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1 Introduction

This technical report is a companion to [5] that proves the diagonal blocks of the Hessian matrix for
the inverse mean-ratio metric for tetrahedral elements are positive definite. Thus, the block Jacobi
preconditioner used in the inexact Newton method to solve the mesh shape-quality optimization
problem using the average inverse mean-ratio metric for the objective function is positive definite.
Note that [5] only proves these results for triangular elements. We first recall the proposition proved
in [5] used to show convexity for fractional functions.

Definition 1.1 (Uniform Convexity [6]) Let f: R" — R, and let @ CR" be a convex set. The
function f is uniformly convex on Q with constant k if there exists a constant k > 0 such that for
allz € Q, y e Q, and X € [0,1],

FIA =Nz +Xy) < (1= N f(@) + Af(y) = sA1 = Nlly - =|3.

Proposition 1.2 Let f: R" — R and g : R — R, and let Q@ C R™ be a conver set. Assume the
following properties are satisfied:

1. g is a positive, concave function on €.

2. f is a monnegative, uniformly conver function with constant k on €.

3. For all (x,y) € © := {(z,y) €N xQ| % > gg; and g(y) > g(x)},

fly) flx) ,
(@ - @> (9(y) — 9(x)) < Klly —zll5.

Then, Lisa nonnegative, conver function on 2.

g
Section 2 describes the inverse mean-ratio metric for tetrahedral elements, while Section 3 proves
that this metric is invariant to even permutations of the input data. These permutations reduce
the number of cases that need to be considered to only one case. We then show that the metric
is a convex function of each coordinate in Section 4 by establishing that the conditions needed
by Proposition 1.2 are satisfied. Finally, Section 5 proves that the block Jacobi preconditioner is
positive definite by showing that the Hessian matrix is invertible and assembling all the results.
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2 Mean-Ratio Description

The description in this section of the inverse mean-ratio metric [4] referenced to an ideal element
follows that of Knupp [2, 3] and Freitag and Knupp [1].

Let (a, b, ¢, d) be the coordinates for the four vertices in a tetrahedral element, where each vertex
is an element of ?3. We define the incidence matrix A € R3*3 as

A::[b—a c—a d—a},

and assume that det(A) > 0. That is, the incidence matrix is obtained by computing the edges of
the element emanating from the first vertex in the coordinate list and concatenating them into a
square matrix. Since det(A) > 0 by assumption, the volume of the element at the given coordinates
is nonzero.
Furthermore, let (wq, wp, we, wq) denote the four vertices for an ideal tetrahedral element, with

W denoting the incidence matrix for this element. Moreover, assume that det(W) > 0. Therefore,
the ideal element has a nonzero volume and W' is guaranteed to exist. Throughout this technical
report, we will denote

w11 Wi2 W13

W= | Wy wap w2z |,
w31 W32 W33

where w; ; is the value for the (i, j) element of W 1.

The quantity AW ! is the identity matrix when the trial element and the ideal element have the
same shape and size. If the trial element and the ideal element have the same shape but different
sizes, then AW ! is a positive multiple of the identity matrix, where the multiple is the scaling
factor.

The inverse mean ratio is then defined as

AW %
3| det (AW 1)

where a = % When the trial element and the ideal element have the same shape with a scaling
factor of o > 0, then the numerator has a value of 302. This quantity is divided by a term related to
the volume of the element in order to make the entire measure independent of scaling. Furthermore,
the denominator has a value of 30c? when the trial and ideal elements have the same shape. The
resulting quantity is a dimensionless measure of the shape of the trial element with respect to the
ideal element. The range of the inverse mean ratio is between one and infinity, where a value greater
than one means that the trial element and the ideal element have different shapes. This metric is
invariant to scaling, translating, and rotating the input values. Our proofs will be for the general
case, which is not always scale invariant, where 0 < o < 1 is arbitrary.

