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FATODE: A LIBRARY FOR FORWARD, ADJOINT, AND
TANGENT LINEAR INTEGRATION OF ODES∗

HONG ZHANG† AND ADRIAN SANDU†

Abstract. Fatode is a Fortran library for the integration of ordinary differential equations with
direct and adjoint sensitivity analysis capabilities. The paper describes the capabilities, implemen-
tation, code organization, and usage of this package. Fatode implements four families of methods:
explicit Runge–Kutta for nonstiff problems, fully implicit Runge–Kutta, singly diagonally implicit
Runge–Kutta, and Rosenbrock for stiff problems. Each family contains several methods with differ-
ent orders of accuracy; users can add new methods by simply providing their coefficients. For each
family the forward, adjoint, and tangent linear models are implemented. General purpose solvers
for dense and sparse linear algebra are used; users can easily incorporate problem-tailored linear
algebra routines. The performance of the package is demonstrated on several test problems. To
the best of our knowledge Fatode is the first publicly available general purpose package that offers
forward and adjoint sensitivity analysis capabilities in the context of Runge–Kutta methods. A wide
range of applications is expected to benefit from its use; examples include parameter estimation,
data assimilation, optimal control, and uncertainty quantification.
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1. Introduction. Many dynamical systems in science and engineering are mod-
eled by ordinary differential equations (ODEs)

(1.1) y′ = f (t, y; p) , t0 ≤ t ≤ tF , y(t0) = y0(p) .

Here y(t) ∈ R
d is the solution vector, y0 is the initial condition, and p ∈ R

m is a
vector of model parameters. Stiffness results from the existence of multiple dynamical
scales, with the fastest characteristic times being much smaller than the time scales
of interest in the simulation. It is well known that the numerical solution of stiff
systems requires unconditionally stable discretizations which allow time steps that
are not bounded by the fastest time scales in the system [14]. Here we assume that
the system parameters p are independent of time. In the context of the ODE system
(1.1), sensitivity analysis yields derivatives of the solution with respect to the initial
conditions or system parameters, as follows:

(1.2) S�(t) =
∂y(t)

∂p�
, � = 1, . . . ,m.

Two main approaches are available for computing the sensitivities (1.2). The direct
(or tangent linear) method is efficient when the number of parameters is smaller than
the dimension of the system (m � d), while the adjoint method is efficient when
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the number of parameters is larger than the dimension of the system (m � d). Fur-
thermore, two distinct approaches can be taken for defining adjoint sensitivities; the
continuous adjoint (differentiate-then-discretize) and the discrete adjoint (discretize-
then-differentiate) approaches typically lead to different computational results.

Sensitivity analysis is an essential ingredient for uncertainty quantification, pa-
rameter estimation, optimization, optimal control, and construction of reduced order
models. Only a few available software packages for the solution of ODEs have the
capability to compute sensitivities. One of the earlier packages is Odessa [17], which
performs direct sensitivity analysis. A modern package is cvodes within sundials

[24] from Lawrence Livermore National Laboratory. cvodes is able to compute direct
and continuous adjoint sensitivities. Both Odessa and cvodes are based on backward
differentiation formulas (BDFs). A software based on explicit Runge–Kutta (ERK)
discretizations is denserks [2], which implements continuous adjoint sensitivity anal-
ysis for nonstiff ODEs. The Kinetic PreProcessor (KPP) [1, 21] is a widely used tool
for the simulation of chemical kinetics and incorporates Runge–Kutta and Rosenbrock
solvers that are endowed with tangent linear and discrete adjoint sensitivity analysis
capabilities.

In this paper we present a library of explicit/implicit Runge–Kutta and Rosen-
brock solvers for the simulation of nonstiff and stiff ODEs. The library, called Fatode

[27, 28, 29, 30], performs forward simulations, and sensitivity analysis via the discrete
adjoint and the tangent linear methods. Fatode brings new capabilities to the con-
stellation of available sensitivity analysis software, as follows.

• Fatode is based on the KPP library of solvers. While the KPP implemen-
tation is specifically aimed at chemical kinetic systems, the Fatode imple-
mentation is general and suitable for a wide range of applications.

• Fatode is the first available general purpose software that implements a
discrete adjoint sensitivity analysis approach. This gives gradients that are
exact, within roundoff error, and therefore highly suitable for numerical op-
timization problems. In contradistinction, both denserks and cvodes im-
plement a continuous adjoint approach; i.e., they solve the adjoint ODEs by
applying the same numerical methods as for the forward ODEs.

• Fatode is the first general purpose package that implements sensitivity anal-
ysis for stiff systems using implicit Runge–Kutta and Rosenbrock methods. In
contrast, denserks uses ERK methods for nonstiff problems, while cvodes

is based on linear multistep methods.
• Numerical tests show that Fatode is competitive with cvodes, from a com-
putational efficiency perspective, as both an ODE integration package as well
as a forward and adjoint sensitivity solver. In addition, the Fatode library
implements not one, but multiple methods, and the user has the possibility
to select the best one for the application at hand.

The paper is organized as follows. The background in section 2 reviews numerical
integration algorithms, with emphasis on those implemented in Fatode, and summa-
rizes the direct and adjoint approaches to sensitivity analysis. Section 3 discusses the
array of tunable parameters offered by the package and provides general guidelines to
selecting the best options for the problem at hand. Section 4 presents the code struc-
ture and implementation aspects of Fatode. Numerical tests with a nonstiff system
are shown in section 5, and those with a stiff system are shown in section 6. Section
7 discusses discusses several important choices of methods and parameters. Conclu-
sions are drawn in section 8. Additional aspects are presented in the supplementary
material [31] that accompanies this paper.
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2. Background.

2.1. Numerical solution of ODEs. A considerable body of work has been
devoted to the numerical solution of ODE systems (1.1), as presented in the mono-
graph [13, 14]. Many classes of numerical discretizations are available, and rigorous
mathematical theories have been developed to analyze their accuracy and stability
properties. Numerical discretizations can be broadly classified into explicit, which
compute the new solution by repeated evaluations of the right-hand side of (1.1), and
implicit, which compute the new solution by solving (non)linear systems of equations
at each step. When solving nonstiff systems of ODEs the step sizes are decided solely
based on accuracy requirements, and explicit methods [13] are preferred due to their
lower cost per step. Implicit methods [14] are employed when solving stiff systems
due to their better numerical stability properties.

