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Abstract

We consider two coloring-related problems on graphs, both of which have direct applications and are
NP-hard in the general case. The first is a decision problem in which we are given a graph along with a
coloring on the vertices and asked whether the graph can be chordalized (adding edges to make the graph
chordal) without violating the coloring. This is called the CHORDALIZING COLORED GRAPHS problem,
and is polynomially equivalent to a problem from evolutionary biology known as the perfect phylogeny
problem.

In the second problem, we are given a graph (this time without a coloring) and asked to find an optimal
coloring that satisfies the additional constraint that there be no bichromatic cycles. This problem, known
as the AcycLic COLORING problem, has applications related to sparse derivative matrix evaluation in
scientific computing.

We give constructive, polynomial-time algorithms for both of these problems when restricted to weakly
chordal graphs. Specifically, we give an algorithm for CHORDALIZING COLORED GRAPHS that, given a
colored weakly chordal graph G, returns a chordalization if one exists and returns a bichromatic cycle in
G otherwise. This algorithm is certifying in that it returns an easily-checked certificate for both “yes” and
“no” instances. It follows that the acyclic colorings of a weakly chordal graph G are exactly the colorings
of chordalizations of G. We use this result to show that the acyclic chromatic number of a weakly chordal
graph is always one more than the treewidth, which allows us to use existing polynomial-time algorithms
for computing the treewidth of these graphs in order to obtain the acyclic chromatic number. Moreover,
we show that any algorithm that can construct treewidth-optimal chordalizations for a class of weakly
chordal graphs can be made to construct an optimal acyclic coloring at an additional cost that is linear
in the size of the chordalized graph.

1 Introduction

1.1 The CHORDALIZING COLORED GRAPHS problem.

In biology, the ancestral relations among a set of species with a common ancestor are described by a phyloge-
netic tree (known as a phylogeny). From a computational perspective, one of the most fundamental problems
in this area is the perfect phylogeny problem. Here we are given a set S of species and a collection of equiva-
lence relations on S called characters' and asked to determine whether there is a tree satisfying a convezity
property with respect to the characters, where the leaves of the tree are the elements of S and the internal
nodes represent posited ancestral species. This is the question of whether or not there exists some tree in
which, for every character, all species equivalent with respect to that character form a connected subtree.
This question may be considered a precursor to questions such as whether a particular tree is the best (if at
least one such tree exists) or whether there are trees that satisfy some subset of the characters (if there is no
tree that satisfies all of them simultaneously). Buneman [12] showed that the perfect phylogeny problem is
polynomially reducible to the following problem involving two well-studied notions in graph theory, namely
graph coloring and chordal graphs. In the CHORDALIZING COLORED GRAPHS (CCGQG) problem (also known
as TRIANGULATING COLORED GRAPHS), we are given a graph G along with a vertex coloring ¢ and asked
whether there exists a chordal supergraph (or chordalization) of G that respects the coloring. The question,
therefore, is whether or not there exists some collection of edges with different colored endpoints that can be
added to G so that the resulting graph is chordal, meaning that there are no induced cycles of length greater

1 The perfect phylogeny problem is also known as the character compatability problem.
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than three. If such a chordalization exists, we call it a ¢-chordalization of G and say that G is ¢-chordalizable.
It has in fact been shown that perfect phylogeny and CCG are polynomially equivalent [35, 23]. In some
sense this is a negative result, as this was one of the ways that the perfect phylogeny problem was shown
to be NP-hard [4].On the other hand, the CCG formulation has been also been used to develop efficient
algorithms, including linear-time algorithms for the special case when only three colors occur in G [22, 2, 21],
and an algorithm by McMorris, Warnow, and Wimer [28] that runs in O((n+m(k —2))¥*1!) time for a graph
with n vertices, m edges, and k colors. Unfortunately, there is little hope for fixed-parameter tractability
(with the number of colors as the parameter), as CCG has also been shown to be W([t]-hard for all t € N [4].
In this paper we take a new approach—we develop a polynomial-time algorithm for cases when the graph
has certain restricted structure, with no conditions on the coloring whatsoever.