A mesh M is defined by a set of vertices V and the elements E that connect these vertices, where
each element is an ordered set of four vertices. The set of vertices on the boundary of the mesh is
denoted by dM; these vertices are fixed for the duration of the computation. We let z € R3*IVI,

where |V is the number of vertices in the mesh, and define

Ac(@) = [ Tey — Te, Tey —Te, Tey, — Te, | wt,

where e € E with e; denoting the jth vertex of element e, and x; denotes the ith column of the
coordinate matrix x. That is, A.(z) is the incidence matrix for element e times the inverse incidence
matrix for the ideal element.

An optimization problem to minimize the average inverse mean ratio over the entire mesh is then

) A ()]

Ming e pax|v| ¢€E 3det(A.(z)®
subject to  det(Ae(z)) >0 Ve e E
€Ty = fi Vi S 8M,



where Z; denotes the fixed location of the ith boundary vertex. The constraints that det(A.(z)) >0
for all e € E ensure that the elements in the resulting mesh have a consistent orientation. The
absolute value in the denominator of the mean-ratio metric has been dropped because the consistent
orientation constraints ensure that this quantity is positive. The consistent orientation conditions
can be dropped from the problem if we start from a feasible point because the objective function
approaches infinity as the volume of any element approaches zero. Moreover, the fixed variables can
be removed. This reduction leads to an unconstrained optimization problem where the objective
function is twice continuously differentiable on an open set containing the level set. An inexact
Newton method can be applied to solve the resulting problem.

However, the objective function is not convex. Therefore, we need to show that the preconditioner
used in the inexact Newton method is positive definite. In particular, given a feasible point for the
optimization problem, we obtain a block Jacobi preconditioner by taking the Hessian of the objective
function, F(z), with respect to each of the vertices. That is,

Vi . F(x)

T1,T1

M = . Vi | F(x)

Li, &4

2
vm‘v‘ ,I‘V| F(x)
where V7, F(x) € #3. To establish that this matrix is positive definite, we prove that V2 F(x)
is positive definite for each i = {1,...,|V]|}.
To fix notation, we define the following functions:

Au(z) = |[b—2 c—2 d—z |W!
Ay(z) = |z—a c—a d—a |W7!
A(z) = b—a z—a d—a |W!
Ag(x) = |[b—a c—a x—a |W!
m( 40 @)%

) det(Aq(z))e
) [l A () I
det(Ap(z))e
) = @I
det(Ac(z))e
) = Al
det(Agq(z)) "

That is, A,(x) is the incidence matrix times the inverse incidence matrix for the ideal element as a
function of the first vertex position, while Ay(x), A.(x), and A4(x) are the corresponding functions
for the second, third, and fourth vertex positions, respectively, while mg(z), mp(x), me(x), and
mg(x) are the resulting inverse mean-ratio functions. We also define the following sets:

Qo = {zeR®|det(4q(z)) >0}
Q = {zeR|det(4y(x)) >0}
Q. = {zeR®|det(Ac(x)) >0}
Qq = {zeR®|det(Aq(z)) >0}

3 Permutation Properties

The first step in proving that the block Jacobi preconditioner is positive definite is to show that
the mean ratio metric for tetrahedral elements is invariant to an even permutation applied to the
vertices for both the trial and ideal elements. The permutation needs to be even so that we do not



change the sign of det(W).

This invariance means that we need to prove convexity and positive

definiteness for only one function since the others can be obtained by applying permutations.

Lemma 3.1 Let (w? w® w® w?) € R3** be given such that det(W) > 0, and let (a,b,c,d) € R3**

be arbitrary. Then, the following are equivalent:
1.[b—a ¢c—a d—a ][ w—w" w—uw* w?—w" ]71

2. [c—b a—2b d—b}[wc—wb w® — w wdfwb]il

3. [c—a d—a b—a][wcfw“ w® — w? -1

Proof:

wawa]

