on the left in Fig. 5. If A

0

and A

00

denote the global matrices obtained b y assem bling compatible sets of lo cal

sti�ness matrices, then A

0

:=

1

2

( A

0

+ A

00

) is the global sti�ness matrix one

w ould obtain b y taking the a v erage of t w o conforming sti�ness matrices.

Ho w ev er, A

0

can b e constructed without solving the nonlo cal problem of

determining a conforming tetrahedralization b y simply assem bling the lo cal

sti�ness matrices of all ten tetrahedra de�ned b y the t w o complemen tary

decomp ositions.

[ � !

Fig. 5 . The symmetric union of two c omplementary de c omp ositions of the r efer enc e

cub e lo c alizes the pr oblem of �nding a c onforming c o arse grid sp ac e.

5.1. P arallel coarse grid solv er. Solution of the coarse grid prob-

lem has long b een recognized as a b ottlenec k in parallel applications where

comm unication costs are non-negligible, suc h as on net w orks of w orksta-

tions or when the n um b er of pro cessors is large (see, e.g., [2, 12, 22, 34]).

Since A

� 1

0

is full, eac h coarse grid solv e requires an all-to-all comm unica-

tion, as ev ery en try of the distributed input has a non trivial impact on

ev ery output v alue. Assuming that eac h pro cessor is capable of sending or

receiving only one message at a time and that con ten tion-free comm uni-

cation time for an m -w ord message ob eys a linear cost mo del of the form

t

c

[ m ] = � + � m , then the minim um time for solution of the distributed

coarse grid problem is � log

2

P . It is t ypically b est to use a con ten tion-free

routing sc hedule, whic h implies a minim um time of 2 � log

2

P for standard

sc hedules on lo w-dimensional net w orks.

As noted b y Gropp in [19], most parallel solv ers for an n � n coarse grid

problem require log

2

P messages of length n for eac h solv e. Since n > P ,

this can b ecome prohibitiv e if either � or P is large. W e ha v e recen tly

dev elop ed a parallel coarse grid solv er with a comm unication complexit y

of only O ( n

1

2

� l og

2

P ) in l R

2

and O ( n

2

3

� l og

2

P ) in l R

3

[16, 36]. The solv er
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deriv es from the observ ation that pro jection of a distributed v ector on to a

distributed basis is naturally parallel.

Let A

0

x = b denote the n � n coarse grid system to b e solv ed, with

b and x iden tically distributed across pro cessors at the b eginning and end

of the solution phase. If X = ( x

1

; : : : ; x

l

) 2 l R

n � l

is a matrix of A

0

{

orthonormal v ectors satisfying x

T

i

A

0

x

j

= �

ij

, then the pro jection of x on to

span f x

1

; : : : ; x

l

g is giv en b y �x = X X

T

b . If the x

i

's are mapp ed in the same

manner as x and b , then parallel ev aluation of �x on P pro cessors in v olv es

three steps:

i: �

( p )

i

=

�

x

( p )

i

�

T

b

( p )

i = 1 ; : : : ; l p = 0 ; : : : ; P � 1

ii: �

i

=

X

p

�

( p )

i

i = 1 ; : : : ; l

iii: �x

( p )

=

X

i

�

i

x

( p )

i

p = 0 ; : : : ; P � 1 :

(5.1)

Here, the sup erscript ( p ) indicates the pro cessor index for distributed data.

Step ( ii ) is an in terpro cessor v ector-reduction and can b e computed via

a fan-in/fan-out on a binary tree in 2 log

2

P comm unication phases with

messages of length l .

Note that if l = n , then �x � x , and the pro jection pro duces the exact

solution. If A

0

is sparse, it is p ossible to c ho ose a (quasi-) sparse basis for X

suc h that man y of the x

i

's are v oid on an y giv en pro cessor. This implies a

reduction in comm unication as w ell as w ork since the corresp onding v alues

of �

i

are not needed b y all pro cessors. F or lo w-order discretizations in l R

d

it is p ossible to c ho ose the columns of X suc h that it has only O ( n

2 d � 1

d

)

nonzeros and suc h that only log

2

P messages of length O ( n

d � 1

d

) are required

to compute X X

T

b . F urther details ma y b e found in [36].

