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e APPLICATIONS:

UAV formations

ower qgrid sensor networks . .
P J satellite constellations

KEY ISSUE: Interplay between network topology and node dynamics



e STRUCTURE IDENTIFICATION — Who should communicate with whom?

e OPTIMAL DESIGN — How to process information from other subsystems?



e OBJECTIVE:

* A systematic method for structure identification and optimal design

e CHALLENGES:
*x Networks — combinatorial objects

* Optimization — constrained non-convex problems

e APPROACH:
* ldentify classes of convex problems
* Exploit problem structure to develop efficient algorithms

* Tools from optimization, control theory, compressive sensing, graph theory



Outline

e SPARSITY-PROMOTING OPTIMAL CONTROL

* Trade-off between performance and sparsity
x Cardinality minimization and convex relaxations

* Alternating direction method of multipliers

e SPARSE CONSENSUS NETWORKS

* A class of convex problems with many applications

e SUMMARY AND OUTLOOK



SPARSITY-PROMOTING OPTIMAL CONTROL



Minimum variance control

e Linear dynamical system

(t) = Ax(t) + By d(t) + Bsu(t)
T T T
state stochastic control
trajectory disturbance input

e Steady-state variance

tli)moo E{zT(t)Qu(t) + u(t)Rul(t)}

T T
state deviation control effort
e Feedback gain design
u(t) = — Fx(t)
/]\
DESIGN

VARIABLE



minimize J = lim &{z"Qz + u' Ru}

t— o0

subjectto =z = Ax + Bi1d + Byu

u= — Fuzx

e GLOBALLY OPTIMAL CONTROLLER
ATP + PA — PB,R'BIP +Q = 0

tentralized controller: . = R™'BIP



centralized localized fully decentralized
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Structured minimum variance control

minimize J = lim £{z"Qz + v Ru}

t— o0

subjectto =z Ax + Bid + Bsu
u = — Fx

F e S, F — stabilizing

How to find a stabilizing F' € §? (difficult problem)
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e RELATED WORK

= |dentify tractable/convex problems

Bamieh, Paganini, Dahleh, Voulgaris, Rotkowitz, Lall, Borrelli, Keviczky,
Rantzer, ...

= Nonlinear program approach

Overton, Burke, Lewis, Apkarian, Noll, Wenk, Knapp, Toivonen, Makila,
Rautert, Sachs,. ..

* LMI-based approach

Geromel, El Ghaoui, Skelton, Peres, de Oliveira, Iwasaki, Gumussoy, Henrion,

How to identify good sparsity structure?



Sparsity-promoting optimal control

minimize J(F) + v card(F)
T T
variance number of
amplification nonzero elements
51 —-2.3 0
F = 0 0 16 = card(F) = 3

v > 0 — performance vs. sparsity trade-off
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e A parameterized family of feedback gains

F(v) = argmin (J(F) 4+ ~card (F))

F
A —
G
)
™~
v l
-

\- ~/ =/ - /

CENTRALIZED LOCALIZED FULLY
DECENTRALIZED
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minimize J(F) + vycard (F)

J(F) = trace ( /O BTe(A=BM't (9 + FTRF)eA~BF) B, dt)

e DIFFICULTIES

*x J(F'): non-convex function

* card (F'): non-convex discontinuous function

e APPROACH

* ldentify convex problems

x Convex relaxations of card (F)

Lin, Fardad, Jovanovic, IEEE TAC '13
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Convex relaxations of card (F')

/1 norm: Z |F@J‘
(]
Welghted /1 norm: Z Wij |Fij‘7 Wij > 0

i J

e Cardinality vs. weighted ¢; norm

{(Wij = 1/|Fy|, Fj # 0} = card(F) = ) W|Fjl
i

RE-WEIGHTED SCHEME
* Use feedback gains from previous iteration to form weights

Wt = !