[b—a c—a d—a][waw“ w® — w® wdfw'l}71
0 0 0
:[cfb a—b>b db][l — 1] ([wc—wb w® — w’ wd—wb]ll
0 0 1 0
0 0 o 1 o71°"
:[c—b a—2> d—b][—l -1 —1] |:—1 -1 —1] [wc—wb w® —w’
0 0 0 0 1
:[c—b a—b d—a][wcfwb w® — w’ wdfwa]_l
[b—a c—a d—a][wb—w“ w’ — w® wd—w“}_1
0 1 0 0 1 0
:[c—a d—a b—a][O 0 1]([106—10“ wd — w® wb—w“}|:0 0 1
1 0 O 1 0 0
01 0 01 071"
z[c—a d—a b—a][O 0 1] |:0 0 1] [wcfw“ w? — w® waw“]71
1 0 O 1 0 0
:[cfa d—a bfa][wc—w“ wt — w® wb—w“]fl.

4 Convexity Properties

This section proves that my(x) is a convex function of x on 4 by establishing that the assumptions

for Proposition 1.2 are satisfied.

Lemma 4.1 For any weight matrizc W1,
1. det(Ag4(x)) is a linear function of x.
2. Qg4 is a conver set.

Proof: From the properties of the determinant,

by —a1 c1—ar T1—ax
det(Aq(z)) = det by —as co—as xo—as | WL
b3 —a3z c3—a3 w3—as
by —a1 c1—ar z1—a
= det by —as Co—as To— as det (W)
b3 —a3 c3—az x3—as

(w1 — a1)((b2 — az)(c3 — ag) — (bs — as)(c2 — az)) +
(a2 — z2)((b1 —a1)(cs — a3) — (bs —az)(c1 —a1)) +

det (W‘l)
(w3 — az)((b1 — a1)(c2 — az) — (b2 — az)(c1 — a1))



This calculation shows that det(A4(z)) is a linear function of . Furthermore, Q4 consists of a strict
linear inequality, which forms a convex set. [

Lemma 4.2 For any weight matriz W= and for any 0 < a < 1, det(Aq(x))® is a concave function
of x on Qyq.

Proof: Since det(Ag4(z)) is a linear function of z by Lemma 4.1,
det(Aq((1 — Nz + Ay)) = (1 — ) det(Aq(z)) + Adet(Aq(y))

for any A € [0,1]. If z € Q4 and y € Qq4, then (1 — XNz + Ay € Qg because Qg  is a convex set
by Lemma 4.1. Therefore, det(A4((1 — A)z + Ay)) > 0. The power is applied to both sides of the
equation to obtain

det(Ag((1 — Nz + Ay))® (1= A)det(Ag(x)) + Adet(Aq(y)))”

> (1= A)deb(Ag(2))® + Adet(Ag(y))®,

where the last inequality holds because ¥“ is a concave function on the region b > 0 for any
0<a<1][7]. O

Lemma 4.3 For any weight matriz W= with det(W~1) > 0, ||Aq(2)||% is a uniformly convex
function of x with constant k = w3 | + w3 5 + w3 3 > 0.

Proof: The Hessian matrix for ||Aq(x)||p is 2(@3 , + @3 5 + @3 3)I, where I is the identity ma-
trix. Therefore, this matrix is uniformly positive definite with constant 2(71)%71 + w3 5 + E)§3) The
relationship between equivalent definitions of uniform convexity then imply that

[Aa((1 =Nz + )7 < (1= N[ Aa(@)1F + MAa)llF — (@31 +0F 5 + @3 5) M1 = Nly — 2|3

Since det(W 1) > 0, either w3 1 # 0, W32 # 0, or w3 3 # 0. Hence, ||Ag4(x)||% is a uniformly convex
function with xk = @3 ; + @3, + w5 3 > 0. O

Lemma 4.4 Let W=t be any weight matriz with det(W =) > 0, and let 0 < o < 1. Moreover,
define Q@ = Qq, f(z) = [[Aa(z)||%, and g(x) = det(Aq(x))®. Then for any (z,y) € O, where © is
defined in Proposition 1.2,

(% - %) (9(y) — g(x)) < (W5, + w3 5 + w3 3)|ly — 2|3

Proof: This lemma is proved by showing that

) @Y
(w?:;l)ré(%(g(y) g(x))(g(y) g9(x)) — (W5, + w35 + w5 3)|ly — x|z <0.

