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Complex Process Operations Complex Process Operations –– Systematic DecisionSystematic Decision--MakingMaking
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MHE – Theoretical Developments
Robertson, Lee and Rawlings (1994), Albuquerque and Biegler (1996), 

Rao, Rawlings and  Mayne (2003), Rawlings and Bakshi (2006)

Real-Time NMPC
Diehl et.al. (2001), Kadam & Marquardt (2004)

Z., Laird & Biegler (2006)

Real-Time MHE
Diehl, et.al. (2005) – Single QP, Multiple Shooting

This Work – Simultaneous Collocation

Moving Horizon EstimationMoving Horizon Estimation

MHE
Constraint Handling

Sophisticated Dynamic Models



Moving Horizon Estimation ProblemMoving Horizon Estimation Problem



Large State Dimensionality

Degrees of Freedom

Solution Time Order of MinutesHighly Nonlinear, Ill-Posed

Solved as Continuous-Time DAE-Constrained Problem

Moving Horizon EstimationMoving Horizon Estimation



Simultaneous Collocation Approach
Algebraic Representation of Continuous-Time Dynamic Model 

NLP

Polynomials 
At Collocation Points

Moving Horizon EstimationMoving Horizon Estimation

Discretized 
DAE Model

Finite Elements

Large-Scale and 
Sparse NLP

1) Sparse Linear Algebra in NLP Solver
2) Inexpensive Exact First and Second Order Derivatives

Relies on Efficient NLP Solvers



Full Space NLP Solvers – Knitro, LOQO, IPOPT Wächter, Biegler 2006

Moving Horizon EstimationMoving Horizon Estimation

Complexity of Sparse Factorization Complexity of Riccati Decomposition

Favorable Computational Complexity over Multi-Shooting and Sequential  -Z. Laird & Biegler 2006

Full Space NLP Solvers – Knitro, LOQO, IPOPT Wächter, Biegler 2006

Newton’s Method
Sparse Factorization of KKT Matrix 

Solve Sequence of BPs with

NLP BP

Exact Derivatives

Simultaneous Collocation Approach + Full Space NLP Solver



Full Space NLP Solvers – Knitro, LOQO, IPOPT Wächter, Biegler 2006

-Benefits of Exact Derivatives GAMS, AMPL, ADOL-C, Adifor

-Fast Local Convergence  
- Convergence Independent of Degrees of Freedom vs. Quasi-Newton
- Verify Second Order Conditions ~ Observability, Uniqueness Z. & Biegler, 2006

- Exact Covariance Information ~ Analysis Complex Nonlinear Models

Newton’s Method
Sparse Factorization of KKT Matrix 

Solve Sequence of BPs with

NLP BP

Exact Derivatives

Moving Horizon EstimationMoving Horizon Estimation

Simultaneous Collocation Approach + Full Space NLP Solver = Fast Solution of MHE



FAST FAST Moving Horizon EstimationMoving Horizon Estimation



Fast Moving Horizon EstimationFast Moving Horizon Estimation

Computational Delay – Affects NMPC 
NLPs are Parametric

Solve             Between Sampling Times
Perturb Solution for Fast Approximation of              

Fast Optimization Fast Optimization –– Fast Enough?Fast Enough? NMPC ControllerNMPC Controller
InconsistentInconsistent



LargeLarge--Scale NLP SensitivityScale NLP Sensitivity

NLP Sensitivity - Existence and Differentiability of                and        Unique  - Fiacco, 1983

- Main Idea:  - Approximation by  Taylor Series Expansion  -
- Equivalent to Newton Step

- Issues: - Second Order Conditions hold at                 - Observability?
- Continuity Implies  Active Set at               Valid  in a Finite Neighborhood
- Keep                    Small

Optimality Conditions of 

Solution Triplet
MHE DataMHE Data



Fast Moving Horizon EstimationFast Moving Horizon Estimation
How to Keep                    Small ?

- Direct Approach

2) At             -On-Line-1) Solve Between       and

Large Perturbation                   - Might Give Poor Approximations
How to Consider Moving Horizon Shifting?                        