1.2 The AcycrLic COLORING problem.

We also consider the AcycLic COLORING (AC) problem, in which we are given a graph (this time without
a coloring) and asked to find an optimal coloring that satisfies an additional constraint. Specifically, an
acyclic coloring of a graph is a coloring in which every cycle uses at least three colors, i.e., a coloring without
bichromatic cycles. This problem arose independently as both an object of purely mathematical interest [18]
and as a model of efficient evaluation of sparse Hessian matrices in scientific computing [14]. For a graph
G, the acyclic chromatic number x,(G) is defined analogously to the chromatic number x(G) and satisfies
Xa(G) > x(G). As with CCG, most results on the complexity of AC are negative. The problem of finding
an optimal acyclic coloring is NP-hard even when restricted to bipartite graphs [13] and x,(G) has been
shown to be hard to approximate [16].

Though the bichromatic cycles prohibited by acyclic coloring are not required to be induced, it is easy
to see that G contains a bichromatic cycle if and only if G contains an induced bichromatic cycle.

1.3 Bichromatic cycles and weakly chordal graphs

Before going any further, we take a moment to develop some intuition regarding the relationship between
the CCG and AC problems. The focus is on bichromatic cycles.

Consider an instance (G, ¢) of CCG where ¢ causes a bichromatic cycle C' in G. We observe that such
an instance will certainly be a “no” instance. To see that this is so, note that adding edges between vertices
in C (remember, we cannot add edges between two vertices of the same color) will only create additional
bichromatic cycles. But is the absence of a bichromatic cycle sufficient for a “yes” instance? The answer
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Figure 1: Three examples of graphs given with colorings ¢. None of these graphs are ¢-chordalizable, despite
the fact that none of them contains a bichromatic cycle.

to this question is given by Figure 1, where we see three different “no” instances, none of which contain
bichromatic cycles. The graphs in this figure have something in common, however, in that none of them are
weakly chordal. We now define this class of graphs.

A hole in a graph is an induced cycle on five or more vertices?; an antihole is the complement of a hole.
A graph G is weakly chordal (also called weakly triangulated) if it contains no hole or antihole. The class
of weakly chordal graphs constitutes a relatively large subclass of perfect graphs that generalizes chordal
graphs, permutation graphs, distance-hereditary graphs, and many other well-studied classes [9]. Weakly

2 Note that there is not a good consensus on the use of the term “hole”. For instance, the class of even-hole-free graphs does
not include graphs with induced cycles of length four. We follow the usage in the book of Brandstadt, Le, and Spinrad [9].
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Figure 2: Forbidden induced subgraphs for weakly chordal graphs.

chordal graphs can be recognized in O(m?) time, and efficient algorithms are known for many basic NP-hard
problems when restricted to this class, including the clique problem and the traditional coloring problem [20].

1.4 Our results

In Section 2, we describe an algorithm that, given an instance (G, ¢) of CCG, returns a ¢-chordalization of
G if one exists, and returns a bichromatic cycle in G otherwise. Note that this algorithm is certifying [27] in
the sense that it returns an easily-checked certificate for both “yes” and “no” instances. Moreover, the fact
that such an algorithm exists has the immediate consequence that a coloring ¢ of a weakly chordal graph G
is an acyclic coloring if and only if it is a coloring of a chordalization of G. This means that distinguishing
a “yes” instance of CCG from a “no” instance entails simply checking the given coloring for bichromatic
cycles (thus a simpler algorithm may be used for the non-constructive variant of this problem, when the
¢-chordalization of G is not required). To the author’s knowledge, this is the first positive result concerning
tractability of CCG for a nontrivial class of graphs.

But how does this help us for the AC problem, in which the graph is given without a coloring? In
Section 3, we leverage the results on CCG mentioned above, as well as the fact that chordal graphs are
perfect, to show that the acyclic chromatic number of a weakly chordal graph is always one more than
the treewidth. This allows us to obtain an optimal acyclic coloring of G in the following way. We first
find a chordalization H of G that is optimal with respect to treewidth (using previosuly-known existing
algorithms [8]), then find an optimal coloring of H. As H is chordal, the latter step requires only linear
time [17]. The details of this procedure are given in Section 3. We are also able to use this idea to obtain
linear time algorithms for the acyclic coloring problem on the distance-hereditary graphs, the permutation
graphs, and other well-studied subclasses of weakly chordal graphs. This is a significant generalization of
the known result that AC is tractable on the class of cographs [26]. Also, though AC is NP-complete for
bipartite graphs, our results show that this problem is solvable in polynomial time for the chordal bipratite
graphs, which are exactly the bipartite weakly chordal graphs [9].