If © is the empty set, then there is nothing to prove. Therefore, assume © is nonempty, and
let (xz,y) € ©. We then make the change of variables x = RT + a and y = Ry + a, where R is an
orthogonal matrix with det(R) = 1. In particular, R is defined so that

d_1,1 621,2
RT[b—a c—a}: 0 dopo |,
0 0



where Jl,l and d_272 are positive and JLQ is unrestricted. Such a matrix can be constructed by
multiplying three rotation matrices together and using the fact that det(A44(z)) > 0.
After making this substitution, we have the following expressions for || A4(x)|%, det(Aq4(z)), and

ly — xl3:

[Aa(@)E = |l Aa(Rz + )W 3 ,
= |[b—a ¢c—a Rz4+a—a |W|,
= |R[ R"(b—a) R"(c—a) z |W 3
_ _ _ _ 2
dig dia T Wi, Wi Wis
= 0 do, 2 T2 Wo,1 Wz W23
T3 w31 W32 W33 F
(Zl,l @1,2 T1
det(Aa(a:)) = det [ R 0 d2’2 To w1
o\ 0 0 T3
= d171d272 det(W_l)i‘g,
ly=clf = |Rg+a—Ro—af3
= 2@ -2l
= lg—=zl3,
where the orthogonality of R is used in the norm calculations and det(R) = 1 is used in the
determinant.
We use the following definitions throughout the remainder of this section.
v = CleCiZQ det(W‘l)
A = Wi, + W3y + W3
(d1 11,1 + dy 212 1 + w3 1€)? +
(g = (dl 1012 + dy 2Wa,2 + W3 28)* +
(di113 + dy o253 + Ws,38)* B
62(6) = (doaiay +W318)” + (do2a2 + 326) + (223 + s 5€)?

The optimization problem we want to solve is then

51(91)4+02(g2) FAGE  §1(21)+02(T2)+AZ2 _ _ _
SUDgen g (USRI BENEREIAT) (1) — (v25)*) - Allg - 713
subject to vys > vy > 0

(vy3)® > (vz3)®
51(?31)+52(ﬂ2)+ﬂﬂ3 51($1)+52($2)+Aw3
(v3)™ = (vig)e

Eliminating v from the problem because it is a positive constant, and dropping the last two
constraints, we obtain the following optimization problem, which provides an upper bound on the
supremum:

_ _ —2 = = =2
SUD e gegs  ( HIHRIDEAL _ SEEAL ) (5o — ag) — Ally - a3
subject to Yys > T3 >0

Examining those terms involving 3 and 3, we obtain

Ags > =25 ) WS —29) — (s — 3)%) = A3 - ﬂg“’fc% —y5T; C 4 73 — (73 — 73)?)
= A(2g373 — §5 7§ — ysas %)
o yl—a Z —«
= s (2= e~ i)
< 0,



where the last inequality is obtained from the arithmetic-geometric mean inequality. After removing
these terms, we are left with the following optimization problem, which provides an upper bound
on the supremum:

SUPzeps gens (61(y1);;52(y2) 51(:?1)%62(502)) (173‘3‘ N fg‘) N A((Zjl i 51)2 + (272 . f2)2)

subject to Y3 > T3 > 0.

We now write y§ = x5 for 8 > 1 because z§ > 0, eliminate ¢3 and Z3, and rearrange the terms
to obtain the equivalent optimization problem:

(B = 1)(01(51) + 02(g2)) —
SUDy en gyen, 51 Sz enaer 5 | B8 —1)(01(Z1) + 02(72)) —
BA((G1 — 21)* + (§2 — 72)?)

Note that the objective function is strongly concave in the ; and Z, variables. Therefore, we can
set to zero the gradient of the objective function with respect to z; and Zo to derive the optimal
solution for z; and Ty given 71, ¥2, and .

