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REAL-TIME NONLINEAR OPTIMIZATION AS A GENERALIZED
EQUATION*
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Abstract. We establish results for the problem of tracking a time-dependent manifold arising in
real-time optimization by casting this as a parametric generalized equation. We demonstrate that if
points along a solution manifold are consistently strongly regular, it is possible to track the manifold
approximately by solving a single linear complementarity problem (LCP) at each time step. We
derive sufficient conditions guaranteeing that the tracking error remains bounded to second order
with the size of the time step even if the LCP is solved only approximately. We use these results to
derive a fast, augmented Lagrangian tracking algorithm and demonstrate the developments through
a numerical case study.
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1. Introduction. Advanced real-time optimization, control, and estimation strate-
gies rely on repetitive solutions of nonlinear optimization (NLO) problems. The struc-
ture of the NLO is normally fixed, but it depends on time-dependent data obtained
at predefined sampling times (e.g., sensor measurements and model states).

Traditional real-time NLO strategies try to extend the sampling time (time step
At) as much as possible in order to accommodate the solution of the NLO to a fized
degree of accuracy. A problem with this approach is that it neglects the fact that the
NLO solver is implicitly tracking a time-dependent solution manifold. For instance,
insisting on obtaining a high degree of accuracy can translate into long sampling
times and increasing distances between subsequent problems. In turn, the number
of iterations required by the NLO solver increases. This inconsistency limits the
application scope of real-time NLO to systems with slow dynamics.

Approximate real-time NLO strategies, on the other hand, try to minimize the
time step by computing a cheap approximate solution within a fized computational
time. Since shortening the time step reduces the distance between neighboring prob-
lems, this approach also tends to reduce the approximation (manifold tracking) error.
These strategies are particularly attractive for systems with fast dynamics. However,
an important issue is to ensure that the tracking error will remain stable.

Approximate strategies such as real-time iterations and continuation schemes
have been studied previously in the context of model predictive control and state
estimation. These strategies solve a single Newton-type step at each sampling time
[21, 26, 10, 9, 25]. In the real-time iteration strategy reported in [9], the model is
used to predict the data (e.g., states) at the next step, and a perturbed quadratic
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optimization (QO) problem is solved once the true data becomes available. In the
absence of inequality constraints, the perturbed QO reduces to a perturbed Newton
step obtained from the solution of a linear system. It has been demonstrated that, by
computing a single Newton step per time step, the tracking error remains bounded
to second order with respect to the error between the predicted and the actual data.
In order to prove this result, a specialized discrete-time, shrinking-horizon control
setting was used [9]. In [12], conditions for closed-loop stability of receding-horizon
control were derived in the presence of approximation errors. A limitation of these
analyses is that the impact of the size of the time step gets lost and it is thus difficult
to analyze behavior as At — 0. In addition, the results cannot be directly applied
in other applications. Furthermore, no error bounds have been provided for the case
in which nonsmoothness effects are present along the manifold due to the presence of
inequality constraints.

The continuation scheme reported in [25] is a manifold tracking strategy in which
the optimality conditions of the NLO are formulated as a differential equation. This
permits a detailed numerical analysis of the tracking error as a function of the size
of the time step. Sufficient conditions for the stability of the tracking error are de-
rived. However, no order results are established. For implementation, the differential
equation is linearized and discretized to derive the Newton step. The resulting lin-
ear system is solved approximately by using an iterative scheme such as generalized
minimum-residual (GMRES) [31]. The use of an iterative linear solver is partic-
ularly attractive because it can be terminated early, as opposed to direct solvers.
This is important in a real-time environment since it can significantly reduce the size
of the time step. However, a limitation of continuation schemes is that inequality
constraints need to be handled indirectly using smoothing techniques (e.g., barrier
functions [25, 33, 11]) which can introduce numerical instability.