Fatode implements four families of methods: ERK for nonstiff problems, and
Rosenbrock, fully implicit Runge–Kutta (FIRK), and singly diagonally implicit Runge–
Kutta (SDIRK) for stiff problems. Forward and adjoint sensitivity solvers are also
included. The implicit methods have been previously implemented in KPP [1, 21]
and have proved to be very efficient for solving many stiff chemical problems includ-
ing CBM-IV [10], SAPRC [5], and NASA HSRP/AESA. The implementation of the
forward implicit methods is inspired by the codes associated with the monograph [14].

All methods in Fatode are one-step integration formulas that advance the nu-
merical solution yn ≈ y(tn) to yn+1 ≈ y(tn+1), tn+1 = tn + h, using

(2.1) yn+1 = Φn(yn, p), n = 0, . . . , N − 1 .

The specific families of methods are introduced below.
Runge–Kutta methods. A general s-stage Runge–Kutta method reads [13]

Ti = tn + cj h , Yi = yn + h
s∑

j=1

ai,j f (Tj , Yj) , i = 1, . . . , s ,(2.2a)

yn+1 = yn + h
s∑

j=1

bj f (Tj , Yj) ,(2.2b)

where the coefficients

(2.3) A = [ai,j ]1≤i,j≤s , b = [bi]1≤i≤s , c = [ci]1≤i≤s = A · 1(s,1)

define the method and determine its accuracy and stability properties. ERK methods
are characterized by the coefficients ai,j = 0 for all i and j ≥ i. SDIRK methods are
defined by (2.2) with ai,i = γ and ai,j = 0 for all i and j > i. Fully implicit methods do
not enjoy any special structure of the coefficient matrix and require coupled solutions
for all the stage vectors, i.e., solutions of nonlinear systems of dimension sd× sd.

Rosenbrock methods. An s-stage Rosenbrock method [13] is given by the formulas

Ti = tn + αih , Yi = yn +

i−1∑
j=1

αi,j kj ,(2.4a)

ki = h f (Ti, Yi) + hfy(tn, yn) ·
i∑

j=1

γi,jkj + γih
2ft(tn, yn), i = 1, . . . , s ,(2.4b)
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yn+1 = yn +

s∑
j=1

bjkj ,(2.4c)

where particular methods are defined by their coefficients

α = [αi,j ]1≤i,j≤s , b = [bi]1≤i≤s , γ = [γi,j ]1≤i,j≤s ,(2.5)

αi =

i−1∑
j=1

αi,j , γi =

i∑
j=1

γi,j ; αi,j = 0 ∀ i ≥ j ; γi,j = 0 ∀ i > j .

We have γi,i = γ for all i for computational efficiency. Here fy = ∂f/∂y ∈ R
d×d

represents the Jacobian of the ODE function, and ft = ∂f/∂t, as discussed in [31,
part A]. We will denote matrices and tensors by bold symbols and vectors and scalars
by regular symbols. Rosenbrock methods are attractive because of their excellent
stability properties and the conservation of linear invariants of the system. They
typically outperform BDFs such as those implemented in smvgear [9] for medium
accuracy solutions.

Methods implemented in Fatode. The particular numerical schemes available in
Fatode are summarized in Table 1.

The ERK methods are suitable for nonstiff systems. The orders of accuracy
range between two (RK2) and eight (DOPRI-853). The cost per step is (roughly)
proportional to the number of stages.

All FIRK methods have three stages and require a coupled solution of all of them.
This is implemented via two LU factorizations per step, one real and one complex.
Thus the FIRK cost per step is the largest among all methods in Fatode. A-stability
and L-stability are linear stability properties that guarantee that truncation errors do
not accumulate quickly regardless of the stepsize [14]. L-stable methods are well suited
for stiff problems as they guarantee a strong damping of the fast solution transients.
Stiff accuracy is a property that allows for correct solutions of nonlinear systems in
the limit of infinite stiffness (when the ODE becomes a differential algebraic equation
[14]).

SDIRK schemes perform a single LU factorization per time step, which is used
to solve the nonlinear equations in each stage by simplified Newton equations. The
number of forward-backward substitutions equals the total number of simplified New-
ton iteration for all stages. The methods implemented have orders two and four and
are all stiffly accurate, meaning that they are suitable for stiff problems.

Rosenbrockmethods have the lowest cost per time step among all implicit schemes.
Only linear systems need to be solved. There is one LU factorization per time step
and as many forward-backward substitutions as there are stages. All methods imple-
mented are L-stable. The stiff accuracy property is defined differently for Rosenbrock
schemes than for Runge–Kutta schemes [14], but the meaning is similar: stiffly accu-
rate methods provide correct results in the asymptotic limit of infinite stiffness.

2.2. Sensitivity analysis. Consider an output vector Ψ ∈ R
o that depends on

the solution of the system (1.1)

(2.6) Ψ = g (y(tF ), p) +

∫ tF

t0

r (t, y(t), p) dt ,

where g : R
d+m → R

o and r : R
1+d+m → R

o. For example, the first terms can
penalize the discrepancy between the model state and a target state at the final time,
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Table 1

Time stepping methods implemented in Fatode. (ERK, FIRK, SDIRK, and ROS stand for ex-
plicit Runge–Kutta, fully implicit Runge–Kutta, singly diagonally implicit Runge–Kutta, and Rosen-
brock, respectively.)

Family Method Stages Order Stability properties

ERK

RK2(3) [13] 3 2 Conditionally stable
RK3(2) [13] 4 3 Conditionally stable
RK4(3) [13] 5 4 Conditionally stable
DOPRI5 [13] 7 5 Conditionally stable
Verner [13] 8 6 Conditionally stable
DOPRI853 [13] 12 8 Conditionally stable

FIRK

Radau1A [14] 3 5 L-stable
Radau2A [14] 3 5 L-stable, stiffly accurate
Lobatto3C [14] 3 4 L-stable, stiffly accurate
Gauss [14] 3 6 Weakly A-stable

SDIRK

Sdirk2a 2 2 L-stable, stiffly accurate
Sdirk2b 2 2 L-stable, stiffly accurate
Sdirk3a 3 2 L-stable, stiffly accurate
Sdirk4a [14] 5 4 L-stable, stiffly accurate
Sdirk4b [14] 5 4 L-stable, stiffly accurate

ROS

Ros2 [26] 2 2 L-stable
Ros3 [23] 3 3 L-stable
Rodas3 [23] 4 3 L-stable, stiffly accurate
Ros4 [14] 4 4 L-stable
Rodas4 [14] 6 4 L-stable, stiffly accurate

g(tF ) = ‖y − ytarget(tF )‖. The integral terms can measure the discrepancy between
quantities O(y) predicted by the model and measurements of the same quantities in
the physical world, r = ‖O(y(t)) − zobserved(t)‖. In the solution of inverse problems
the entries of Ψ are referred to as objective functions, and in the context of uncertainty
quantification as quantities of interest.