(d1,1W1,1 + d1,2W2,1 + Ws,1T1)Ws,1 +
Vz,0bj(Z1, %2, 71,52, 6) = —2((B-1) (dl 11,2 + d1,2W2,2 + Ws,2%1)Ws,2 + | + A(Z1 — 1)
(d1,1101,3 + d1,2We,3 + W3,3%1)W3,3
(dl 1W1,1 + dl 2W2,1)Ws3,1 +
= 2| (- AT + dl 1W1,2 + di 2W2,2)Ws,2 + + A(Z1— 71)
(d1,11,3 + di,2W2,3)W3,3
(dl 1W1,1 +d1 2W2,1)Ws3,1 +

= =2 5A$1+ dl 1w12+d1 2W2 2)1032 + — A
(d1,11,3 + di,2W2,3)W3,3

(11w11+d12w21)w31+ )
—2BA i1+% (11w12+d12w22)w32+ -4
(

®

1,1W1,3 + d1,2W2,3)W3,3

(d2,2W2,1 + Ws,1%2)Ws,1 +
Vi, 0bj(Z1,%2,71,92,8) = —2|(B—1) | (de2W2+Ws2Z2)Ws2 + | +A(Z2 — F2)
(d2,22,3 + Ws3,3%2)Ws,3
(d2,2W2,1)W3,1 +
= =2((B-1)|AZ2a+ | (d22W2,2)W32 + + A(Z2 — 72)

(d2,2%2,3)W3,3
(C£2,2U72,1)’LD3,1 +
= 2| pAZ2+(B-1) (C£2,21T12,2)ﬂ73,2 + | — Age
_ (d2,22,3)w3,3
(da,22,1)W3,1 + .
= —28A|Z2+ % (d2,0Wa,2) W30 + | — %2
(d2,212,3)Ws3,3

Let
A = @1,11171,1 + J1,2152,})w3,1 + (Czl,ﬂfh,g + dy 2Wa,2)W3 2 + (d1,1W1,3 + d1,2Wa,3) W33
Ay = (daoWe1)Ws1 + (do,2Wsa2)Ws 2 + (d2 2We 3)Ws 3
Therefore,
- y B=1A
S Y
_ S P



Substituting these quantities into the objective function gives an equivalent optimization problem

1
SUPg, eR,52eR,6>1 3

(B—1)d1(7h) — - - - -
) B(8—1) (61 (g_l  B-1A, ) _ 5y ((6{1,111_11,1 + C{1,21£12,1)U_)3,2 . (@1,111_)1,2 + C{1,2lf2,2)1£)3,1)2 +
3 B B AQ = —5a ((@1,111)1,1 + @1,21112,1)103,3 — (@1,111)1,3 + @1,21112,3)11)3,1) +
BA ((gl _ %1 _ @% ((d1,1w1,2 + d1,2W2,2)Wws,3 — (d1,1W1,3 + d1,2@2,3)1173,2)2
I wi,1  W1,2 —621,2 i
det Wo,1 W22 di1 +
| w31 W32 0 |
) [ w11 —di2 W13 )
= _(5{3—_&) det W2,1 di,1 W23 +
| Ws,1 0 ws3 |
(— _d71,2 wi,2 W1,3 —)
det di1 W22 W23
L 0 ws2 wss |

—d-
— B deswH? g 51’2
= ~7B a3 11 ,
0 2

where the last equation is derived from Cramer’s rule.
Examining those terms involving %3 and 3, we obtain