In this work, we present a framework for the analysis of real-time NLO strategies
based on generalized equation (GE) concepts. Our results are divided into two parts.
First, we demonstrate that if points along a solution manifold are consistently strongly
regular, it is possible to track the manifold approximately by solving a single linear
complementarity problem (LCP) per time step. We derive sufficient conditions that
guarantee that the tracking error remains bounded to second order with the size of
the time step even if the LCP is solved only approximately. These results generalize
the approximation results in [9, 25] in the sense that we consider both equality and
inequality constraints, with the possibility of changing the active-set along the man-
ifold. In particular, the proposed approach does not require any smoothing, which
makes it numerically more robust. Second, we derive an approximation approach in
which the NLO is reformulated using an augmented Lagrangian function. This per-
mits the use of a matrix-free, projected successive overrelaxation (PSOR) algorithm
to solve the LCP at each sampling time [22, 20, 3, 23]. We demonstrate that PSOR is
particularly efficient because it can perform linear algebra and active-set identification
tasks efficiently.

The paper is structured as follows. In the next section, we review basic concepts
of parametric NLO and GEs. In section 4 we will establish general approximation
results and derive stability conditions for the tracking error. In section 5 we will
specialize these to the context of nonlinear optimization. The augmented Lagrangian
tracking algorithm and associated stability properties are presented in section 6. A
numerical case study is provided in section 7. The paper closes with conclusions and
directions of future work.
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2. Motivation. In this work, we analyze parametric NLO problems of the form
(2.1) min f(z,t) subject to (s.t.) c¢(z,t) =0, z>0.

Here, xz € R™ are the decision variables, t € R is a scalar parameter, and the mappings
f:OXT >R, ¢c: QxT — R™ are assumed to be continuously differentiable from
the open sets 2 C R™ and T" C R. To simplify our discussion, and without loss
of generality, we consider only the case where all components of x are subject to
inequality constraints. The first-order optimality conditions of this problem are

(2.2) VoL(w,t) —v=0, c(x,t)=0, 2’v=0, >0, v>0.
The Lagrange function is defined as
(2.3) L(w,t) = f(x,t) + A c(x, 1),

where A € R™ are Lagrange multipliers and w? = [T, A\T]. Equivalently, (2.2) can
be formulated without introducing the multipliers v € R™ as

(2.4) eIV, L(w,t) >0, c(z,t)=0, z>0.
The optimality conditions can be posed as a parametric GE of the form

(2.5a) 0 € VL(w,t) + Ngr (z),
(2.5b) 0 € c(z,t) + Npm (N),

where R’} is the nonnegativity orthant. Given sets K, W, and Z, the multifunction
Ng : W — 27 is the normal cone operator,

[ {veW|(w-yTv>0 Vye K} if weK,
(2.6) NK(w)—{ 0 if w¢ K.

The above notation is used to analyze the optimal conditions using geometric ar-
guments. Parametric NLO problems arise in real-time optimization applications such
as state and parameter estimation [28], model predictive control [6], signal process-
ing [19], real-time economic optimization [18, 36], American options pricing [14], and
multibody rigid dynamics [2], among others. The decision variables x usually repre-
sent controls and states of the dynamic model of a system, while the time-dependent
data (represented by t) are observations generated by the real system. For instance,
in state estimation, the decision variables are the initial conditions of the model, while
the data represent observations to be fitted. In model predictive control and real-time
economic optimization, the decision variables are the controls fed to the system, while
the data are the current states and incoming price and disturbance (e.g., weather)
information.

Under certain regularity conditions (see section 5), the solution of the parametric
NLO forms a nonsmooth and continuous manifold [15]. In this work, we are interested
in establishing approximate algorithms to track the solution manifold of parametric
NLOs close to real time. This will enable higher frequency solutions (as desired in
most applications) and the consideration of more detailed models, longer prediction
horizons, and more decision variables. We emphasize that our results are general
and try to capture the basic essence of different time-dependent applications. This
comes at the expense of sacrificing details arising in specific domains such as model
predictive control.
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3. Generalized equations. In this section, we use the notation from [29, 7].
The optimality conditions (2.5) can be posed as a parametric GE problem of the
following form: For a given t € T' C R, find w € W C R” such that

(3.1) 0 € F(w,t) + Nk (w).

Here, FF : W x T — Z is a continuously differentiable mapping in both arguments
with
(3.2) F(w,t) = |: c(z,1) ] )

and K = R x R™ C W is a polyhedral convex set. We denote the solution of (3.1) as
wy. In addition, we define the derivative mapping Fi,(w,t) := V,, F(w,t) and assume
that it is Lipschitz in both arguments with constant Ly, for all w € W,t € T. Our
final goal is to create a discrete-time tracking scheme w;, providing a cheap but stable
approzimation of the solution of (3.1), w}, . To achieve this, we will perform a single
truncated Newton iteration for the generalized equation per time step.

