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Algebraic Circuit




Straight-Line Program

dvy = cx*e

dvy = d+dvy

dvy = axdvy = a(c+de)
dvy = bxdvy, = b(c+de)
dvs = axc

dve = bx*xc

dv; = dvg*xf = (ac)f
dvg = dvgxf = (bC)f
dvg = dvs*xg = (ac)g
dvigp = dvexg = (bc)g
dvi; = dvg*xh = (ac)h
dvis dvgxh = (bC)h



(Structural) Optimal Jacobian Accumulation

As a decision problem:

Instance: Dag G = (V, E), where each e € E is labeled with a
unique real variable c. such that all c. are algebraically independent,
positive integer K.

Question: |s there a straight-line program (algebraic circuit) using
operations in {+,*} of length K or less that computes every entry in
J such that every operand is some c. or the result of a previous
operation?



Some Open Problems

What is the complexity of minimizing multiplications or
total operations?
(We suspect it's NP-complete; details if time permits)



Some Open Problems

What is the complexity of minimizing multiplications or
total operations?
(We suspect it's NP-complete; details if time permits)

Are divisions or subtractions useful?
(More on subtractions later, if time permits)
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Complexity on restricted DAG classes

Classes for which SOJA is known to be in P:
> Trees
» Single expression-use graphs

» Two-terminal series-parallel graphs

Open classes:
» Polytree (underlying undirected graph is a tree)

» Addition-free (at most one directed path between any two
vertices)

> All nodes have indegree < 2
» Two-terminal (scalar Jacobian)

» Two-terminal planar
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Generalized OJA

Where does this problem come from?
OJA

STRUCTURAL OJA
STRUCTURAL OJA wITH UNIT EDGES



Linearized Computational Graphs




Complexity of OJA

Theorem (Naumann, 2008)
Minimizing total operations for OJA is NP-complete.

Proof.
Reduction from ENSEMBLE COMPUTATION. ..



ENSEMBLE COMPUTATION

Instance: Finite set S, collection C = {(y, ..., C,} of subsets of
S, positive integer K.

Question: Can the elements of C be built up from the elements of
S using K or fewer union operations?
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S, positive integer K.

Question: Can the elements of C be built up from the elements of
S using K or fewer union operations?

Example: S ={a, b,c,d}, C = {{a, b}, ,{a,c,d}}, K =4.



ENSEMBLE COMPUTATION

Instance: Finite set S, collection C = {(y,..., G} of subsets of
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Question: Can the elements of C be built up from the elements of
S using K or fewer union operations?

Example: S ={a, b,c,d}, C = {{a, b}, ,{a,c,d}}, K =4.
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ENSEMBLE COMPUTATION

Instance: Finite set S, collection C = {(y, ..., C,} of subsets of
S, positive integer K.

Question: Can the elements of C be built up from the elements of
S using K or fewer union operations?

Example: S ={a, b,c,d}, C = {{a, b}, ,{a,c,d}}, K =4.

uy = {a}U{b} = Cl
u, = {ctu{d}

us {b} U u» = C2
up = {a} U up = C3

Answer: YES



Reducing ENSEMBLE COMPUTATION to OJA

ki 0 0
0 hy O

4 multiplications



Reducing ENSEMBLE COMPUTATION to OJA

Corollary

Minimizing total ops and minimizing multiplications are
NP-complete for OJA even when J is scalar (single input and
single output) and all paths in G have length < 3.
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STRUCTURAL OJA

hizge =2 e

P EG eEP

[ ad + ace bd + bce

acf bef
J =

acg bcg

ach bch

a(d + ce) b(d+ ce)
(ac)f (bo)f
(ac)g (bc)g
(ac)h (bc)h

» Vertex, Edge, Face elimination methods.

» Solved for SEU graphs [Naumann], TTSP graphs [Lyons].

» Complexity still open.




STRUCTURAL OJA wITH UNIT EDGES
Ji=ol=> 1le
P G eePf

[ ad + ae bd + be

af bf
J = ag bg
ah bh

a(d+e) b(d+e)

- af bf
N ag bg
ah bh

» Recognize that some edges are unit labeled.



STRUCTURAL OJA wITH UNIT EDGES

hi=ge=2 1le

P eG eePf

[ ad + ae bd + be

af bf
/= ag bg
ah bh
a(d+e) b(d+e)
- af bf
B ag bg
ah bh

» Recognize that some edges are unit labeled.

» Vertex, Edge, Face eliminations don't apply.
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Multiplicative Complexity of STRUCTURAL OJA wiTH UNIT EDGES
Biclique Partition
Scalar, all paths length < 3
Scalar, indegree < 2



Multiplicative Complexity of STRUCTURAL OJA WITH
UNIT EDGES

Theorem

Minimizing multiplications for STRUCTURAL OJA wiTH UNIT
EDGES is NP-complete.

Proof.
Reduction from BICLIQUE PARTITION. .. O



BICLIQUE PARTITION

Instance: Bipartite graph G = (A, B, E), positive integer K.