= : 0 < el
Yo Byl + e )

Candes, Wakin, Boyd, J. Fourier Anal. Appl. ‘08



Sparsity-promoting penalty functions

original problem:

minimize card (F)
subjectto J(F) < o

relaxation:

minimize  g(F)

subjectto J(F) < o

3!

weighted /;

/
~

4
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A sparsity-promoting optimal control framework

e SPARSITY STRUCTURE IDENTIFICATION

minimize J(F) + v 9(F)
T T
variance convex relaxation
amplification of cardinality

trade-off curve v > 0

card(F)



Problem structure
minimize J(F) + vz Wi | Fij
1, ]

e J(F)—non-convex but smooth

J(F) = trace ( /0 BTe(A=B2F)'t () 4 FTRF) eA-B2F)i B, dt

e weighted ¢; — convex but non-differentiable

g(F) = Y WylFl
i

e J(F')+ vg(F)—non-convex non-differentiable

)
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Alternating direction method of multipliers

minimize J(F) 4+ vyg(F)

e Step 1: introduce additional variable/constraint

minimize J(F) + v9(G)
subjectto FF — G = 0

benefit: decouples J and g

e Step 2: introduce augmented Lagrangian

L,(F,G,A) = J(F) + v9(G) + trace (AT(F — G)) -+ gHF — G|%

18
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e Step 3: use ADMM for augmented Lagrangian minimization

Lo(F.G,A) = J(F) + 79(G) + trace (AT(F = G)) + £ | F = GII%

ADMM:

FEHL = argmin L,(F, GF, AF)
F

GFl = argmin £,(FF, G, AF)
G

Ak:—l—l — Ak 1 p(Fk+1 . sz—l—l)

Many modern applications

Parallel implementation

Boyd et al., Foundations and Trends in Machine Learning ’11



Separability of G-minimization problem

L(F,G,A) = J(F) + v Z Wi;|Gij| + trace (A (F — G)) + gHF—GH%

i J

BN p 2
minimiz ii1 G — —
mize = Z Wi;|Gij| + 9 IG — V%

i J

Vo= (1/p)AF + Rk

e Element-wise separable

C P 2
mln(l;rglze ZZJ:(")/Wij|Gz'j| + §(G'L’j — Vij) )

20
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Solution to /-minimization problem

nMpMaJWf+%W—Uﬁ
U := GF — (1/p)AF

NECESSARY CONDITIONS FOR OPTIMALITY:

(A— By F)L + L(A—- B, F)' = —B B
(A— By F)TP + P(A—ByF) = —(Q + FTRF)
FL+ pQR2R)™'F = RI'BIPL+ p(2R)"'U

e |ITERATIVE SCHEME

Given Fy solve for {Ll,Pl} — F; = {LQ,PQ} —  Fy
descent direction + line search = convergence

Lin, Fardad, Jovanovic, IEEE TAC ’'13



* ADMM {

Structured optimal design

identifies sparsity patterns

provides good initial condition for structured design

(A—- By F)'P + P(A - ByF) = —(Q+ F'RF)
(A—BQF)L+L(A—BQF)T = —B1Bf
(RF — B3P)Llols = 0

X X S
X S S

Newton’s method + conjugate gradient

Is - structural identity

i
—t
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Examples

e FORMATION OF VEHICLES

0 O ™

N

*x Each vehicle: relative information exchange

ui:—ZFij(xi—:Cj), ’iE{Q,...,N—l}
J#

* Leaders: equipped with GPS devices

Uy = —ZFU (r1 — xj) — Fiim
j#1
unNy = — Z FNj(ZUN — ZUj) — FynoN

J#N
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IDENTIFIED COMMUNICATION ARCHITECTURES:

v = 0.01

1 10

~ = 0.05

1 10

all-to-all

nearest neighbors

_|_
leaders-to-all

nearest neighbors

_|_
leaders-to-some
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e A network with N = 100 unstable subsystems
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Motee & Jadbabaie, IEEE TAC 08
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communication graph of truncated centralized gain:

10

card (F') = 7380 (36.9%)

non-stabilizing
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communication graph identified via ADMM:

107 , Q

A o

, i
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Yy o= 9
card (F') /card (F,) = 8.8%

(J — Jo)/Je = 24.6%



communication graph identified via ADMM:

107

card (F') /card (F.) = 5.1%
(J — J)/J. = 40.9%
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communication graph identified via ADMM:

107 Q
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card (F') /card (F,) = 3.4%

(J — Jo)/Je = 48.7%
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communication graph identified via ADMM:

10¢ o)

card (F') /card (F,) = 2.4%
(J — J)/J. = 548%
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Performance comparison: sparse vs. centralized
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SPARSE CONSENSUS NETWORKS

32



Average consensus

v r’
4 ) _ : ,;"
4 e &

e Update using relative differences with neighbors

t;(t) = — Z Fij (zi(t) — x5(¢))

JEN;

Reaching average consensus:  lim z;(t) = — > x;(0)

t— o0

distributed estimation, synchronization of oscillators, load balancing, ...