3.1. The nonlinear equation case. A good intuition as to why a truncated
Newton scheme is sufficient to track the solution manifold can be easily explained by
considering the case without inequality constraints or, equivalently, when K = R"
and F(w,t) = 0. In this case, the optimality conditions reduce to a set of nonlinear
equations. Consequently, standard calculus results can be used to establish error
bounds and stability conditions for approximate tracking schemes. This approach has
been followed in [9, 25]. In this section, we perform a simple and informal analysis in
order to motivate the results of later sections. In the absence of inequality constraints,
the approximate tracking scheme wy,, & > 0, can be obtained from the recursive
solution of the truncated linear Newton system:

(3'3) Te = F(wtk7tk+1) + Fw(wtk7tk)(wtk+1 - wtk)’

where r. is the solution residual satisfying ||r.|| < ke > 0. Assume by now that the
linearization point wy, satisfies ||wy, —wy, || < K, where F(w;,_,t;) = 0. In addition,
we assume that the solution manifold is Lipschitz continuous (see Theorem 4.1) such
that [|wy,,, —wi || < LAt with At = tg41 —t and K, Ly, > 0. We need to establish
conditions leading to stability of the tracking error in the sense that

||wtk - w;fkk” < Ky = ”wtk+1 - w;fkk+1|| < K.

From the mean value theorem we have that
(3.4)

1
0= F(wg,, s tre) = F(wi‘k,tk+1)+/0 Fu (i, +x(wf, , —w;,), tesr ) (wy, ,, —wj, )dx

and
(3.5)

1
F(w:katk-i-l) = F(wtkvtk+1) +/ Fy (wtk + X(’(U;c - wtk)’ tk+1) (w:k - wtk)dX'
0
Plugging (3.3) into (3.5),
F(w:k ’ tk+1) =Te— Fw(wtk ’ tk)(wtk+1 - wtk)

1
(3.6) +/ Fy (wy,, + x(wf, — wy, ), trs1) (wf, — oy, )dx.
0
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From (3.6) and (3.4) we obtain

Fw (wtk 5 tk)(wtk+1 - wtk)
1
-~ / Fo(wf, + x(wf,., —wi,),trer) (], ,, —wf, )dx
1
+/0 Fy (@1, + x(w], —@1,), th1) (wf, — by, )dx;,
Fy (wtk ’ tk)(wtk+1 - w;fkk+1 =+ w?k+1 - wifk =+ wifk - wtk)
1
=re+ /0 Fy (wy, + x(wf,, = wi,) tes) (wf,,, — wf)dx

1
+/ Foy (ws,, + x(wf, — 0y, trr1) (wf, — oy, )dx,
0

Fy, (wtk ) tk)(wtk+1 - w:k+1)
1
=Te +/ (Fuw (wf, + x(wy, = wi,)stir1) = Fu (o, t)) (wy, | —wj, )dx
0
1
+ / (Fu (0, + x(w), — @4, ), ti1) — Fu(@r, . tr)) (wf, — oy, )dx.
0

Bounding terms,

||Fw(wtk7t/€)” ||wtk+1 - w;fkk+1 ||
1
< et L, =i | [l =+ i, =i+ Ad)ax
1
4L, = w | [ Ol = o] + 20
0
* * * _ 1 * *
< oot Ll — i, (k= w0l + Sl — i+ A¢)
- 1., _
+LFw||wtk _wtk” §||wtk _wtkH +At .
Then,
1
VFu(n ) 0y, — 05, | < e + L, LAt ( Lo At)
1
+ LFwK/r 5/437« + At s
_ . 1
Wty — wiy,, | < Kyhie + Ky Lp, LyAt | e + ngAt + At

1
+ kyLp, Ky <§/<ar + At) ,

where £y = 7

1 s . _ * .
TPl For stability we require that |lwy,,, —wj, || < ;. This

implies

1 1
Kr > Kyke + Ky L, LywAt (KJT + ELwAt + At) + kyLp, Ky <§/1r + At) .
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Rearranging,
1 1 )
1-— §LFw’WJ“r Ky > Kyke + KyLp, (Ly + 1)At Ky + Lp, Ky Ly §Lw + 1] A=