1.5 Terminology and notation

We consider only finite, simple, undirected graphs that are assumed without loss of generality to be connected.
The vertex and edge sets of a graph G are denoted by V(G) and E(G). We will often use n and m to denote
|[V(G)| and |E(G)|, respectively. For S C V(G), we denote by G[S] the subgraph of G induced by S. We
denote the cycle on k vertices by C}, and its complement by C. A chord in a cycle (path) is an edge between
two vertices that are not consecutive in the cycle (path). A cycle or path that does not contain have any
chords is said to be chordless. In particular, a set C C V(G) forms a chordless cycle (path) in G if and only
if G[C] is a cycle (path). A graph is chordal if it has no induced cycle on four or more vertices, i.e., every
cycle on four or more vertices contains a chord. A chordalization (or triangulation) H of a graph G is a
chordal graph H such that V(H) = V(G) and E(H) 2 E(G).

2 Algorithms for chordalizing colored weakly chordal graphs

The goal of this section is to prove the following theorem.
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Theorem 1. There exists a polynomial-time algorithm that, given a weakly chordal graph G with a coloring
¢, returns a ¢-chordalization of G if one exists, and returns a bichromatic cycle in G otherwise.

To this end, now we develop such an algorithm and argue its correctness. Our algorithm assumes that
the graph G given as input is weakly chordal, and that ¢ (also part of the input) is a valid coloring of G. A
run of the algorithm will consist of many recursive calls, and, since each call entails the addition of at least
one edge, care is taken to ensure that no holes or antiholes are created by these additions. Moreover, we also
must ensure that no bichromatic cycles are created in this way, so that any bichromatic cycle found by the
algorithm is a bichromatic cycle in the original graph G. Our algorithm will either find such a bichromatic
cycle (in which case the cycle will constitute a certificate of the fact that there is no ¢-chordalization of G)
or produce ¢-chordalization of G if no such cycle is found.

We begin with a simple observation that will prove useful in limiting the types of cycles that we must
consider.

Proposition 1. Let G be a weakly chordal graph and let wv € E(G). If uv is part of a bichromatic cycle in
G, then there exist vertices t,w € V(G) such that tuvw induces a bichromatic cycle on four vertices in G.

Proof. Since weakly chordal graph are hole-free, the largest induced cycle in G contains at most four vertices.
it follows that any bichromatic cycle on more than four vertices in G must have a chord. Since the chord
must be an edge between two vertices of different colors, the parts of the cycle on either side of the chord
will again be bichromatic cycles. Continuing inductively in this fashion, we obtain that uv € E(G) is part
of a bichromatic cycle on four vertices as desired. O

We now proceed with descriptions of main graph-theoretic tools, which are clique separators and two-
pairs.

Clique separators. Let G be a graph, and recall that G is assumed to be connected. A set S C V(G) is a
separator if G[V(G) \ S| is disconnected; a separator S is a clique separator if G[S] is a clique. A separator
S is called an z, y-separator if S separates = and y, i.e., if x and y are not contained in the same connected
component of G[V(G) \ S]. For the sake of brevity, we will sometimes denote G[V(G) \ S] by G — S.

The following easy result is certainly not new, yet it may not have appeared in the literature in this exact
form. We include a proof for the sake of completeness.

Proposition 2. If S is a clique separator of a graph G, then G is chordal if and only if G[RU S] is chordal
for every connected component R of G — S.

Proof. (=): Follows immediately from the fact that being chordal is a hereditary property (i.e., every induced
subgraph of a chordal graph is chordal).

(«<): Suppose now, for the sake of contradiction, that G contains a chordless cycle C. Since C cannot be
contained entirely in S, there must be some connected component R of G — S such that C N R # 0. Let r
be an arbitrary vertex in C'N R, and observe that, since C' cannot be contained entirely in G[RU S], C' must
contain two distinct (chordless) paths from r to G[V(G) \ (RU S)]. However, since S separates R from the
rest of the graph, these paths must encounter distinct vertices s, so from S, respectively, immediately upon
leaving R. Since s1,s2 € FE(G), it follows that either C contains a chord or C' is contained entirely within
G[RU S]. In either case we have reached a contradiction, thus G contains no chordless cycle. O

Our algorithm will use this fact in the natural way: whenever G contains a clique separator S, we
recursively attempt to ¢-chordalize the graphs G[R U S] for every component R of G — S. If each G[RU 5]
can be successfully ¢-chordalized, then they can be combined together to form a ¢-chordalization of G.