The output functions (2.6) can be formulated solely in terms of the final state by
extending the ODE system. To account for the evolution of the parameters we add
the formal equations for the parameter evolution p′ = 0. To compute the integral
terms in (2.6) we add the quadrature variables q ∈ R

o whose evolution is defined by
q(t0) = 0 and q′ = r (t, y, p). The equation (1.1) and the outputs (2.6) become

⎡
⎣ y

p
q

⎤
⎦
′

=

⎡
⎣ f (t, y, p)

0
r (t, y, p)

⎤
⎦ , t0 ≤ t ≤ tF ;

⎡
⎣ y(t0)

p(t0)
q(t0)

⎤
⎦ =

⎡
⎣ y0

p
0

⎤
⎦ ,(2.7)

Ψ = g (y(tF ), p) + q(tF ) .(2.8)

Since (2.6) is equivalent to (2.8), in the remainder of this section we will consider
r = 0 in order to simplify the presentation, and without loss of generality. However,
as explained later, the Fatode implementation treats the case r �= 0 separately to
enhance computational efficiency.

Sensitivity analysis yields the derivatives of the model outputs Ψ1, . . . ,Ψo, with
respect to the model inputs, i.e., the parameters p1, . . . , pm. The two main approaches
to compute the sensitivity matrix dΨ/dp ∈ R

o×m are discussed next.

2.3. Direct sensitivity analysis. Small changes δp in the parameters result in
small perturbations δy(t) of the solution of ODE system (1.1), which in turn lead to
small changes δΨ in the model outputs. Let ṗ = δp/ ‖δp‖ be the scaled perturbation
and ẏ = δy/ ‖δp‖ be the directions of solution change. These directions propagate
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forward in time according to the tangent linear ODE :

(2.9) ẏ′ = fy(t, y; p) · ẏ + fp(t, y; p) · ṗ , ẏ(t0) =
dy0
dp

· ṗ , ẏ(t) ∈ R
d .

The sensitivity matrix dΨ/dp is computed column by column, as follows. Solve the
tangent linear model (2.9) with ṗ = e� to obtain ẏ� = S� (1.2). Here e� ∈ R

m is a
vector with the �th entry equal to one, and all other entries equal to zero. The �th
column of the sensitivity matrix is

(2.10)
dΨ

dp�
= gy (y(tF ), p) · ẏ�(tF ) + gp�

(y(tF ), p) , � = 1, . . . ,m

(recall that we now assume r = 0 without loss of generality). The computational cost
of the forward sensitivity analysis is dominated by the m integrations of the tangent
linear model (2.9). Therefore, the forward approach works best when the number
of parameters m is small. On the other hand, the number of outputs defines the
dimension of (2.10) but has a small influence on (2.9); therefore, it has only a small
impact on the total computational cost.

In principle two approaches are possible to obtain the sensitivities in an appli-
cation. In the continuous forward sensitivity approach one first differentiates the
forward ODE system (1.1) to obtain the continuous tangent linear ODE (2.9). The
forward and the tangent linear ODE systems are solved together forward in time. For
example, an application of the implicit Euler method leads to the numerical solution

yn+1 = yn + h f(tn+1, yn+1, p) ,(2.11a)

ẏn+1 = ẏn + h fy(tn+1, yn+1, p) · ẏn+1 + h fp(tn+1, yn+1, p) · ṗ .(2.11b)

In this case ẏn represents a numerical approximation of the continuous forward sen-
sitivities ẏ(tn).

In the discrete forward sensitivity approach one starts with the numerical approx-
imation of the forward system (2.1) and differentiates it in the direction ṗ:

(2.12) ẏn+1 = Φn
y(yn, p) · ẏn +Φn

p(yn, p) · ṗ, n = 0, . . . , N − 1 .

In this case ẏn represents the sensitivity of the forward numerical solution dyn/dp · ṗ.
It is easy to see that the differentiation of the implicit Euler solution (2.11a) with

respect to parameters leads to discrete sensitivity equations (2.12) that are precisely
(2.11b). Like with implicit Euler, for all methods implemented in Fatode the contin-
uous and the discrete forward sensitivity approaches lead to exactly the same results.
Fatode solves the combined equations (2.11) in an efficient manner; for example, in
case of implicit schemes, the LU factorization used to solve the sensitivity equation
(2.11b) is reused in the next step to solve the forward system (2.11a).

2.4. Adjoint sensitivity analysis. In adjoint sensitivity analysis the matrix
dΨ/dp is computed row by row, as follows. For each output function Ψi solve the
following adjoint ODE for λi(t) ∈ R

d and μi(t) ∈ R
m:

(2.13)
λ′
i = −fT

y (t, y; p) · λi , λi(tF ) = (gi)
T
y (y(tF ), p) ,

μ′
i = −fT

p (t, y; p) · λi , μi(tF ) = (gi)
T
p (y(tF ), p) ; tF ≥ t ≥ t0 .

The adjoint equation (2.13) is derived using variational calculus [19, 20]. We observe
that the adjoint equation is solved backward in time and that its formulation depends
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on the forward model state y(t). Therefore, in order to solve (2.13) one needs to first
solve (1.1) forward in time and save the entire solution y(t). This solution is used to
form the Jacobians during the backward in time adjoint integration.

It can be shown that the sensitivity of the ith output with respect to all parameters
can be obtained from the adjoint variables as [19, 20]

dΨi

dp
= μT

i (t0) + λT
i (t0) ·

(
dy0
dp

)
, i = 1, . . . , o .

The cost of computing the entire sensitivity matrix dΨ/dp is dominated by the re-
peated solution of the adjoint systems (2.13) for i = 1, . . . , o. Therefore, the adjoint
method is most effective when the number of outputs o is small. The number m of
model inputs (parameters) defines the size of μi. Since these variables are obtained
via relatively inexpensive Jacobian-transposed vector products fp

Tλi, the number of
parameters m does not impact the overall computational cost considerably.