Stability follows if (1 — %L F, Iiwlir) > 0 and if there exist k > 0 and At satisfying

(3.7a) oz{VLEAt Ky < KAL?,
(3.7b) ozéVLEAtz—i—m/,/fE < ozéVLEK:T,
where oV FE oV LE oY LE are as defined in the appendix. At every time tj, @y, ,, is
obtained by solving (4.2). This is an approximation of wj, .- We have thus created
an algorithm that tracks the solution manifold of F(w,t) = 0 by solving (within x.)
a single truncated Newton step per time step. This allows us to use iterative linear
algebra algorithms that can be terminated early. Note that the above conditions
guarantee that if ., k. = O(At?), then the tracking error remains O(At?) for all
k> 0.

Stability results can also be established for the more general case including in-
equality constraints (i.e., the cone K is not trivial), but this task is not straightfor-
ward. The difficulties, as pointed out in [9, 25], are technical and include the fact that,
in the presence of inequality constraints, we cannot algebraically invert the Newton
system. In particular, this enables us to compute xy = m explicitly. In
addition, nonsmoothness effects prevent the direct application of standard calculus
results. These are the difficulties we resolve in the following sections through the use
of GE concepts.

3.2. Linearized generalized equations. An important consequence of the
structure of (3.1) is that it allows us to analyze the smooth and nonsmooth com-
ponents independently. With this, theoretical properties can be established as in the
nonlinear equation case of section 3.1. We start by defining the linearized generalized
equation (LGE) at a given solution wy :

(3.8) r € F(wf,,to) + Fu(w},, to)(w — wf)) + N (w).

If K = R7, solving the above LGE is equivalent to solving the perturbed linear
complementarity problem

(3.9) w>0, v=F(w,to)+ Fu(wy,,to)Aw —7r >0, wlv =0.

If F, is a symmetric matrix, then (3.9) are, in turn, the optimality conditions of the
quadratic optimization (QO) problem

1
(3.10) min QAwTFw(w:oato)Aw + F(w§0,to)TAw — T Aw.

w>—wf
= 0

We can rewrite (3.1) at any point (w,t) in the neighborhood of w} in terms of (3.8)
by defining the residual:

(3.11) r(w,t) = F(wg,,to) + Fu(wy,, to)(w —wy,) — F(w,1).
This gives, for any point satisfying (3.1),

(3.12) r(w,t) € F(wy],to) + Fu(wf,, to)(w — wy,) + N (w).
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The above formulation will allow us to bound the distance between (wy}, ,to) and
neighboring points (w,t) in terms of r(w,t).

Central to this study is the inverse operator ¢y~ : Z — W of the perturbed LGE
(3.12), which we define as

(3.13) wep ] & reF(w,, to)+ Fu(w, to)(w—w}) + Ng(w).

In other words, the operator is a multifunction from the space of the residual (per-
turbation) of the LGE to the space of the solution. Note that the operator 1»~! and
the residual r(w, t) depend implicitly on the linearization point wy, . This dependence
will be made clear from the context, so we will not carry it in the notation. Some
basic properties arising from the definition of the inverse operator are as follows:

wi, € [r(w], to)] = 0], wiew r(w}, ).

DEFINITION 3.1 (strong regularity [29]). It is said that the GE (3.1) is strongly
reqular at wy in the sense of Robinson if there exist a neighborhood Viy C W of wj,
and a neighborhood Vz; C Z of r(wy,,to) = 0 such that for every r € Vz, (3.12) has
a unique solution w = VY~1[r] € Vi, and the inverse mapping =1 : Vz — Vi is
Lipschitz with constant L. That is, for any r1,72 € Vz,

[ ] = 7 [ra]ll < Lpllry = rall.