W e note that the v ertex-based coarse grid problems suc h as considered

here nominally require comm unication in the restriction and prolongation

steps b ecause eac h v ertex ma y b e shared b y man y pro cessors. These extra

comm unications can b e a v oided b y em b edding them directly in to the X X

T

computation. Let z := R

T

0

A

� 1

0

R

0

r , denote the full coarse grid problem.

Consider the factorization:

R

0

= Q

T

0

Q

T

P

I

T

P

;

where I

P

represen ts the lo cal in terp olation from the sub domain v ertices

to the Gauss p oin ts, Q

T

P

represen ts the direct-sti�ness summation (or as-

sem bly of the load v ector) of v ertex v alues within eac h pro cessor, and Q

T

0

represen ts the in terpro cessor direct-sti�ness summation step. Only the ap-

plication of Q

0

( Q

T

0

) requires comm unication. W riting X

0

:= X Q

0

, w e

ha v e

z = ( I

P

Q

P

) X

0

X

T

0

�

Q

T

P

I

T

P

r

�

:
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This corresp onds to computing a pro jection of the form x

0

= X

0

X

T

0

b

0

and is iden tical in complexit y to (5.1) on an enlarged v ector space. No

pre- or p ost-comm unication is required during the coarse grid solv e, since

application of ( I

P

Q

P

) is lo cal. All comm unication is em b edded in the

log

2

P fan-in/fan-out stage (5.1.ii) of X

0

X

T

0

b

0

.

6. Numerical results. W e compare the results of the FDM-based

additiv e Sc h w arz metho d to the results of the FEM-based additiv e Sc h w arz

preconditioner [17] and the blo c k-Jacobi/de
atio n-based sc heme dev elop ed

in [15, 32].

6.1. Tw o-dimensional cylinder problem. W e �rst consider the

cylinder problem of Fig. 2. The conditions are the same as those used in

the Laplacian preconditioning tests of Section 3.1 sa v e that w e restrict the

p olynomial order to N = 7. T able 2 sho ws the iteration coun t and CPU

times for the FDM-based additiv e Sc h w arz pro cedure with minimal o v erlap.

Also sho wn are the iteration coun ts and times for the additiv e Sc h w arz

pro cedure based up on the unstructured FEM discretization where the lo cal

sti�ness matrices, A

k

, k � 1, are principal submatrices of A

g

. The N

o

= 0

column corresp onds the the FEM sc heme with no o v erlap. In tro ducing

a minimal amoun t of o v erlap ( N

o

= 1) reduces the iteration coun t almost

t w ofold and the CPU time sligh tly less than t w ofold. Increasing the o v erlap

to N

o

= 3 do es not yield signi�can t impro v emen t. The imp ortance of the

coarse grid solv e is illustrated b y the A

0

= 0 column, whic h sho ws a �v e- to

eigh tfold increase in iteration coun t for the K = 1488 case when the coarse

grid solv er is excluded. The �nal column sho ws the p erformance of our

de
ation-based pro duction co de [15]. It requires roughly t wice the n um b er

of iterations as the FDM sc heme and almost three times the CPU time.

(The de
ation approac h requires t w o applications of E p er iteration.)

T able 2

Performanc e of the additive Schwarz algorithm.

FDM N

o

= 0 N

o

= 1 N

o

= 3 A

0

= 0 De
ation

K iter cpu iter cpu iter cpu iter cpu iter cpu iter cpu

93 67 4.4 121 10 64 5.9 49 5.6 169 19 126 17

372 114 37 203 74 106 43 73 39 364 193 216 125

1488 166 225 303 470 158 274 107 242 802 1798 327 845

W e note that, b ecause of the use of the appro ximate Laplacians, the

FDM-based sc heme has a sligh tly higher iteration coun t than the FEM

sc heme in the minimal o v erlap case ( N

o

= 1). Despite this and despite its

higher complexit y estimate (8 K ( N + 1)

3

vs 4 K ( N + 1)

3

) the FDM-based

sc heme requires less time. This clearly illustrates the imp ortance of the

matrix-matrix pro duct-based solution algorithm.