Two-pairs. A pair {z,y} of distinct, non-adjacent vertices is a two-pair if every induced path from x to y
consists of exactly two edges. The following result, due to Hayward, Hoang, and Maffray, demonstrates the
close relationship between two-pairs and weakly chordal graphs.

Theorem 2 ([19]). If G is a weakly chordal graph, then every induced subgraph of G that is not a clique
contains a two-pair.
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Observe that N(z) N N(y) is an z, y-separator whenever {x,y} is a two-pair; we will often make use of
this fact in our proofs. We are now ready to state the lemma that forms the crux of our algorithm.

Lemma 1. Let G be a graph and let ¢ be a coloring of G. If {x,y} is a two-pair in G, then x and y are
contained in some bichromatic cycle in G if and only if p(x) = ¢(y) and there exist distinct u,v € N(x)NN(y)
such that ¢(u) = ¢(v).

Proof. («<:) This direction is immediate: uzvy is a bichromatic cycle in G.

(=:) Now suppose there exists a bichromatic cycle C C V(G) such that z,y € C. We may assume
without loss of generality that C' is an induced (chordless) cycle. Let S = N(z) N N(y), and recall that S
is an z, y-separator. It follows that there must exist distinct vertices uw,v € S such that u,v € C. Because
uzx, uy,ve,vy € E(G), we have ¢(z), d(y) # ¢(u), thus for C to be bichromatic we must have ¢(z) = ¢(y).
Similarly, we have uv ¢ E(G) (because C' is chordless) and ¢(u),d(v) # ¢(x), thus ¢(u) = ¢(v), which
completes the proof. O

Although Lemma 1 holds for any graph G with two-pair {x,y}, we will need the fact that G is weakly
chordal to ensure that such a two-pair can always be found. If z and y are found to be contained in a
bichromatic cycle, then this cycle can be returned as a certificate of the fact that that G cannot be ¢-
triangulated. Otherwise, we must have that either ¢(x) # ¢(y) or ¢(u) # ¢(v) for all u,v € N(z)NN(y). To
address the former scenario, we show in Section 2.1 that adding edge zy cannot create a bichromatic cycle
and is guaranteed to result in a weakly chordal graph. To address the latter, we show in Section 2.2, that
completing the shared neighborhood of z and y (in other words, turning N(z) N N(y) into a clique) also
cannot create a bichromatic cycle, and likewise will result in a weakly chordal graph. Since N(z) NN (y) is a
separator, the resulting graph will contain a clique separator, and we may proceed by applying Proposition 2.

2.1 Connecting two-pairs

In this section we address the scenario where ¢(x) # ¢(y) for a two-pair {z,y}. Let G+ zy denote the graph
obtained by adding edge xy to G. The following lemma is due to Spinrad and Sritharan.

Lemma 2 ([34)). If {z,y} is a two-pair in a graph G, then G is weakly chordal if and only if G + zy is
weakly chordal.

So we know that connecting a two-pair in a weakly chordal graph results in a weakly chordal graph. The
following lemma shows that connecting a two-pair with ¢(x) # ¢(y) cannot create a bichromatic cycle. We
note that the lemma holds even when G is not weakly chordal.

Lemma 3. Let G be an arbitrary graph with two-pair {z,y} and let let ¢ be a coloring of G such that
o(x) # ¢(y). For all C CV(G), C is a bichromatic cycle in G + zy if and only if C is a bichromatic cycle
in G.

Proof. («<:) This direction follows from the observation that a bichromatic cycle cannot be destroyed by
simply adding edges.