Establishing conditions for strong regularity consists of seeking properties of the
derivative matrix I, (wy, , to), guaranteeing that 1~ becomes a single-valued function.
To explain this, we consider the case K = R’. At a given solution wy , system (3.12)
will have three different components,

(3.14a) (Mwyf, +b); =0, (wf)); >0, j=1:n,,
(3.14b) (Mwf +b); =0, (w;);=0, j=nq+1:ns+n,,
(3.14¢) (Mw;, +b); >0, (wy); =0, j=ns+n,+1:n,

where n = ng+ns+ni, M = F,(wy, , o), and b := F(wf ,to) —Muw;, . By eliminating
the last n; inactive components from the system, M can be reduced to

’ Mi; Mg
3.15 M = ,
(3:15) [ M1 Mas ]

and (3.12) can be expressed in the reduced form
(3.16) r € My + b + Nypa oz (1),
where y € R« and b7 = [bT bY].
PROPOSITION 3.2 (Theorem 3.1 in [29]). Consider the system (3.16) and the
operator
by =My + b + N xwre (9).
Necessary and sufficient conditions for 1~ to be Lipschitzian are (i) My is nonsin-

gular and (ii) Moy — MglellMlg have positive principal minors.
In section 5, we will interpret these conditions in the context of parametric NLO.
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4. Bounds and stability of approximation error. Using this basic set of
tools, we now establish results that will allow us to construct algorithms able to track
the solution manifold of (3.1) approximately.

THEOREM 4.1 (Theorem 2.3 in [29] and Theorem 3.3.4 in [15]). Assume (3.1)
is strongly regular at wy, . Then, there exist neighborhoods Viy and Vi and a unique
and Lipschitz continuous solution wf € Vi of the GE (3.1) that satisfies, for each
t=to+ At € Vp,

(4.1) (1) g —wi || < LuAt
with L., > 0. In addition, consider that w; solves the truncated system
(4.2) 6. € F(wj, ) + Fu(uwf, to) (@ — wi,) + N (@),
where 1 is the solution residual satisfying ||re|| < 0. > 0. We have that Wy satisfies
(if) [lwf — @]l < Ly (0c + v(At)AL)
with y(At) = 0 as At — 0 and, if Fy, is Lipschitz continuous, then
(il) |lwf — @] < Ly (6c + kAE?)
with k > 0.

Proof. Result (i) follows from strong regularity (Definition 3.1) and Lipschitz con-
tinuity of y~'. This can be established under a fixed-point argument for sufficiently
small At, as shown in Theorem 2.1 in [29] and Theorem 5.13 in [7]. Result (ii) follows
from strong regularity (Definition 3.1), by noticing that the truncated system (4.2) is
equivalent to (3.12) with » = r. + F(wy,,to) — F(wy,,t), and from the definition of

the residual (3.11) for w;. With this, we have

[[we — wi |
< Lyllr — r(wy, t)]
< Ly| (re + F(wy, , to) — F(w}, 1))
— (F(wy,, to) + Fu(wy,, to)(wi —wy,) — F(wf,t)) ||
< Lyllre + Fo(wy,, to) (wg, — wy) + F(wy, t) — F(wg,, t)].

From the mean value theorem we have
1
(43)  F(wi,t) = F(uwf,,t) = /0 Fu (wy, + x(wi —wy,), t)(wy —wy, )dx,
so we obtain, after replacing (4.3) in the preceding inequality, that
1
[0y = wi || < e + Lyp[lwi —wy, || /O [ Fu(wy, to) — Fu(wy, + x(wf —wy,),t)|| dx

(i) 1
< Lyde + LwLwAt/ ||Fw(wf0,t0) — Foy(wi, + x(wy — wfg),t)H dx
0

< Ly (6 +7(ADAY).
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Result (iii) is a consequence of the Lipschitz continuity of F,,

1
llwy — @] < Lo +LwLwAt/0 HFw(w;gatO) - Fw(wro + x(wy — wfo)at)H dx

1
< Lyde + L¢LwAt/ Lp, (X H(wjf — wa)H + At) dx
0

() 1

< Lwdg + L¢LwAtLFw <§LwAt + At)
1

< Ly6c + LyLyLp, (§Lw + 1) A2

The result follows with £ = L, Lp, (3L, +1). a

Having a reference solution wy , we can compute the approximate solution w; by
solving the LCP (3.9) or the QO (3.10) with r = F(wy, ,to) — F'(w},,t). From Theorem
4.1, we see that this approximation can be expected to be close to the optimal solution
w; even in the presence of active-set changes. In our approximate algorithm, however,
we relax the requirement that wj be available. Instead, we consider a linearization
point wy, located in the neighborhood of wj . In addition, we assume that the LCP
is not solved exactly. In other words, w; is the solution of the truncated system,