Two approaches are possible to numerically evaluate the sensitivities dΨ/dp. The
continuous adjoint approach applies a numerical discretization to solve the adjoint
ODE (2.13). Since the adjoint ODE is formed first, this strategy is also called
the differentiate-then-discretize approach. For example, if the implicit Euler method
(2.11) is used to solve (2.13), one obtains

(2.14)
(λi)N = (gi)

T
y (y(tF ), p) ; (λi)n = (λi)n+1 + h fT

y (tn, y(tn); p) · (λi)n ,

(μi)N = (gi)
T
p (y(tF ), p) ; (μi)n = (μi)n+1 + h fT

p (tn, y(tn); p) · (λi)n

for N − 1 ≥ n ≥ 0. In practice the Jacobian arguments are replaced by numerical
approximations of the forward trajectory. In general the forward steps and the con-
tinuous adjoint steps need not coincide. The Jacobian arguments are computed by
interpolating the stored forward solution so as to obtain intermediate state variables
at the times required by the backward integration. The continuous adjoint variables
are approximations of the solutions of the adjoint ODE (2.13), (λi)n ≈ λi(tn), and
(μi)n ≈ μi(tn).

In the discrete adjoint sensitivity approach one starts with the numerical approx-
imation of the forward system (2.1) and builds the adjoint (linearized transpose) of
the discrete system

(2.15)
λN = gT

y (yN ) ; μN = gT
p (yN ) ;

λn = Φn
y(yn, p)

T · λn+1; μn = Φn
p(yn, p)

T · λn+1, n = N − 1, . . . , 0 .

For example, the discrete adjoint of the implicit Euler method (2.11) reads

(2.16)
(λi)N = (gi)

T
y (yN , p) ; (λi)n = (λi)n+1 + h fT

y (tn+1, yn+1; p) · (λi)n ,

(μi)N = (gi)
T
p (yN , p) ; (μi)n = (μi)n+1 + h fT

p (tn+1, yn+1; p) · (λi)n

for N − 1 ≥ n ≥ 0. The arguments of fT
y , fT

p are the numerical approximations
of the implicit Euler method applied to the forward problem (2.11). The discrete
adjoint approach (2.16) follows exactly the same sequence of time steps as the for-
ward integration (2.11), but in reverse order. The discrete adjoint variables represent
derivatives of the numerical solution, e.g., (λi)n = dΨi(yN )/dyn.

The continuous (differentiate-then-discretize) and the discrete (discretize-then-
differentiate) adjoint approaches lead, in general, to different computational results
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[25]. This can be easily seen for our implicit Euler example by comparing (2.14) and
(2.16). The arguments of fT

y , fT
p differ; even if the same sequence of forward steps is

used in both cases, the Jacobians are evaluated at yn in the continuous adjoint and
at yn+1 in the discrete adjoint systems.

All sensitivity packages currently available (Odessa [17], cvodes [24], and denserks

[2]) implement a continuous adjoint sensitivity approach. Important characteristics
of the continuous adjoint approach are as follows. Continuous adjoints are numeri-
cal solutions of the adjoint ODE; therefore, they always approximate the continuous
derivatives. However, they are not the (exact) gradients of any function. The con-
tinuous approach offers implementation flexibility; the numerical method and the
sequence of step sizes used to solve the adjoint ODE may differ from those used to
solve the forward ODE and may be tuned separately to satisfy the accuracy needs of
the reverse integration. However, this comes at a cost; the forward numerical solution
needs to be interpolated to the time points required in the adjoint integration.

The discrete adjoint approach has several important characteristics that distin-
guish it from the continuous approach. Discrete adjoint variables are derivatives of
the forward numerical solution. However, there is no guarantee that they are approx-
imations of the continuous derivatives [19, 21]. The discrete approach provides exact
gradients (within roundoff) of the numerical cost functions, which is advantageous in
the solution of numerical optimization problems. The computational process and the
sequence of step sizes are determined by the forward numerical method and by the
forward steps; there is no flexibility to separately tune the adjoint integration. In the
same time, all the variables needed to form the discrete adjoint are computed during
the forward solution, and no additional interpolations are necessary. The human ef-
fort required to implement the adjoint of a complex model is considerable; discrete
adjoints can be constructed automatically by algorithmic differentiation [4] to reduce
this effort. In addition, one can compute sensitivities of ODEs described by legacy
code, and for which the analytical formulation may be unavailable.

Fatode is the first package to implement discrete adjoints for all the methods
considered. This allows the users to benefit from all the advantages of this approach
described above. In addition, the discrete adjoints implemented have good theoretical
properties in the sense that they are consistent discretizations of the adjoint ODE.
We recall the following theorem from [19, 20].

Theorem 2.1 (consistency of discrete Runge–Kutta adjoints). If a Runge–Kutta
method (2.2) has order of consistency p, then its discrete adjoint (2.15) is an order p
discretization of the adjoint ODE (2.13).

The proof of this theorem accounts for both the adjoint truncation error and the
approximation of the linearization point (the use of a forward discrete solution yn
instead of y(tn) in the Jacobian arguments). Similar arguments apply to the discrete
adjoints of Rosenbrock methods (2.4).

3. Selection of different options in FATODE. Fatode offers a wide array of
tunable parameters for the solution of ODEs and the calculation of sensitivities. We
provide some general guidelines that could help a user select the options that best
suit the problem at hand. A complete discussion of the available options is given in
the Fatode User’s Guide [29].

3.1. Selecting a family of methods. ERK are the methods of choice for non-
stiff problems. SDIRK and Rosenbrock are preferable for stiff problems where a
moderate accuracy is required, and FIRK methods are for very stiff systems or when
a high accuracy is needed. Among the implicit schemes, the FIRK cost per step is
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the highest, while the Rosenbrock cost per step is the lowest.

3.2. Selecting a particular method within a family. This choice reflects
the tradeoff between compute time and accuracy. For maximum efficiency one would
choose schemes of order two to four for faster, low to medium accuracy calculations,
and progressively higher order schemes for more accurate results. Methods of order
five to eight are most efficient when high accuracies are sought.

As explained in section 2.1, all L-stable methods are suitable for the integra-
tion of stiff systems as they provide strong damping of the fast components of the
error. Methods which, in addition, are stiffly accurate retain the solution accuracy
in the limit of infinite stiffness. Therefore, stiffly accurate methods like Radau2A,
Lobatto3C, Sdirk4{a,b}, and Rodas{3,4} are well suited for the integration of very
stiff systems (1.1). On the other hand, the Gauss method is only weakly A-stable,
meaning that it only weakly attenuates fast transients, and is therefore not suited for
very stiff systems. The Gauss method is useful when the energy of the system needs
to be preserved, for example, in the case of Hamiltonian dynamics.