(=:) Now suppose G + zy contains a bichromatic cycle C' such that C is not a bichromatic cycle in G.
It follows that x,y € C, and there must exist w, z € C such that w € N(z)\ N(y) and z € N(y) \ N(z) (as
shown in Figure 3). Recall that N(x) N N(y) is a z,y-separator, thus wz ¢ E(G) and any path from w to
z (as must be present in C') must contain a vertex v € N(z) N N(y). This, however, is a contradiction, as
d(2) # ¢(x), d(y), whereas C' is supposed to be bichromatic. It follows that any bichromatic cycle in G + xy
must also be a bichromatic cycle in G. O

2.2 Completing the shared neighborhood of a two-pair

Lemma 4. If G is a weakly chordal graph with two-pair {x,y}, then the graph obtained by turning N (z)NN (y)
into a clique is weakly chordal.
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Figure 3: (Proof of Lemma 3.) The addition of edge xy cannot create a bichromatic cycle.

Proof. Let S = N(z) N N(y) and let G’ denote the graph obtained by turning S into a clique.

Suppose G’ contains a hole C. Since G is hole-free, C' must contain at least one edge connecting two
vertices in S. However, S is a clique in G’, so we must have that C' NS = {u,v} for distinct u,v € V(G)
such that uwv ¢ E(G). It follows that C induces a path on at least five vertices in G. Observe that C'\ {u, v}
is disjoint from S and connected, which means C' \ {u,v} must be entirely contained in a single connected
component of G — S. Let X and Y denote the connected components of G — S that contain x and y,
respectively. Because S is an x,y-separator, C' must either be disjoint from X or Y (or both). Assume
without loss of generality that C is disjoint from Y. It follows that C N N(y) = {u, v}, and thus G[C U {y}]
is a hole in GG, which contradicts the fact that G is weakly chordal. We may, therefore, conclude that G’
cannot contain a hole.

U
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Figure 4: (Proof of Lemma 4.) The addition of edge uv cannot create a hole.

Now suppose G’ contains an antihole A. We have already shown that G’ contains no C5 = C5, so A must
consist of at least six vertices. Since G is antihole-free, A must result from the newly added edges among
vertices in S, hence A must contain distinct vertices u,v € V(G) such that uv € E(G’) and uv ¢ E(G).

Claim. If wv is an edge in antihole A C V(G') with |A| > 6, then there exist distinct w,t € A such that
vt, tw,wu € E(G") and tu,vw ¢ E(G').

Proof of claim. Let uaias - - - agvbibs - - - by be an ordering of A that is consistent with the cycle formed by A
in G'. Since |A| > 6, we have k + ¢ > 4. Moreover, since uv € E(G’), we have that k,¢ > 1 (meaning u and
v are not adjacent in the cycle). We distinguish three cases, each depicted in Figure 5, prescribing choices
for t and w in each case that have the desired properties.

Case 1: If k, £ > 1, set t = a; and w = by.

Case 2: If k=1 (then £ > 3), set t = by and w = b;.

Case 3: If £ =1 (then k > 3), set t = a1 and w = a. O

Let t,w be chosen as in the above claim. It follows that ¢,w ¢ S (because S is a clique in G’), thus
vt, tw,wu € E(G) and tu,vw,uv ¢ E(G) (in other words, uwtv induces a chordless path on four vertices in
G). Moreover, because they are adjacent, ¢t and w must lie in the same connected component of G — S. As
in the proof of the other direction, either t,w ¢ X (meaning t,w ¢ N(x)) or t,w ¢ Y (meaning ¢, w ¢ N(y)).
We may therefore assume without loss of generality that the latter is true, thus ¢,w ¢ N(y). It follows that
uwtvy induces a hole in G (as shown in Figure 5), which contradicts the fact that G is weakly chordal.
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Figure 5: (Proof of Lemma 4.) If the addition of edge uv creates an antihole, then G must not have been
weakly chordal to begin with.

We have shown that G’ can contain neither a hole nor an antihole. It follows that G’ is weakly chordal,
which completes the proof of the lemma. O

We now show that completing the shared neighborhood of a two-pair {z,y} cannot create a bichromatic
cycle. We denote by G + clique(S) the graph obtained by turning S = N(z) N N(y) into a clique. The
following lemma is analogous to Lemma 3; though in this case we require that G is weakly chordal.

Lemma 5. Let G be a a weakly chordal graph with two-pair {x,y} and let ¢ be a coloring of G such that
d(u) # d(v) for allu,v € S = N(x)NN(y). For all C CV(G), C is a bichromatic cycle in G + clique(S) if
and only if C' is a bichromatic cycle in G.