(4.4) re € F(wiy, 1) + Fu (W, t0) (w — Wi, ) + Nk (w),

where r. € R” is the solution residual. This system can be posed in form (3.12) using
the following definition:

(4.5)
r=Te + F(wroato) + Fw(wrovto)(w - wro) - F(’wtoat) - Fw(wtovto)(w - wto)'

Note that, in this case, the perturbation r is an implicit function of the solution
w = w;. In addition, we emphasize that (4.5) is used only as an analytical tool.
This is needed in order to use the strongly regular solution wj  as the reference point
and thus use the approximation results of section 3. This is a key difference with
the nonlinear equation case. In practice, however, (4.4) is solved. In the following
theorem we establish stability conditions for the tracking error ||@w; — wj||.
THEOREM 4.2 (stability of tracking error). Assume that (3.1) is strongly regular
at wf . Define w; as the solution of the perturbed LGE (4.4) where wy, is a point in
the neighborhood Vi of wy . The associated residual r(iwy,,to) is assumed to satisfy

7 (@to,t0) = r(wiy s to) || < 67

with 6, > 0. Assume there exists 6. > 0 such that ||r¢|| < 0. If there exists k > 0 and
if At satisfies

(4.6a) aSFALS, < kA,

(4.6b) (aSF + k)AL? + 6, < a§F6,,

with o' aSF, and a§F as defined in the appendiz, then the tracking error remains
stable:

[@ig = wiy | < Lydr = [lwr = w/|| < Ly
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Proof. To bound ||@w; —wj || we need to bound the distance between the associated
residuals. From (4.5) and (3.11) we have
r—r(wf,t)
=re + F(wi,, to) + Fu(w},, to) (W — wyf)) — F (W, 1) — Foup (W, to) (W0 — We,)
— F(wg,, to) — Fu(w,, to)(w; — wto) F(wy,t)
= re + Fuy(wy,, to) (0 — wy,) = F(wWy,, 1) = Fu (W, to) (0 — Wy, )
— Fu(wi,, to)(wi —wy,) + F(wy, 1)
=re+ Fw;, t) — Fu(w,, to)(wy —wz,) — F(wy,,t)
+ F(wy, 1) — Fu(wi,, to) (Wi, — Wy, ) — F (W4, 1)
+ Fy(wy,, to) (0 — wi +wy —wy,) — Fy(w O,to)(wt —w; +wi —wy,).
Bounding,
[1F(w,t) — Fu(w;,, to)(wy —wy) — F(w;,, t)]|

< LAt / 1 Fug, + x(wp —wi,), 1) = Fu(wly to)| dx
< Ly,Lp, (%Lw + 1) At?,
1Py 8) — Fu(i0g, o) (), — t84,) — F (10, )
1
< i, = |1 g+ (e, = 010).8) = P to)
<Lp, (%préf + L¢5TAt> :

We also have ||7¢|| < .. The remaining terms can be bounded as follows:

([ Fu(wi,, to) (we — wi + wi — wy,) = Fu (W, , to) (0 — wi + wi — wy)||
< L, llwg, = @, [[([[@e — wi || + [Jwf —wy, [])
< LFwLw(SrH'wt — ’LU;:” + LFwLde,(STAt.

Merging terms, and moving all terms containing |[@; — w;|| to the left, we obtain
|wr — wi|| < Lylr = r(w, t)]|

1 1
< Lydc + LyLyLp, <§Lw + 1) At* + LyLp, (§Li53 + LwdrAt)

+ LwLFwLwéert — ’LU:H + Ld,LFwLwLw(STAt

=
[ — wi]|
_ Lybc + LyLyLp, (3Lw +1)At? + Ly Lp, (L2067 + Ly6,At) + Ly L, Ly Ly6. At

- 1-— LFu, L12Z15T

To establish stability, we need to find conditions for At such that ||, — wy|| < Ly0,.
This implies

L0y

< Lw(se + LwLwLFw(%Lw + ].)Atz + LwLFw (%Liég + Lw(STAt) + Ld,LFwLwLw(STAt.
- 1-— LFw Li&r

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



5454 VICTOR M. ZAVALA AND MIHAI ANITESCU

Dividing through by L, multiplying with the denominator, and simplifying, we have