Somewhat disapp oin tingly , the iteration coun ts for the o v erlapping

Sc h w arz metho d are not b ounded with K . Our exp erience indicates that
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the iteration coun t do es ev en tually approac h a b ound, but only after man y

lev els of re�nemen t. W e ha v e in v estigated t w o p ossible solutions. The �rst,

suggested b y Widlund [38], is to use more o v erlap on the (few) sub domains

whic h ha v e high asp ect ratio. This reduces the iteration coun t while main-

taining lo w CPU time [17]. The second is use of nonconforming sp ectral

elemen t metho ds, whic h remo v e these high asp ect ratio sub domains alto-

gether. As demonstrated b y G. Kruse [20], this results in signi�can tly lo w er

iteration coun ts.

6.2. Three-dimensional hemisphere problem. W e no w consider

parallel sim ulation of the three-dimensional 
o w arising from the in terac-

tion of a 
at plate b oundary la y er with a hemispherical protub erance. This


o w w as studied exp erimen tally b y Acalar and Smith [1] and, at su�cien tly

high Reynolds n um b ers, exhibits p erio dic shedding of hairpin v ortices as

evinced b y the isotherms in the cen terplane of the c hannel sho wn in Fig. 6.

The unit radius hemisphere is cen tered at x = (0 ; 0 ; 0), and the Reynolds

n um b er is R e =

RU

1

�

= 500. A Blasius pro�le with �

: 99

= 1 : 15 and U

1

= 1

is sp eci�ed for the x -comp onen t of v elo cit y b oth as an initial condition and

inlet pro�le at x = � 8 : 4. Symmetry b oundary conditions are sp eci�ed at

y = 0, y = � 6 : 4, and z = 6 : 5, and Neumann out
o w b oundary conditions

are imp osed at x = 25 : 6. Discretizations consisting of K = 512 and 4096

sp ectral elemen ts of order N = 7, 9, and 11 are considered for a �xed time

step of � t = 0 : 00636. Timings are p erformed on the P = 512 no de In-

tel Delta at Caltec h, whic h is a mesh connected m ulticomputer based on

512 In tel i860 40 MHz micropro cessors, eac h with 16 Mb ytes of memory .

Sustained p erformance on this mac hine for these runs is t ypically ab out 5

gflops in 32-bit arithmetic.

Fig. 6 . Isotherms r eve al the pr esenc e of hairpin vortic es gener ate d by the inter ac-

tion of a 
at-plate b oundary later with a (he ate d) hemispher e in this ( K = 4096 ; N = 7 )

sp e ctr al element simulation.

In Fig. 7 w e sho w the CPU time p er step for the de
ation- and FDM-

based computations with ( K ; N ) = (512 ; 11) and (4096,9). A go o d initial

guess, computed from an orthogonal pro jection of the data on to previ-

ous solutions, signi�can tly reduces the iteration coun t after the �rst few

time steps, so the p erformance at later times is most represen tativ e of the

asymptotic b eha vior of the solv ers during the course of the sim ulation [14].
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Fig. 7 . 512-no de CPU time for the �rst 19 steps of the hemispher e pr oblem for

( K ; N ) = (512 ; 11) (left) and (4096 ; 9) (right).

T able 3 sho ws the n um b er of pressure iterations and CPU time required for

the 19th step. W e observ e that the o v erlapping Sc h w arz pro cedure yields a

three- to �v efold reduction in iteration coun t o v er the de
ation sc heme and

a fourfold impro v emen t in CPU time for the largest problem. The fact that

the CPU-time reduction is less than that of the iteration coun t sho ws that

the o v erlapping Sc h w arz pro cedure has e�ectiv ely eliminated the pressure

solv e as the computational b ottlenec k for this class of problems. In fact, it

is no w on par with the cost of the Helmholtz solv es.

T able 3

Timing for hemispher e/plate pr oblem on 512 no de Delta.