3.3. Selecting a linear algebra solver. The most computationally intensive
part in solving large-scale ODE systems by implicit methods is the solution of linear
systems at each step. Fatode provides several direct linear algebra solvers that
work well for small and medium-size problems. The selection of a specific package
depends on the problem at hand: lapack should be used for problems with full
Jacobian matrices, and umfpack or Superlu should be used for problems with a
sparse structure. For very large problems a better solution is to link the integrators to
third-party Krylov space iterative solvers and utilize problem-specific preconditioners.

3.4. Choosing the direct or the adjoint approach to sensitivity calcu-
lations. The two main approaches to compute the sensitivity matrix dΨ/dp ∈ R

o×m

have different computational complexities, as explained in section 2. As a rule of
thumb, the direct (or tangent linear) method is chosen when the number of parame-
ters is smaller than the number of outputs (m � o), while the adjoint method is chosen
when the number of parameters is larger than the number of outputs (m � o). When
m ≈ o the direct method is preferable due to its lower implementation complexity.

For the adjoint method the user has the option to compute sensitivities with
respect to only the initial conditions, e.g., for a data assimilation application, or to
compute sensitivities with respect to both model parameters and initial conditions,
e.g., in a parameter estimation application.

3.5. Selecting the solution approach for the sensitivity systems. Both
the tangent and the adjoint ODEs are linear, and during each step the corresponding
sensitivity variables are the solutions of a linear system of equations. Fatode offers
the choice to build this system and to solve it directly or to employ simplified Newton
iterations that reuse the LU decompositions performed during forward calculation. If
the LU factors can be stored, then the simplified Newton iterations save considerable
CPU time in forward sensitivity mode by reusing the LU decomposition. In adjoint
sensitivity calculations the computational savings need to be judged against the addi-
tional read/write overhead for checkpointing large, multiple LU factorized matrices,
and against the physical dimensions of the tape. The direct approach should be
selected if an iterative linear algebra solver is employed, and no explicit LU decompo-
sition is available. When simplified Newton iterations are used the computed adjoints
are equal to the discrete gradients within the truncation error margin (and not to
roundoff error).
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Fig. 1. Overall structure of Fatode.

3.6. Choosing tolerances. Absolute and relative tolerances reflect the desired
degree of solution accuracy. It is a good idea to select slightly tighter tolerances
for sensitivities than required by the forward application alone. For best performance
absolute tolerances need to be chosen such as to reflect the magnitude of each solution
component. This is typically very difficult with sensitivity calculations, as sensitivity
coefficients can vary over many orders of magnitude, and little information about
their values is available a priori. Repeated calculations may be needed to properly
calibrate absolute tolerances.

3.7. Computing derivatives. The stiff solvers, as well as the tangent linear
and adjoint methods, require the computation of various derivatives such as the Ja-
cobians of the ODE function or of the output functions with respect to the state and
parameters. The derivatives supplied to Fatode can be obtained analytically, by
finite differences, or by automatic differentiation. Details about the required deriva-
tives and their implementation can be found in [31, part G.1]. Analytical or automatic
differentiation generated Jacobians and Hessians are to be preferred due to their ac-
curacy and, most often, their computational efficiency. Finite differences are the least
recommended as their accuracy is difficult to control, and their errors directly impact
the computed sensitivities. Rosenbrock methods require the most additional deriva-
tives, including Hessians, for sensitivity calculations. If derivatives are difficult to
obtain, or expensive to run, then SDIRK or FIRK methods are to be preferred.

4. Code organization. Fatode implements four types of methods: explicit,
fully implicit, and singly diagonally implicit Runge–Kutta methods, and Rosenbrock
methods. For each family of methods, a module is given for the main integrator, a
module is given for the linear system solver interface, and a set of modules is given
for generic linear system solvers. They form the basic structure shown in Figure 1.

The main integration module provides the basic time stepping framework and is
independent of the linear system solver.

• The forward integrator calls the user-supplied right-hand side function and
Jacobian and accesses the linear system solver in order to compute the ODE
solution. Users can employ Fatode as a high quality ODE solution library
even when its sensitivity analysis capabilities are not needed. Details of the
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implementation of different Runge–Kutta and Rosenbrock methods are given
in [31, part B].

• The tangent linear integrator and the adjoint integrator require users to also
specify the parameters of interest as additional inputs. The tangent linear
integrator, by default, considers the initial conditions of the ODE system as
the parameters of interest and computes the sensitivity of the ODE solution
with respect to them. Highly efficient tangent linear implementations are
obtained by reusing the LU decompositions from the forward solution on the
sensitivity equations [8]. Details about each family of tangent linear methods
are given in [31, part C].

• For efficiency reasons Fatode provides two implementations of the adjoint
integrator—one for sensitivities with respect to initial conditions, detailed in
[31, part D], and one for sensitivities with respect to parameters, discussed in
[31, part F]. By default scalar cost functions (2.6) are considered. The cost
function and its derivatives are supplied by the user; cost function derivatives
are used to define the adjoint initial conditions (see (2.15) and [31, eqn. (E.6)])
and to provide the forcing of the adjoint equations.

The linear system solver modules define the data structures for the Jacobians
(e.g., dense, sparse), interfaces to routines that compute Jacobian (or its transpose)
times vector products, and interfaces to linear solvers. Linear algebra is implemented
transparently to the ODE solvers via four generic routines: LS Init (allocates memory
and initializes the specific linear solver), LS Decomp (LU decomposition), LS Solve
(solves the triangular systems by substitution), and LS Free (frees the memory allo-
cated during the initialization stage). They provide interfaces to dense (lapack [3])
and sparse (umfpack [6] and superlu [7]) linear algebra packages. Separate mod-
ules are provided for each of the implicit time stepping families in Fatode, as they
perform different Jacobian operations and solve different types of systems (e.g., real-
valued linear systems of dimension d× d for Rosenbrock and real and complex linear
systems of dimension d × d for Runge–Kutta). All the required code modifications
for a new application, or for adding a new solver, are done within the linear algebra
modules. Details on the linear algebra part of Fatode are given in [31, part H].

The adjoint model requires two runs. First, the forward code performs a regular
integration of the ODE system. At each step the time tn, the step size, the forward
solution vector, and the intermediate stage vectors are all saved in checkpoints. Next,
the discrete adjoint code is run backward in time and traces the same sequence of
steps, but in reverse order. At each step, the data in the checkpoint storage is retrieved
and used to construct the adjoint system. The results of LU factorizations can, in
principle, be checkpointed and reused in the adjoint calculations. This is not done in
our implementation for the following reasons. The memory and input/output costs
for storing LU factors can be extremely large when the system is large or when many
steps are taken. Next, Fatode is designed such that the details of the linear solver are
transparent to the main integrator. This transparency cannot be preserved when one
builds and manages a stack for data structures that are specific to particular linear
solvers.