33
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Consensus with stochastic disturbances

Bit) = = >

jEN;

Fii(z;(t) — x,(t)) + di(t) < disturbance

N
1
Average mode — ) () undergoes a random walk
1=1

If other modes are stable, x;(t) fluctuates around average

e Deviation from average:

Variance amplification

z(t) = x(t)

lim E{z"(t)z(t)}

t— o0

T xaverage (t)

quantifies consensus performance



Structure identification step: SDP formulation
minimize J(F) + fyz Wi, | Fijl
irJ
. 1
subject to F =F' F + N]l]lT ~ 0 F1 =0

F' — Laplacian matrix of undirected graphs

SDP formulation:
minimize trace (X + F) + 72 Yi;

X,Y F
oy o1/ }
subject to 1 = 0
J QU F+4 11T |~

F=F' F1=0
—Yi; < Wik < Y

35

Lin, Fardad, Jovanovic¢, Allerton 2012
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Optimal design step: SDP formulation
minimize J(F)

. 1
subject to F = FT F+N]111T>O F1 =0 F €S8

SDP formulation:

minimize trace (X + F)
X, F
o o
subject to 1 = 0
J Q2 L

F=F' F1=0 Fols=F

Customized algorithm — exploiting structure of graph Laplacian matrix

Lin, Fardad, Jovanovi¢, IEEE CDC 2010



An example

= lim &l zf@)z@) + a@al) + () Qoca z(t)
T T T

deviation from control deviation from
average effort local neighbors
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e An identified communication network

10

local interactions + long-range links

card (F') /card (F)
(J — Je) /Je

7%
14%
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SUMMARY AND OUTLOOK
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Summary
e SPARSITY-PROMOTING OPTIMAL CONTROL PROBLEM
* Performance vs. sparsity trade-off
x Cardinality minimization and convex relaxations

* Alternating direction method of multipliers

Lin, Fardad, Jovanovi¢, IEEE TAC ’13

e SOFTWARE

* www.ece.umn.edu/~mihailo/software/lgrsp/
>> solpath = 1qrsp(A,B1,B2,Q,R, options);

e SPARSE CONSENSUS NETWORKS

* A class of convex problems — SDP formulations


http://www.ece.umn.edu/~mihailo/software/lqrsp/
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e RELATED WORK

*x Optimal synchronization of sparse oscillator networks
Fardad, Lin, Jovanovi¢, IEEE TAC ’13 (submitted)

*x Optimal dissemination of information in social networks
Fardad, Zhang, Lin, Jovanovi¢, CDC '12

* Sparse and optimal wide-area damping control in power networks
Dorfler, Jovanovic, Chertkov, and F. Bullo, ACC ’13 (to appear)

e FUTURE WORK

x Distributed implementation of ADMM
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Northeast blackout 2003

BEFORE: AFTER:

CLEVELAND

e Caused by a SINGLE power plant (at Cleveland) going offline

Removal of key nodes can affect performance and survival of networks
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Leader selection in dynamic networks

CHOOSE LEADERS TO MINIMIZE DEVIATION FROM OPERATING POINT |

e CHALLENGE:

*x Combinatorial optimization problem

e APPROACH:

*x GConvex relaxation = lower bound

x Greedy algorithm = upper bound

e CONTRIBUTIONS:
* Developing customized algorithm

* Exploiting structure of low-rank modifications

Lin, Fardad, Jovanovi¢, IEEE TAC ’'13 (conditionally accepted)
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Characterization of social influence

e How to characterize social influence?

e How to identify individuals with the maximum social influence?

Fardad, Lin, Zhang, Jovanovi¢, ACC ’13 (to appear)
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Matrix completion of partially known state covariances

S K
mlgljrgyze rank (Q)

subjectto AX + XA*+@Q =0
trace(1; X) = ¢g;, i = 1,...,N
X =0
e Nuclear norm relaxation

e Efficient customized algorithm based on ADMM

Lin, Jovanovic, Georgiou, IEEE CDC ’13 (submitted)



THANK YOU!
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ADDITIONAL SLIDES
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Extension: Block sparsity

e cardy (F') — number of non-zero blocks of F

card;, (F) = ) card (||Fy|r)
i

e PENALTY FUNCTIONS THAT PROMOTE BLOCK SPARSITY

* generalized ¢, weighted ¢, sum-of-logs

48