De
ation Sc h w arz

K N # v el. pts. # pres. pts. iter cpu iter cpu

512 7 179000 111000 19 5.3 4 3.2

512 9 380000 262000 27 8.8 5 4.7

512 11 693000 512000 36 15.8 13 8.1

4096 7 1423000 884000 78 58.4 20 18.2

4096 9 3016000 2097000 137 143.0 26 36.7

W e examine the imp ortance of the X X

T

-based coarse grid solv er via

direct comparison to the same o v erlapping Sc h w arz co de mo di�ed to use a

distributed A

� 1

-based solv er. The latter has O ( n log

2

P ) comm unication

complexit y for eac h coarse grid solv e, v ersus the O ( n

2

3

log

2

P ) complexit y

of the X X

T

based solv er. F or K = 512 the dimension of the coarse grid

system is n = 781, while for K = 4096 it is n = 5114. T able 4 indicates the

p ercen tage of o v erall solution time sp en t in the coarse grid solv er as w ell as

the time p er coarse grid solv e for b oth cases. F or the K = 4096 data, there
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is a 12 and 9 p ercen t reduction in o v erall solution time due to the use of

X X

T

based solv er. In addition, there is fourfold impro v emen t in the time

p er coarse grid solv e for n = 5114, and t w ofold for n = 781. W e note that

this is consisten t with predictions based on the theoretical mo dels for b oth

solv ers discussed in [36].

T able 4

Co arse grid c osts for hemispher e/plate pr oblem on 512 no de Delta.

A

� 1

Metho d X X

T

Metho d

K N # d.o.f. % time sec./slv. % time sec./slv.

512 7 781 4.82 0.021 2.66 0.011

512 9 781 5.32 0.021 3.03 0.011

512 11 781 5.38 0.021 3.08 0.012

4096 7 5114 16.4 0.091 4.26 0.021

4096 9 5114 12.6 0.094 3.45 0.023

7. Conclusions. W e ha v e dev elop ed an o v erlapping Sc h w arz precon-

ditioner for the pressure subproblem in time-split sp ectral elemen t form u-

lations of the incompressible Na vier-Stok es equations that is particularly

e�cien t for problems in three dimensions. The metho d emplo ys tensor-

pro duct discretizations for the lo cal sub domain problems that admit so-

lution via fast diagonalization tec hniques ha ving the same computational

complexit y as the originating sp ectral elemen t op erators, and that are read-

ily implemen ted within the lo cally structured con text of the sp ectral ele-

men t metho d. The parallel p erformance of the metho d is enhanced b y a

fast coarse grid solv e algorithm that has signi�can tly b etter comm unica-

tion complexit y than comp eting approac hes. In comparison to our earlier

blo c k-Jacobi/de
ation based pro duction co de, w e observ e a �v efold reduc-

tion in iteration coun t and, for the largest problems, a fourfold reduction

in CPU time. The o v erlapping Sc h w arz preconditioner has e�ectiv ely elim-

inated the pressure solv e as a computational b ottlenec k. It no w b ecomes

imp ortan t to consider whether the other phases of the solution pro cess can

b e further impro v ed.

Ac kno wledgmen ts. This w ork w as supp orted b y the NSF under

Gran t ASC-9405403 and b y the AF OSR under Gran t F49620-95-1-007 4.

Computer time w as pro vided on the In tel Delta at Caltec h b y the Cen ter

for Researc h on P arallel Computation under NSF Co op erativ e agreemen t

CCR-8809615.



SCHW ARZ METHODS F OR SPECTRAL ELEMENTS 21

REFERENCES

[1] M.S. A calar and C.R. Smith , \A study of hairpin v ortices in a laminar b ound-

ary la y er. P art 1. Hairpin v ortices generated b y a hemisphere protub erance",

J. Fluid Me ch. , 175 , pp. 1{41 (1987).

[2] F. Al v arado, A. Pothen, and R. Schreiber , \Highly parallel sparse triangular

solution", Univ. W aterlo o Researc h Rep. CS-92-51, W aterlo o, On tario (1992).

[3] C. Bernardi and Y. Mad a y , \A collo cation metho d o v er staggered grids for the

Stok es problem", Int. J. Numer. Meth. Fluids , 8 , pp. 537{557 (1988).

[4] J. Blair Per ot , \An analysis of the fractional step metho d", J. Comput. Phys. ,

108 , pp. 51{58 (1993).