Variable step size is employed by Fatode to control numerical errors and maxi-
mize efficiency. The forward integrators estimate the truncation errors using Runge–
Kutta and Rosenbrock embedded solutions. Local error tests are performed based
on the relative and absolute error tolerances specified by the user, and they are used
to decide acceptance/rejection of the current solution as well as the size of the next
step. For the forward sensitivity analysis Fatode allows control of the truncation
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errors for both the forward solution and the tangent linear model solution. There
is no step size control during the discrete adjoint integration as it traces the same
sequence of steps as the forward integration. However, user-specified tolerances are
employed to control the convergence of the iterative solutions of sensitivity equations.
Implementation details for error estimates and step size control are given in [31, part
G].

To increase efficiency the FIRK and SDIRK implementations have the possibility
to reuse previous LU factorizations in lieu of recomputing a new factorization at the
current step. The reuse is allowed when the following three conditions are simul-
taneously met: the same LU factorization has not been in use for more than Nmax

consecutive steps; the ratio of the predicted step size to the current step size satisfies
qmin ≤ hpredicted/h ≤ qmax; and the convergence rate of the simplified Newton iter-
ations in the previous step is smaller than θmax. The default values are Nmax = 20,
qmin = 1, qmax = 1.2, and θmax = 0.001, and they can be changed by the user.

5. Numerical experiments with a nonstiff problem: Two-dimensional
shallow water equations. In this section we illustrate the capabilities of Fatode
and evaluate the performance of each family of methods using a semidiscretized system
of partial differential equations. We compare Fatode with the well-established code
cvodes within sundials [15] for the forward solution, as well as for the direct and
adjoint sensitivity analysis. Note that cvodes is implemented in the C programming
language, while Fatode is written in Fortran. To reduce the influence of different
compilers, we use the same Fortran implementations of the right-hand side function
and its Jacobian and call them from cvodes via C interfaces.

All the experiments are performed on a workstation with dual Intel Xeon E5-2630
CPUs (2.3GHz) running Fedora 17 (x86 64) Linux. PGI Fortran Version 12.10-5 and
GCC Version 4.7.2 are used for compilation, with level O3 optimization. Unless stated
otherwise, the default settings for parameters are used in all Fatode calls.

We consider the two-dimensional shallow water equations [16]

∂
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where u(t, x, y), v(t, x, y) are the components of the velocity field, h(t, x, y) is the fluid
layer thickness, and g denotes the gravitational acceleration. The spatial domain is
Ω = [−3, 3]2, and the simulation time interval is [t0, tF ] = [0, 0.02] time units. The
spatial domain is covered by a grid of size 40 × 40, and third order upwind finite
differences are used to perform the spatial discretization. This results in a large,
nonstiff ODE system of dimension 40× 40× 3 = 4800 which is solved by Fatode.

A reference solution of the ODE system is obtained by using lsode [18], a well-
known but relatively slow ODE solver, with a very tight relative and absolute toler-
ances of 10−14. The solution relative error is defined as

(5.2) Err = ‖y(tF )− yref(tF )‖2 / ‖yref(tF )‖2 ,

where y(tF ) is the numerical solution at the final step tF , and yref(tF ) is the reference
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solution at tF . A similar metric is used for the relative sensitivity errors

(5.3) Err = ‖s− sref‖2 / ‖sref‖2 ,
where s is a numerical sensitivity vector. The reference values sref are computed
using Adam–Moulton methods in cvodes [15] with relative and absolute tolerances
of 10−14 for adjoint sensitivities, and with a relative tolerance of 10−9 and an absolute
tolerance of 10−10 for tangent linear sensitivities.

We report below numerical results with the nonstiff integrators in Fatode and
cvodes. Results with the stiff solvers in Fatode and cvodes on the shallow water
test can be found in the supplementary material [31, part I].

5.1. Forward solution. cvodes [15] is the sensitivity analysis-enabled version
of cvode, which uses the Adams–Moulton methods for nonstiff ODE systems and
the backward differentiation formulas (BDFs) for stiff ODE systems. Both methods
are implemented in a variable-order variable-step form. In our test, we employ the
Adams–Moulton method in cvode. We select three ERK methods of orders three,
five, and eight in Fatode. The Gustafsson predictive error controller is used for all
of them.

With each solver we vary both absolute and relative error tolerances from 10−2

to 10−7 to obtain solutions of different levels of accuracy (the absolute and relative
error tolerances are equal to each other). The resulting work-precision diagrams are
shown in Figures 2(a) (error versus step size) and 2(b) (error versus CPU time). For
the same level of accuracy, the ERK methods in Fatode take fewer steps than the
Adams–Moulton method in cvodes, but the cost per step is higher. Nevertheless,
Fatode’s ERK methods of orders five and eight outperform cvodes, with the best
overall CPU time being achieved by Fatode’s order eight method.

5.2. Direct sensitivity analysis. We now calculate the sensitivities of all solu-
tion components at the final time with respect to the initial value of the first solution
component ∂yi(tF )/∂y1(t0), i = 1, . . . , d, using tangent linear model integration.

The performance results of nonstiff tangent linear integrators are shown in Fig-
ures 2(c) (error versus step size) and 2(d) (error versus CPU time). Fatode’s ERK
TLM methods of all orders are considerably more efficient than the nonstiff forward
sensitivity solver in cvodes in terms of both CPU time and number of steps.

5.3. Adjoint sensitivity analysis. We next calculate the sensitivities of the
first solution component at the final time with respect to all initial values ∂y1(tF )/
∂yi(t0), i = 1, . . . , d, using adjoint model integration.

Work-precision diagrams for the adjoint explicit solvers are shown in Figures 2(e)
(error versus step size) and 2(f) (error versus CPU time). The ERK adjoint methods
in Fatode take fewer steps but run slightly more slowly than the Adams–Moulton
method in cvodes. This is due to the fact that the ERK method in Fatode requires
more Jacobian evaluations and Jacobian-vector products during the adjoint backward
run.

6. Numerical experiments with a very stiff problem: The carbon bond
chemical system. We now apply Fatode to the integration and parameter sensi-
tivity analysis for a very stiff system. The experiments are carried out on the same
platform and with the same Fortran compiler and optimization options as for the
shallow water test. The relative errors are evaluated using formulas (5.2) and (5.3).