Obtain                   Fast Approximate Solution

Define New Data of 

Horizon Shifting



Fast Moving Horizon EstimationFast Moving Horizon Estimation
How to Keep                    Small ?
- Shifted Approach

1) Solve Extended Problem

Dummy Variable = Output Model Extrapolation

Extended Lagrangian

Free Dummy Variable



Fast Moving Horizon EstimationFast Moving Horizon Estimation

Extended Horizon Terms

KKT System At Solution of

Factorization of KKT 
Matrix Available

1) Solve Extended Problem



Fast Moving Horizon EstimationFast Moving Horizon Estimation

2) At              once we know  

KKT System of

Augmented KKT System

Relax Multiplier

Force Variable to Measurement

Fast On-line 
Solution?



Fast Moving Horizon EstimationFast Moving Horizon Estimation

Schur Complement Technique

- On-Line –
Single Back Solve

Larger Models - Extend Horizon Further

Update in Background Every Two Sampling Times

Fast Approximate Solution

Update in Background Every Sampling Time

- On-line -
Single Back Solve

- Background –
Form Schur Complement



Fast Moving Horizon EstimationFast Moving Horizon Estimation
Schedule of Computational Tasks

New Measurement

Fast 
Estimate

Solve & Schur

New Measurement

Fast
Estimate

Solve & Schur



Fast Moving Horizon EstimationFast Moving Horizon Estimation

Approximation Error

Solve                                      through Forward Riccati Decomposition

Strongly Observable                                       -Approximation Error Small-
Weakely Observable                                       -Approximation Error Large-

Strongly Observable  and                     

Numerical Analysis of



Industrial Case StudyIndustrial Case Study



Industrial Case StudyIndustrial Case Study

Material Balances - ODEs

Variable Time Delays - PDEs

Dynamic Process Model
294 ODEs
500 AEs

Discretize 
-in Space-

Low-Density Polyethylene Tubular Reactor Process

High-Pressures – Lots of Compression Stages
Low Reactor Conversions

Long Recycle Loops – Variable Time Delays



Industrial Case StudyIndustrial Case Study

Single Measurement - Composition of Recycle Gas
Sampling Time = 6 min

Estimation Horizon N = 15

27,121 Constraints, 9330 Bounds
294 Degrees of Freedom +1 Dummy

NLP Simultaneous Approach

Solutions Satisfy Second Order Conditions
– System Locally Observable -

On-Line Cost
Fast MHE

On-Line Cost  
Standard MHE

Controls

Meas



Industrial Case StudyIndustrial Case Study
Simulated Control Profiles

Measurement Profiles  Gaussian Noise 5% SD



Industrial Case StudyIndustrial Case Study
Simulated Control Profiles

Measurement Profiles  Gaussian Noise 5% SD

On-line State Estimate in 1 Second
NLP Sensitivity Errors Negligible



Industrial Case StudyIndustrial Case Study
Performance of NLP Solver In Background

Fast MHE = Fast Accurate Approximation + Fast Solver in Background 

Background Solution 2-3 min 



Conclusions and Future WorkConclusions and Future Work



ConclusionsConclusions

Fast Computational Framework for MHE

- Simultaneous Collocation Approach -Computational Complexity & Exact Derivatives

- Reference Problem in Background

- Fast On-Line Approximations – NLP Sensitivity

- Exploit Parametric Property with Appropriate Formulations

- Simulated Industrial Scenario - Accurate State Estimates
- Reduction of On-Line Costs by Factor of  200



Future WorkFuture Work

Stability of Fast MHE Algorithm
Lyapunov-Based Analysis Rao, Mayne & Rawlings 2003– NLP Sensitivity Errors Z. & Biegler 2007

Fast Covariance Information from Large-Scale NLP Solver
Full-Space KKT Matrix - EKF Riccati Recursion Z. & Biegler, 2007

AIChE Annual Meeting 2007

Complete Fast NMPC Framework  
Fast NMPC Z., Laird & Biegler 2006-2007 + Fast MHE This Work

Faster MHE …
Alternative Formulations, Parallel Decomposition, Linear Solvers
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