[5] M. Casarin , \Quasi-optimal Sc h w arz metho ds for the conforming sp ectral elemen t

discretization", T e ch.R ep. 705 , Dept. Comp. Sci., Couran t Inst., NYU (1995).

[6] M. Casarin , \Sc h w arz preconditioners for sp ectral and mortar �nite elemen t meth-

o ds with applications to incompressible 
uids", PhD. Thesis, Couran t Institute

of Math. Sci., NYU (1996).

[7] W. Couzy , \Sp ectral elemen t discretization of the unsteady Na vier-Stok es equa-

tions and its iterativ e solution on parallel computers", Th � ese No. 1380,

�

Ecole

P olytec hnique F � ed � erale de Lausanne (1995).

[8] W. Couzy and M.O. Deville , "A F ast Sc h ur Complemen t Metho d for the Sp ec-

tral Elemen t Discretization of the Incompressible Na vier-Stok es Equations",

J. Comput. Phys. , v ol. 116, pp. 135{142 (1995).

[9] P. Demaret and M.O. Deville , \Cheb yshev pseudo-sp ectral solution of the

Stok es equations using �nite elemen t preconditioning", J. Comput. Phys. , 83 ,

pp. 463{484 (1989).

[10] M.O. Deville and E.H. Mund , \Finite elemen t preconditioning for pseudosp ec-

tral solutions of elliptic problems", SIAM J. Statis. Comput. , 11 (2), pp. 311{

42 (1990).

[11] M. Dr yja and O.B. Widlund , \An additiv e v arian t of the Sc h w arz alternating

metho d for the case of man y subregions", T e ch. R ep. 339 , Dept. Comp. Sci.,

Couran t Inst., NYU (1987).

[12] C. F arha t and P.S. Chen , \T ailoring Domain Decomp osition Metho ds for E�-

cien t P arallel Coarse Grid Solution and for Systems with Man y Righ t Hand

Sides", Contemp or ary Math. , 180 , pp. 401{406 (1994).

[13] P.F. Fischer , \Sp ectral Elemen t Solution of the Na vier-Stok es Equations on High

P erformance Distributed-Memory P arallel Pro cessors", PhD. Thesis, Mas-

sac h usetts Institute of T ec hnology (1989).

[14] P.F. Fischer , \Pro jection tec hniques for iterativ e solution of Ax = b with succes-

siv e righ t-hand sides", ICASE R ep ort No. 93-90 , NASA CR-191571 (1993).

[15] P.F. Fischer and E.M. R�nquist , \Sp ectral Elemen t Metho ds for Large Scale

P arallel Na vier-Stok es Calculations", Comp. Meth. Appl. Me ch. Engr. , pp. 69{

76 (1994).

[16] P.F. Fischer , \P arallel m ulti-lev el solv ers for sp ectral elemen t metho ds", in Pr o c.

Intl. Conf. on Sp e ctr al and High-Or der Metho ds '95, Houston, TX , A.V. Ilin

and L.R. Scott, eds., Houston J. Math., pp. 595-604 (1996).

[17] P.F. Fischer , \An o v erlapping Sc h w arz metho d for sp ectral elemen t solution of

the incompressible Na vier-Stok es equations", J. of Comp. Phys. , 133 , pp. 84{

101 (1997).

[18] N.K. Ghadd ar, K. K or czak, B.B. Mikic, and A.T. P a tera , \Numerical in-

v estigation of incompressible 
o w in gro o v ed c hannels. P art 1: Stabilit y and

self-sustained oscillations", J. Fluid Me ch. , 163 , pp. 99{127 (1986).

[19] D.E. Keyes, Y. Saad, and D.G. Tr uhlar , \Domain-Based P arallelism and

Problem Decomp osition Metho ds in Computational Science and Engineering",

SIAM (1995).

[20] G.W. Kr use , \P arallel Nonconforming Sp ectral Elemen t Solution of the Incom-

pressible Na vier-Stok es Equations in Three Dimensions", PhD. Thesis, Bro wn

Univ ersit y (1997).



22 P .F. FISCHER, N.I. MILLER, AND H.M. TUF O

[21] V. Gira ul t and P.A. Ra viar t , Finite Element Appr oximation of the Navier-

Stokes Equations , Springer (1986).