Proof. (<=:) As in Lemma 3, we observe that a bichromatic cycle cannot be destroyed by simply adding
edges.

(=:) Now let C be an arbitrary bichromatic cycle in G + clique(S) and suppose for the sake of contra-
diction that C is not a bichromatic cycle in G. We have that |C' N S| > 2 (as otherwise C' would also be
a bichromatic cycle in G), and |C' N S| < 3 (as otherwise C' would contain a triangle in G + clique(5)). It
follows, then, that C NS = {u, v} for distinct u,v € S such that uv € E(G + clique(S)) \ E(G), and thus C
induces a path in G. We again use the fact that S is an x, y-separator, observing that C'\ {u, v} is connected
and lies in a single component of G — S. Thus we can assume that, without loss of generality, C'\ {u, v} and
y lie in different connected components of G — S (otherwise choose x) and in particular C' N N(y) = {u, v}.
This scenario is depicted in Figure 6. Since |C| > 4, it follows that C' U {y} induces a hole in G, which
contradicts the fact that G is weakly chordal. Thus we conclude that any bichromatic cycle in G + clique(S)
is a bichromatic cycle in G, as desired. O

Figure 6: (Proof of Lemma 5).

2.3 The (constructive) algorithm

Our algorithm for CCG, called TCWCG, is shown in Algorithm 1. Note that G + clique(N(x) N N(y)) denotes
the graph obtained by turning N(z) N N(y) into a clique for two-pair {z,y}.

Lemma 6. Algorithm 1 is correct.

draft version hg:60a7c8e4f814:162 compiled March 28, 2011



input : weakly chordal graph G with coloring ¢
output: a ¢-chordalization of G if one exists, and a bichromatic cycle in G otherwise

if G is chordal then
L return G

find two-pair {z,y}

if ¢(z) # ¢(y) then
| return TCWCG(G + zy, ¢)

else if ¢(u) # ¢(v) for all distinct u,v € N(z) N N(y) then
G + G + clique(N(z) N N(y))
forall the connected components A of G — S do
| G+ GUTCHCG(G[AU S], ¢)

return G
else

| return bichromatic cycle uzvy in G
Algorithm 1: TCWCG(G, ¢)

Proof. Correctness follows from the fact that, by Lemma 5 and Lemma 3, none of the edges added by
the algorithm can create a bichromatic cycle. It follows that any bichromatic cycle that is discovered and
returned by the algorithm must also be a bichromatic cycle in G. If no such bichromatic cycle is found,
then the algorithm continues (and, in particular, continues to add edges) until a ¢-chordalization of G is
obtained. O

Lemma 7. Algorithm 1 can be implemented to run in polynomial time.

Proof. We first argue that the algorithm will make at most O(n?) recursive calls. Observe that every recursive
call (except those that find the input graph to be chordal) involves a two-pair, and that, for any two vertices
x and y, {z,y} will be act as the two-pair in a call of the algorithm at most once. This is because we will
either discover a bichromatic cycle, add edge xy, or complete the shared neighborhood of z and y and recurse
on graphs that contain at most one of x and y.

We now demonstrate that the work done at each recursive call can be accomplished in polynomial time.
A call of the algorithm begins by testing whether G is chordal, which can be done in O(n + m) time [17]. If
the answer is no, the algorithm finds a two-pair z,y, which can be done in O(n?7) time [25]. We may then
also decide to complete the shared neighborhood S = N(z) N N(y) of z and y, which can be done in O(n?)
time, and subsequently find the connected components of G — S, which can be accomplished in O(n + m)
time using breadth-first search.

We conclude, therefore, that each of the O(n?) recursive calls of the algorithm can be performed in
polynomial time, which implies that the algorithm runs in polynomial time overall, as desired. O

Proof of Theorem 1. Follows from Lemma 6 and Lemma 7. O

2.4 A linear-time (non-constructive) algorithm
As mentioned in Section 1, Theorem 1 immediately implies the following result.

Corollary 3. If ¢ is a coloring of a weakly chordal graph G, then G can be ¢-chordalized if and only if ¢ is
an acyclic coloring of G.