(B —1)b2(y2) —

J — da,2W2,1 W32 — do2W3,1W2,2)* +
_1(;(.74_2_&&)_ e [ (d2aW21W32 — da 2w 1y,
% 5(ﬁ ) 2\8 B Az = - (ﬁﬁAl) (@2,211)2,1103,3 - @2,2103,1102,3)2 +
pA ((372 o %2 - %% (dg,2w2 2103 3 — d2,2w3,2@2,3)2
[ w11 W2 CZ2,2 1
det @271 W2 2 0 +
| W31 W32 0 |
2 Wi do2o Wi
= — (Bﬁ_A) det w21 0 w23 +
| W31 0 w33 |
doo W12 W13
det 0 11_}2’2 11)2’3
0 w32 72173,3
(B—1)? det(W—1)? do2
= 35— |V 0 ;
0 11l
where the last equation is derived from Cramer’s rule.
Therefore, the optimization problem reduces to
= 2 - 2
2 gopw—12 —d1 dz,2
SuPg>1  — (ﬁ;) = A N dy1 + |[W 0
0 11, 0 11,



The constant in this optimization problem is positive since the null space of W is the zero vector,
det(W=1) > 0, and A > 0. Hence, the superemum is zero. [J

Theorem 4.5 Let W1 be any weight matriz with det(W=1) >0, and let 0 < o < 1. Then, mg(z)
is a monnegative, convex function of r on Q4.

Proof: Lemma 4.1 shows that Qg is a convex set, Lemma 4.2 demonstrates that det(A4(x))? is a
concave function on Qg, and det(Ag4(x))® > 0 for any =z € Q4. Therefore, Property 1 of Proposi-
tion 1.2 is satisfied. Furthermore, ||A4(z)||% is a nonnegative function of z and Lemma 4.3 shows
that ||Aq(z)||% is a uniformly convex function of z with constant @3 ; + w3 5 + @3 3 > 0. Therefore,
Property 2 of Proposition 1.2 holds. Lemma 4.4 shows that Property 3 is satisfied. Therefore, by
Proposition 1.2, my(z) is a nonnegative, convex function of x on Q4. O

5 Preconditioner Properties

Lemma 5.1 Let W= be any weight matriz with det(W =) > 0, and let 0 < o < 1. Then for any
x € Qq, V2 ,ma(x) is invertible.

Proof: If Q4 is empty, then there is nothing to prove. Therefore, let 23 be nonempty, and let
x € Qq. Define R to be as in the proof of Lemma 4.4. Then we have

mg(x) = mq(RZ + a)
where Z = RT (x — a). By the chain rule,
V.mg(z) = [Vemg(RE + a)] RT

and
V2 .ma(z) = R [V mq(RZ +a)] R
We can ignore the terms involving R, since R is an orthogonal matrix with det(R) = 1.
Using the definitions from Lemma 4.4, we recall that

7 7 — — — — 2
d1,1 ({1,2 il wi,1 Wi2 W13
0 dao 2 Wa,1 Wa2 W23

matre vy = L0 0 L wan o ],
det( |: 0 CZ272 T2 ] W—l)
0 0 Zz3
din dip T Wiy e g ||
IH 0 dapo 3_02] 0 agp 1112,3]
0 0 0 0 sy

FE
(vZ3)™ ’

where we have applied an orthogonal matrix S with det(S) = 1 to the right-hand side of the
numerator to eliminate constants. Moreover, dy 1 > 0, d2 2 > 0, and Z3 > 0 because =z € {14, and
w171w2,21@3,3 > 0 because det(Wfl) > 0.

Let B
o1 = dyaw
P2 = dogw22
P = dy W12+ di W22
wi(§) = di1 3+ dyoWa 3+ W3 3¢
wa(&) = daoaz + w33k



We then have by direct computation that the Hessian matrix is

2a3 3w (T1)

y(’zg‘ 0 Va:ig+1
0 2’1’%,3 _ 201b3,3w2(T2)
Ve TS vazg Tl
. _ . _ - = -2
_ 20tb33w1(T1) 20wz 3wa(T2)  oot1) (@540 +wi (F1) Fwa(F2)?) + (1—0)(2—a)ig 5
vaggtt vaggtt vaggt? vezy

We now compute the null space of this matrix by solving the system of equations:

203, 0 _ 20b3,3w1(F1)
oz ] pago Tt =
23,3 20d3,3w2(Z2)
3 — bt ANt VA z = U.
0 voTg V"§7§+1 . 2 0
_ 20ab3,3w1(%1)  201b3,3w2(T2) a(at+1) (P2 +p3+p>+wi (F1) +wa(F2)?) + (I—a)(2— )iy 5 <3
vozg ! vozg ™t vozg T2 VoS
The first and second constraints imply
zZ1 = —afdl(zz_l)
W3,3%3
z9 76%)2(%1)
w3,3T3

Substituting these into the third equation gives a coefficient on z3 of

a(at1) (T +¢3+p>+wi (T1)* +ws (T2)?) + (1—a)(2—a)3 5 _ 20W3,3w1(%1) awi(Z1) _ 20W3,3w2(T1) aws(Z2)

V“ig‘+2 vezy V"ig‘*l W3 373 u"ié“rl W3 373
_ o(a+1) (7 +5+p°+wi (F1) > +ws(F2)?) + (1=e)2=e)ii;  20%wi(#) _ 20°wa(z)?
= y‘l:io‘+2 l/a:i? V“‘:EE;+2 V"‘i?+2
— al4+a)(@i+¢5+0") | a(l-a)@i(@1)*+wa(@2)?) | (1ma)2-a)ii,
- vaggt? vaggt? vezy ’

The first term is positive whenever 0 < a < 1 since ¢1 # 0, ¢ # 0, v > 0, and T3 > 0. The second
term is nonnegative whenever 0 < a < 1. The third term is positive whenever 0 < a < 1 since
w33 # 0, v > 0, and 23 > 0. Therefore, this coeflicient is positive and z3 = 0, which implies that
z1 = 0 and 2z = 0. Since the null space is the zero vector, the matrix is invertible. [J

Corollary 5.2 Let W= be any weight matriz with det(W=1) > 0, and let 0 < o < 1. Then for
any x € Qq, V2 ,ma(x) is positive definite.

Proof: Since mg(x) is convex on Q4 by Theorem 4.5 and twice continuously differentiable on this
set, Vi’xmd (x) is positive semidefinite for any x € {13. However, Lemma 5.1 shows that the Hessian
matrix is also invertible for any x € 4. Therefore, we conclude that V2 mg(x) is positive definite
for any = € Q4. O

Corollary 5.3 Let W1 be any weight matriz with det(W 1) > 0, and let 0 < o < 1. Then,
1. Vi’zma(m) is positive definite for any © € Q.
2. V2 ,my(x) is positive definite for any x € Q.
3. Vizmc(x) is positive definite for any x € Q..

Proof: By Lemma 3.1

Ag(z) = [b—2 c—z d—z [ w —w* w®—w* w'—w" ]
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We now apply Corollary 5.2 to mg(z) using this equivalent redefinition. Therefore, V2  mq(z) is
positive definite for any x € Q,. A similar argument using applications of Lemma 3.1 shows that
V2 omip(z) is positive definite for any = € @, and V2 m.(x) is positive definite for any 2 € Q. O

Corollary 5.4 Let W= be any weight matriz with det(W=1) > 0, and let x € R3*IVI be given
such that det(A.(x)) > 0 for all e € E. Then, the block Jacobi preconditioner for the shape-quality
optimization problem using the mean-ratio metric is positive definite.

Proof: The objective function, F(z), for the shape-quality optimization problem consists of the
sum of the mean-ratio metric for each element. Therefore,

2 F _ Z{e€E|61=i} vﬂ%“at,ma(xl) + Z{eEE\eQ:i} vg“m,mb(‘xl) +
T;,T; (I) - VQ . v2 i )
{e€E|ez=i} wi,wimc(xl) + Z{eGE\m;:i} a:i,:rimd(x’b)

where a = z¢,, b = ¢,, ¢ = Z,, and d = z,, in the mean ratio metric for each e € E. Corollary 5.2
and Corollary 5.3 now imply that V2 F(x) is positive definite because the sum of positive definite
matrices is also positive definite. Therefore, the block Jacobi preconditioner is positive definite. [
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