[22] W.D. Gr opp , \P arallel Computing and Domain Decomp osition", in Fifth Conf.

on Domain De c omp osition Metho ds for Partial Di�er ential Equations , T.F.

Chan, D.E. Key es, G.A. Meuran t, J.S. Scroggs, and R.G. V oigt, eds., SIAM,

Philadelphia, P A, pp. 349{361 (1992).

[23] Y. Mad a y and A.T. P a tera , \Sp ectral elemen t metho ds for the Na vier-Stok es

equations", in State of the A rt Surveys in Computational Me chanics , A.K.

No or, ed., ASME, New Y ork, pp. 71{143 (1989).

[24] Y. Mad a y, A.T. P a tera, and E.M. R�nquist , \An op erator-in tegration-factor

splitting metho d for time-dep enden t problems: application to incompressible


uid 
o w", J. Sci. Comput. , 5 (4), pp. 263{292 (1990).

[25] Y. Mad a y, A.T. P a tera, and E.M. R�nquist , \The P

N

� P

N � 2

metho d for the

appro ximation of the Stok es problem", Numer. Math. (1987).

[26] S.A. Orsza g and L.C. Kells , \T ransition to turbulence in plane P oiseuille 
o w

and plane Couette 
o w", J. Fluid Me ch. , 96 , pp. 159{205 (1980).

[27] S.A. Orsza g , \Sp ectral metho ds for problems in complex geometries", J. Comput.

Phys. , 37 , pp. 70{92 (1980).

[28] S.S. P ahl , \Sc h w arz t yp e domain decomp osition metho ds for sp ectral elemen t

discretizations", Masters Thesis, Dept. of Comput. and Appl. Mathematics,

Univ. of the Wit w atersrand, Johannesburg, South Africa (1993).

[29] A.T. P a tera , \A sp ectral elemen t metho d for 
uid dynamics; Laminar 
o w in a

c hannel expansion", J. Comput. Phys. , 54 , pp. 468{488 (1984).

[30] L.F. P a v arino and O.B. Widlund , \A p olylogarithmic b ound for an iterativ e

substructuring metho d for sp ectral elemen ts in three dimensions", SIAM J.

Numer. A nal. , 33 (4), pp. 1303{1335 (1996).

[31] R.E. L ynch, J.R. Rice, and D.H. Thomas , \Direct Solution of P artial Di�erence

Equations b y T ensor Pro duct Metho ds", Numerische Mathematik , 6 , pp. 185{

199 (1964).

[32] E.M. R�nquist , \A Domain Decomp osition Metho d for Elliptic Boundary V alue

Problems: Application to Unsteady Incompressible Fluid Flo w", in Fifth Conf.

on Domain De c omp osition Metho ds for Partial Di�er ential Equations , T.F.

Chan, D.E. Key es, G.A. Meuran t, J.S. Scroggs, and R.G. V oigt, eds., SIAM,

Philadelphia, P A, pp. 545{557 (1992).

[33] E.M. R�nquist , \A domain decomp osition solv er for the steady Na vier-Stok es

equations", in Pr o c. Intl. Conf. on Sp e ctr al and High-Or der Metho ds '95,

Houston, TX , A.V. Ilin and L.R. Scott, eds., pp. 469{485 (1996).

[34] B. Smith, P. Bj�rst ad, and W. Gr opp , \Domain Decomp osition", Cam bridge

Univ ersit y Press, 1996.

[35] G. Strang and G. Fix , A n analysis of the �nite element metho d , Pren tice-Hall,

Englew o o d Cli�s, NJ (1973).

[36] H.M. Tuf o and P.F. Fischer , \F ast P arallel Direct Solv ers F or Coarse Grid

Problems", prepared (1997).

[37] O.B. Widlund , \Some Sc h w arz Metho ds for Symmetric and Nonsymmetric Ellip-

tic Problems", in Fifth Conf. on Domain De c omp osition Metho ds for Partial

Di�er ential Equations , T.F. Chan, D.E. Key es, G.A. Meuran t, J.S. Scroggs,

and R.G. V oigt, eds., SIAM, Philadelphia, P A, pp. 19{36 (1992).

[38] O.B. Widlund , P ersonal comm unication (1997).