Suppose we are given an instance of the CCG and our goal is only to determine whether the answer
is “yes” or “no”. it follows from Corollary 3, this non-constructive variant of CCG (in which an actual
¢-chordalization of G is not requested) can be solved by simply checking whether ¢ is an acyclic coloring of

G.

4

Theorem 4. There is a linear-time algorithm that, given a weakly chordal graph G with a coloring ¢,
determines whether G can be ¢-chordalized.
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Proof. Spinrad [33] has shown that checking a coloring for bichromatic cycles can be done in linear time.
(In fact this result applies to all graphs, not just weakly chordal graphs.) O

3 Algorithms for acyclic coloring on weakly chordal graphs

We now turn our attention to the AcycLic COLORING problem. Recall that the input to this problem is a
graph G given without a coloring, and the goal is to find an optimal coloring without bichromatic cycles.
We will prove the following theorem.

Theorem 5. There exists a polynomial-time algorithm that, given a weakly chordal graph G, constructs an
acyclic coloring of G that uses x4(G) colors.

In fact we will prove a result that is a bit stronger, especially for certain subclasses of weakly chordal
graphs, for which we obtain nearly linear-time algorithms. We first require a few definitions and some
additional background.

3.1 Acyclic colorings of chordal graphs

Let w(G) the size of the largest clique in a graph G. A graph G is perfect if x(G') = w(G’) for every induced
subgraph G’ of G. A classical result [17] holds that the chordal graphs are a subclass of the perfect graphs.
This fact, combined with an observation regarding acyclic colorings of chordal graphs, yields the following
result.

Theorem 6 ([4, 15]). For every chordal graph G, x.(G) = x(G) = w(G).

Proof. The rightmost equality follows from the fact that chordal graphs are perfect [17]. The leftmost
equality (which could perhaps be considered folklore), follows from the fact that every coloring of a chordal
graph must necessarily use at least three colors for every cycle, and is thus also an acyclic coloring. O

3.2 The connection with treewidth

The treewidth of a graph G, denoted tw(G), is the minimum value of w(H) — 1 over all chordalizations H of
G. We say a chordalization H of G is a treewidth-optimal chordalization of G if w(H)—1 = tw(G). Treewidth
is one of the most well-studied graph parameters. This is only one of a number of equivalent definitions (and
it has been chosen for convenience).

Proposition 3 (Folklore). For every graph G, x.(G) < tw(G) + 1.

Proof. Let H be a treewidth-optimal chordalization of G (thus w(H) — 1 = tw(G)) and let ¢ be an optimal
coloring of H. Since H is chordal, Theorem 6 implies that x(H) = w(H) = tw(G) + 1. Finally, note that,
because ¢ is an acyclic coloring of H, ¢ is also an acyclic coloring of G, which completes the proof. O

Note that, in general, the difference between x,(G) and tw(G) can be arbitrarily large. The planar
graphs, for example, have acyclic chromatic number no greater than five [7], while their treewidth is, in
general, unbounded [32].

Theorem 7. For every weakly chordal graph G, x.(G) = tw(G) + 1.

Proof. Let G be an arbitrary weakly chordal graph. By Proposition 3, to prove the theorem it suffices to
show that x,(G) > tw(G)+1. Indeed, by Corollary 3, we have that the acyclic colorings of G are exactly the
colorings of chordalizations H of G. It follows that if ¢ is an acyclic coloring of G that uses x,(G) colors, then
there exists a chordalization H of G such that ¢ is a coloring of H. Thus x,(G) > x(H) = w(H) > tw(G)+1
as desired. O
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3.3 A constructive, polynomial-time algorithm for weakly chordal graphs

Since computing x,(G) for a given weakly chordal graph G amounts to computing tw(G), we should like to
know the complexity of computing tw(G) for a given graph. We call this the TREEWIDTH problem, and we
consider an algorithm for TREEWIDTH to be constructive if it constructs a treewidth-optimal chordalization
of the given graph G. This problem is NP-hard in general, though it can be determined in linear time
whether G has treewidth at most k for fixed k [3] (and in fact this algorithm is constructive.) While we
are not so fortunate that the weakly chordal graphs always have bounded treewidth (like the planar graphs,
their treewidth is, in general, unbounded), we are able to use a result of Bouchitté and Todinca [8], who gave
a constructive, polynomial-time algorithm for the TREEWIDTH problem restricted to weakly chordal graphs.