The Carbon Bond-IV Mechanism (CBM-IV), which consists of 32 species and
81 reactions, was developed for simulating urban smog and modeling regional atmo-
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(f) Adjoint sensitivity error vs. CPU time

Fig. 2. ODE solution and sensitivity analysis of the shallow water equations (5.2) using nonstiff
solvers. Comparison is made between three ERK methods in Fatode and the Adams–Moulton
method in cvode. Different points in each plot correspond to different tolerance levels in the range
10−2, 10−3, . . . , 10−7 (with the absolute tolerances equal to the relative tolerances). The tangent
linear models compute the sensitivity ∂yi(tF )/∂y1(t0), i = 1, . . . , d, and the adjoint models compute
the sensitivity ∂y1(tF )/∂yi(t0), i = 1, . . . , d.

spheric pollution [5]. Complete descriptions of the CBM-IV chemical mechanism, and
of the setting of the numerical experiments, are given in the supplementary material
[31, part J]. The first six dominant eigenvalues of the Jacobian matrix vary in magni-



C518 HONG ZHANG AND ADRIAN SANDU

tude from −1.4×109 to −2.4×10−1, which indicates that the system is very stiff and
requires implicit methods with good stability properties. We select two L-stable and
stiffly accurate methods (a high order one and a low order one) from each of the three
categories of implicit methods in Fatode. Their performance is compared against
the BDF method implemented in cvodes.

The sensitivities of individual species concentrations at the final time with respect
to a variety of reaction rate coefficients are calculated using adjoint integration. These
sensitivities quantify the change in concentrations due to small perturbations in the
reaction rate coefficients and help identify the most important reactions. Of particular
interest is the response of the gas-phase species O3, NO2, HONO, N2O5, and HNO3

to perturbations of reaction rates.
To obtain a reference solution, both adjoint cvodes and the adjoint radau5

integrator in Fatode are run with very tight tolerance settings. For the ODE solution
we use rtol = 10−14 and atol = 10−8×atol0 for both codes. The entries of the vector of
absolute tolerances atol0 reflect the magnitude of typical concentrations of individual
chemical species. cvodes requires additional tolerances for sensitivity analysis, which
are set to rtol sen = 10−14, atol sen = 10−17. The two codes yield sensitivity results
that are very close to each other. To provide the most favorable comparison setting
for cvodes we use its results as the reference solutions in (5.2) and (5.3).

For the numerical tests each solver is run with a series of progressively tighter
tolerances {atol, rtol} = {atol0/(5k), 10−3/(5k)} for k = 0, . . . , 7 (for cvodes we use
k = 0, . . . , 9 to better capture its behavior at high accuracy levels). The forward ODE
integration results shown in Figures 3(a), 3(b) reveal that the most efficient solvers
are Fatode’s Rodas4 (for lower accuracies) and Radau2A (for higher accuracies),
followed closely by cvodes.

The work-precision diagrams for the adjoint sensitivity results are shown in Figure
3(c) (with respect to the number of backward steps) and in Figure 3(d) (with respect
to CPU time). For Fatode the number of backward steps is the same as the number of
accepted steps during forward integration, while for cvodes the number of backward
steps varies for each different adjoint problem. Figure 3(c) reveals that the number
of backward steps in Fatode is in general smaller that in cvodes. The results in
Figure 3(d) show that for moderate accuracies (relative error above 10−5) the SDIRK
and the Rosenbrock adjoint methods in Fatode are more effective than cvodes. For
high accuracies the most efficient is Fatode’s FIRK adjoint method Radau2A. Note
that cvodes implements a variable-order BDF method with maximum order five.
The most efficient method Radau2A has order five as well, while the other schemes
in Fatode have lower orders.

7. Comparison of different option choices in FATODE. Fatode offers a
multitude of methods and a wide range of tunable parameters for each method. This
allows the user to configure the solvers to best meet the needs of the application at
hand. This section discusses several important choices of methods and parameters in
Fatode and illustrates their impact on the solver performance with the help of the
shallow water and carbon bond example problems. For a detailed discussion of all
available choices the reader should consult Fatode’s User’s Guide [29].

7.1. Choice of method. Generally speaking, higher order methods are more
efficient than lower order methods when medium to high accuracies are sought. Fig-
ure 2 illustrates this in the context of the shallow water problem: the eighth-order
DOPRI853 is the most efficient explicit method for both the ODE solution and the
sensitivity analysis.
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Fig. 3. Work-precision diagrams for the ODE solution and for adjoint sensitivities for the stiff
CBM-IV test problem. Adjoint sensitivities of five chosen species (O3, NO2, HONO, N2O5, and
HNO3) with respect to 24 constant reaction rate coefficients are computed.

In case of implicit schemes the solution of nonlinear systems dominates the total
cost when large ODE systems are solved. The test results on the shallow water
equations (reported in the supplementary material) reveal that Sdirk4a is the most
efficient implicit solver for both forward and tangent linear integration. For smaller
ODE systems like CBM-IV, the highest efficiency can be obtained by FIRK methods,
e.g., Radau2A in Figure 3. The sixth-order Gauss method takes too many steps to
be competitive on CBM-IV. This is due to its weak A-stability. For larger systems
the stage coupling inherent with FIRK methods impacts the cost of the linear solvers,
which explains why SDIRK and Rosenbrock methods perform best on the shallow
water test.

Results with both examples confirm the fact that Rosenbrock methods are partic-
ularly favorable for low accuracy requirements. Ros4 and Ros3 have the same orders
with Rodas4 and Rodas3, but take fewer stages, and thus are expected to behave
similarly on problems that are mildly stiff. Additional tests with CBM-IV confirm
that on very stiff problems the stiffly accurate schemes Rodas4 and Rodas3 perform
considerably better than Ros4 and Ros3, respectively.

7.2. Choice of linear solver. We have assessed the efficiency of sparse linear
solvers incorporated in Fatode by comparing their performance with lapack full
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linear solvers in the shallow water test. The Jacobian matrix is of dimension 4800,
but only 100,800 elements (0.4375%) are nonzero. The incorporation of sparse linear
solvers leads to significant computational savings and allows for very efficient forward,
tangent linear, and adjoint model integration. The compute times for various implicit
integrators in Fatode using different linear solvers are shown in Table 2. As expected,
Fatode benefits significantly from the use of sparse linear solvers. Umfpack is
slightly faster than superlu for this test, and both sparse solvers give essentially the
same results as the full algebra linear solver. Users can link their own linear algebra
routines, e.g., preconditioned Krylov based iterative methods.