Question: Can the edge set E£(G) be partitioned into K or fewer
complete bipartite graphs?



BICLIQUE PARTITION

Instance: Bipartite graph G = (A, B, E), positive integer K.

Question: Can the edge set E£(G) be partitioned into K or fewer
complete bipartite graphs?




BICLIQUE PARTITION

Instance: Bipartite graph G = (A, B, E), positive integer K.

Question: Can the edge set E£(G) be partitioned into K or fewer
complete bipartite graphs?

{{a1, a2}, {b1, bs}}
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Instance: Bipartite graph G = (A, B, E), positive integer K.

Question: Can the edge set E£(G) be partitioned into K or fewer
complete bipartite graphs?




BICLIQUE PARTITION

Instance: Bipartite graph G = (A, B, E), positive integer K.

Question: Can the edge set E£(G) be partitioned into K or fewer
complete bipartite graphs?

{{a2, a3, a4}, {ba}}



BICLIQUE PARTITION

Instance: Bipartite graph G = (A, B, E), positive integer K.

Question: Can the edge set E£(G) be partitioned into K or fewer
complete bipartite graphs?

{{a1, a2}, { b1, b3} }
{{a1, a3, a1}, { b2} }
{{327 a3, 34}7 {b4}}
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Example: scalar, all paths length < 3

= > Il
PLeG ecPy)
B/ B2 B3\%a
@ @ (by) @ _ it afe+ oz 4 aof + aofs

+ s + 3B + az3Bs + s + afs

10 multiplications

(a1 + a2)(Br + 3s)
= + (061 + a3 + Oé4)ﬁ2
+ (062 + a3 + (14)ﬁ4

(.

3 multiplications



Scalar, indegree < 2

A

Creating O(|B||A]) new vertices.



Scalar, indegree < 2

Creating |B| — 1 new vertices.



Scalar, indegree < 2




Multiplicative Complexity of STRUCTURAL OJA WITH
UNIT EDGES

Corollary

Minimizing multiplications is NP-complete for STRUCTURAL OJA
wITH UNIT EDGES under the following restrictions:

» J is scalar and all paths in G have length < 3.



Multiplicative Complexity of STRUCTURAL OJA WITH
UNIT EDGES

Corollary

Minimizing multiplications is NP-complete for STRUCTURAL OJA
wITH UNIT EDGES under the following restrictions:

» J is scalar and all paths in G have length < 3.

» J is scalar and all vertices in G have indegree < 2.
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Further Complexity Issues
Minimizing Additions with Multiplications Fixed
The Power of Subtraction
When ISN'T OJA with unit edges harder?



Minimizing Additions with Multiplications Fixed

Optimal accumulation for example:

(a1 + @2)(B1 + B3) + (a1 + a3z + ag) B2 + (a2 + a3z + a4) B4

Results in two instances of ENSEMBLE COMPUTATION:
> S = {al,... 70[‘A|}7
C= {{a17 052}, {Oé]_, as, Oé4}, {Oé2, Qas, 044}}

» S={b41,....08}
C={{61,83},{B2},{Pa}}



A New Example

J = o184+ o185 + s + aofs + 3B + a3fB7 + a3
+ g1 + cuafo + s + asB3 + asfs + a1 + e Fe
+ a7z + a7fB7 + agf3 + agfs



A New Example



A New Example



A New Example















Bilinear Forms (Gonzalez and JaJa, 1980)

J = o184+ a1fs + axfs + 25 + a3zl + azf7 + a3fs
+ a1 + aafo + aufs + as B3 + asfs + agf + asBe
+ a7 + a7f7 + agfz + agfls
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Bilinear Forms (Gonzalez and JaJa, 1980)

J = oaifs+ a1fs + axfs+ aofs + azfe + azf7 + azfg
+ g1 + cufo + s + as B3 + asfs + a1 + aeBe

(041 Qo (X3 g 5 Ol A7 048)

+ a7 + a7B7 + agfl3 + agfs
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= (14 a2+ a3)(B1+ B2+ Ba)
+ (a3 +ag)(B1 + B6) + (a1 + a2 + as) (B3 + )
+ (a3 + a7)(B2 + B7) + (a3 + ag) (B3 + )
| — (a1 + a2 +0a3)(Bi+ B2+ Bs) |




When are the unit edges harmless?

When all the unit edges can be contracted.



When are the unit edges harmless?

O O

This type of unit edge cannot be contracted.
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Further Complexity Issues
Minimizing Additions with Multiplications Fixed
The Power of Subtraction
When ISN'T OJA with unit edges harder?
Open Questions
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Open Questions

Algorithms:

> Alternative to vertex, edge, face elimination heuristics.

Complexity:
> Relationship between general OJA and structural OJA with
unit edges.

» Could subtraction help general OJA or structural OJA?
» Complexity of minimizing total ops for OJA with unit edges.
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