Theorem 8 ([8]). There exists an algorithm that, given a weakly chordal graph G, constructs a treewidth-
optimal chordalization of G in O(n®) time.

Proof of Theorem 5. Given a weakly chordal graph G, our algorithm constructs an acyclic coloring ¢ of
G that uses x,(G) colors. We first use the algorithm from Theorem 8 to construct a treewidth-optimal
chordalization H of G. Next, we construct a coloring ¢ of H that uses x(H) colors. Since H is chordal, such
a coloring ¢ can be constructed in O(n+ |E(H)|) time [17]. By Corollary 7, ¢ is a acyclic coloring of G that
uses X(H) = w(H) = tw(G) + 1 = xo(G) colors, as desired. O

Notice that the additional cost of O(n + |E(H)|) for constructing the coloring is very close to linear in
the size of G. The algorithm of Bouchitté and Todinca, however, is quite costly. in the next section, we
describe some subclasses of the weakly chordal graphs for which this costly step can be avoided.

3.4 Nearly linear-time algorithms for subclasses of weakly chordal graphs

The class of weakly chordal graphs contains many other well-studied classes. In particular, faster algorithms
for TREEWIDTH exist for a number of such classes (we place particular emphasis on those graphs for which
linear-time algorithms are known). The algorithm described in the proof of Theorem 5 suggests the following
corollary. For definitions and further references related to these classes we again refer to the reader to the
book of Brandstédt, Le, and Spinrad [9].

Corollary 9. IfC is a subclass of the weakly chordal graphs for which TREEWIDTH can be solved construc-
tively in fec(n,m) time for every G € C, then AC can be solved constructively in O(fe(n,m) + |E(H)|) time
for every G € C where H s the constructed (treewidth-optimal) chordalization of G. In particular, there is
an O(n+ |E(H)|) algorithm for each of the following classes of graphs:

(i) permutation graphs;

)
(i) biconvex graph;
(iii) distance-hereditary graphs;
)

(iv) Py-sparse graphs.

These results (along with some others) are summarized in Figure 3.4. Each of the classes we list has the
additional bonus of having recognition algorithms that are (currently) better than that of weakly chordal
graphs. Note that there was already an algorithm for finding optimal acyclic colorings of cographs [26] that
does not rely on first obtaining a chordalization (and thus runs in O(n + m) time total).

4 Concluding remarks and an open problem

In Section 2, we proved what is arguably the central result of this paper, namely Corollary 3. This result states
that, for a weakly chordal graph G, the acyclic colorings of G are exactly the colorings of chordalizations of
G. It was this fact that allowed us to first obtain a certifying algorithm for CCG described in Theorem 1 and
later allowed us to leverage previously-known algorithms for treewidth to solve the AC problem (Theorem 5
and Corollary 9). Given how useful this property has been, it is natural to ask which other graphs (besides
the weakly chordal graphs) enjoy it.

10

draft version hg:60a7c8e4f814:162 compiled March 28, 2011



( weakly chordal [§]
| O(m?)
( O(n°)
(I D-free [10 50]
O nm
[ chordal bipartite [24] [ permutation [5, 29
O(min{mlogn,n’}) O(n+m)
. O(m®) | O(min{n - tw(G),n +m})
( dlstance-heredltary 11] ([ Ps- sparse
O(n+m) (n+m)
L O(n+m) L O(n +m)
[ biconvex [31] [ cographs [6, 26]
O(n+m) O(n+m)
[ O(n+m) O +m)

Figure 7: Some subclasses of the weakly chordal graphs along with their respective complexities of recognition
(middle) and treewidth (bottom). All of the TREEWIDTH algorithms are constructive unless noted otherwise.

Problem 1. Characterize the graphs G for which the acyclic colorings of G are exactly the colorings of
chordalizations of G.

Kannan and Warnow [22] observed that simple cycles of arbitrary length belong to this class.

Theorem 10 ([22]). If G is a simple cycle on k vertices with a coloring ¢, Then G can be ¢-chordalized if
and only if ¢ is an acyclic coloring of G.

Figure 8: Kannan and Warnow showed that a single cycle of arbitrary length can be ¢-chordalized if at least
three distinct colors appear on the cycle.
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