Table 2

Overall compute times (in seconds) using different linear solvers in Fatode for the shallow
water test problem. The tolerances are atol = rtol = 10−6, and the time interval is t0 = 0 to
tF = 0.02 (time units).

Solver
Full algebra Sparse algebra

lapack umfpack superlu

Ros4 474.7 21.6 31.7
Ros4 TLM 506.8 58.3 71.4
Ros4 ADJ 991.7 96.8 120.2

Lobatto3C 342.0 8.8 14.8
Lobatto3C TLM 431.3 32.9 40.0
Lobatto3C ADJ 1722.4 69.0 102.2

Sdirk4a 74.5 3.8 5.7
Sdirk4a TLM 125.2 46.0 49.0
Sdirk4a ADJ 1685.9 69.0 107.4

7.3. Choice of the direct versus adjoint approach. In the shallow water
test, we used the tangent linear model to calculate ∂yi(tF )/∂y1(t0), i = 1, . . . , d (with
one tangent linear variable) and the adjoint model to calculate ∂yi(tF )/∂y1(t0), i =
1, . . . , d (with one adjoint variable). These two vectors correspond to the first column
and the first row of the full sensitivity matrix (∂yi(tF )/∂yj(t0)) ∈ R

d×d, respectively.
The two approaches compute the same sensitivities: the tangent linear result and the
adjoint result converge to the same value for ∂y1(tF )/∂y1(t0). The computational
costs are, however, different. The adjoint approach is considerably more efficient
when only a small number of rows in the sensitivity matrix is needed, and the direct
approach is considerably more efficient when only a few columns are computed.

7.4. Solution of the sensitivity system. Both the forward sensitivity system
(2.9) and the adjoint sensitivity system (2.13) are linear with respect to the corre-
sponding sensitivity variables. Consequently, at each step of an implicit solver, the
stage variables are the solutions of a linear system. Fatode offers two choices to solve
these linear systems: directly, at the expense of additional LU decompositions at each
step, and iteratively, via simplified Newton iterations that reuse the LU decomposition
for each stage.

The relative efficiency of the two choices is both problem dependent and method
dependent. The iterative approach is preferable for large problems, while the direct
approach works best with smaller systems. For the s-stage FIRK methods the direct
solution involves one coupled system of dimension sd× sd, while for SDIRK methods
there are s systems of dimension d × d. Considering the cost scaling, the direct
approach is the default option for SDIRK methods, and the iterative approach is the
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default for FIRK methods. This can be changed by users to best match the problem
at hand.

8. Conclusions. This paper presents the Fatode library for the integration of
stiff ODE systems and for performing direct and discrete adjoint sensitivity analyses.
The software is based on our KPP numerical library; while KPP solves only chemical
kinetic systems, Fatode offers a general purpose implementation that makes it po-
tentially useful for a wide range of applications. Important areas that can benefit from
using Fatode include uncertainty quantification, inverse problems such as parameter
estimation and data assimilation, and optimization of systems governed by ODEs.

Fatode implements ERK methods for nonstiff problems and FIRK, SDIRK, and
Rosenbrock methods for stiff problems. This distinguishes the software from cvodes,
which is based on linear multistep methods.

Fatode employs a discrete adjoint sensitivity analysis approach; i.e., it com-
putes the derivatives of the numerical solution. This approach sets it apart from both
denserks and cvodes, which implement a continuous adjoint approach. The dis-
crete adjoint approach gives gradients of the numerical cost function that are exact,
to roundoff error. Such gradients are highly suitable for numerical optimization prob-
lems, as well as for a posteriori error estimation in complex systems. It was shown
in [20] that the discrete Runge–Kutta adjoints are dual consistent. Consequently, the
discrete adjoints computed by Fatode represent solutions of the continuous adjoint
ODEs that are as accurate as the solutions obtained by the continuous adjoint ap-
proach. We note that controlling the sensitivity error may require several runs. Since
sensitivity coefficients can vary over many orders of magnitude, a good setting of
the absolute tolerances may require several trial-and-error iterations. In the adjoint
approach, the sensitivity error depends on both the forward and the adjoint integra-
tion errors; this issue is common to both continuous and discrete approaches. While
the independent adjoint step size control in the continuous approach is apparently
an advantage, current implementations do not account for the interpolation errors.
Moreover, in practice, the interplay between forward, interpolation, and adjoint dis-
cretization errors is very difficult to control directly. A good guideline is to use tighter
tolerances than required by the application during the sensitivity calculations.

All methods in Fatode use local truncation error estimation and step size control
for efficiency. The step size is also adjusted to ensure rapid convergence of the linear
and nonlinear system solvers at each step. Checkpointing, needed for adjoint runs,
is performed in a manner that is completely transparent to the user. The discrete
implicit sensitivity equations require the solution of different linear systems for each
stage, or of linear systems that couple all stages of a method. Two options are offered
in Fatode: the first constructs each linear system and solves it individually, and
the second performs simplified Newton iterations that allow reusing the same LU
factorization across all stages. Fatode controls the iteration number, and possibly
the step size, such that the iteration error in the latter approach is smaller than the
local truncation error at the current step.

Fatode contains stand-alone linear system solvers for different types of systems.
The package includes direct solvers for both dense (lapack) and sparse (superlu,
umfpack) systems. The decoupling between the time integration routines and the
linear solvers allows users to easily add their own methods, e.g., preconditioned iter-
ative solvers tuned for the application at hand. Details can be found in the User’s
Guide [29].

The implicit formulation of the stiff solvers, as well as the formulation of the
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tangent linear and adjoint methods, require the user to provide various derivatives
such as Jacobian-vector, transposed Jacobian-vector, and Hessian-vector products.
These derivatives can be obtained analytically, by finite differences, or by automatic
differentiation. Since the accuracy of the derivative approximations directly impacts
the overall accuracy of the sensitivity results, care must be exercised when finite
differences are employed.

Numerical experiments presented here reveal that Fatode compares favorably
with the current state-of-the-art package cvodes. For the (larger) shallow water
problem in section 5 the stiff Fatode solvers are considerably more efficient, in terms
of work-precision, than the BDFs implemented in cvodes. For nonstiff solvers the
linear multistep methods provide better performance. Fatode sensitivity solutions
are considerably more accurate than those of cvodes for the stiff chemical system
discussed in section 6.

Code availability. The source code and the User’s Guide are available online
from the Fatode web site [30]. The code has been tested under the following com-
pilers: Portland group’s pgf90, Lahey’s lf95, Sun’s sunf90, gfortran, g95, and Absoft.
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