S5 — gLFwa,,af > e+ LwLp, (%Lw + 1) At? + Lp, Ly (Ly + 1) AtS,..
This condition is satisfied if (4.6a)—(4.6b) and 1—Lp,, Li&r > 0 hold. Then the proofis
complete. a
COROLLARY 4.3. Assume the conditions of Theorem 4.2 hold for all t), € [to,ty].
Then
ty —to
At
Discussion of Theorem 4.2. From Theorem 4.2, a condition for (4.6a)-(4.6b)
to hold is that
(4.7)
(@, tr) = r(wi, s t)ll = (1 F (wh, s tr) + Fu(wy,, te) (@, — wy,) = F (0, te)[| < 0r,

|ws, —wf || < Lybr, try1 =te+k-At,  forallk <

where 7(wy ,tx) = 0. This condition gives a guideline for monitoring the progress of
the algorithm. Condition (4.6a) can be satisfied for 6, = o(At), O(At?). Condition
(4.6Db) is stricter. If §, = o(At), this condition states that the solution error should be
at least . = o(At). The first term on the left-hand side represents the tracking error
of wy if wy, is used as linearization point. If we choose 6, = O(At?) at the initial point
and 5. = O(At?) at all subsequent iterations, there will exist x such that for all At
sufficiently small, the tracking error is O(At?) as stated in Theorem 4.1. Note that a
small L, is beneficial because it relaxes both (4.6a) and (4.6b). As seen in Theorem
3.2, this Lipschitz constant can be related to the conditioning of the derivative matrix
F,.

We also note that the technique of proof for Theorem 4.2 is similar to the one
concerning the geometrical infeasibility of a time-stepping method [1] for differential
variational inequalities (DVIs) [27]. Indeed, one can prove that the parametric solution
w; satisfies a DVI. Nevertheless, the fact that the problem has no dynamics makes it
easy to solve directly rather than casting it as a DVI.

5. Real-time nonlinear optimization. If we linearize the optimality condi-
tions around a given solution wy, , we get

Hoo(wi to)  JI(x7,,t0) —In Az
(5.1) 0€e Jo(xf, o) AN
L, Av

Vx/:(w:oato) - V:o N%" (iC)

+ c(z3, . to) + | Npm(A)

7, Ny (v)

Here, Az := z —xj, AN == XA = X}, Av == v — v}, Jo (7, t0) := Vac(z}, o),
and H,.(wy,,to) := Ve L(w] ,to). As shown in section 3, to establish conditions for
strong regularity, we eliminate the n; components corresponding to the pair (x},); >
0, (v ); = 0. This gives a reduced matrix of the form

Hmw(wzﬁo,to) Jg(x,’fo,to) —Hn
K(U):O,to) | _E _ J1 (l’foato)
ET | B Lo, ’
L., |

a _Hns

(5.2)

where E = [I,,, |0]0].
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THEOREM 5.1 (strong regularity of NLO; see Theorem 4.1 in [29] and Theorem 6
in [13]). Let f(x,-) and c(z,-) be functions from the open set 2 € R™ into R, R™ that
are at least twice differentiable at a point xy € Q. Suppose that wy, solves (2.5). If
and only if (i) for every nonzero vector w € R" satisfying J.(xy ,to)w =0, I,,w =0,
one has wh Hyp(w}, to)w > 0, and (i) [JX (2} ,to)|In, | In.] is full rank, then (5.1)
is strongly regular at this point.

The conditions of Theorem 5.1 are the strong second-order conditions and the
linear independence constraint qualification (LICQ) (Chapter 12 in [24]). As seen
in section 3, strong regularity guarantees that there exist nonempty neighborhoods
where the solution of the linearized GE is a Lipschitz continuous function of the
data. A similar result has been obtained in [16] without resorting to GE results. In
[30] it is shown that by weakening LICQ to the Mangasarian—Fromovitz constraint
qualification (MFCQ), the Lipschitz continuity properties of the solution are lost (see
discussion after Corollary 4.3 in [30]). The reason is that LICQ guarantees that
the multifunction (2.5) becomes a single-valued function on a neighborhood of the
solution (i.e., the multipliers are unique). Nevertheless, boundedness results still hold
under MFCQ. We emphasize that strict complementarity slackness is not necessary
to guarantee strong regularity. This property is crucial since, as t varies and the
active-set changes, points at which complementarity slackness does not hold will be
encountered.

Consider the perturbed QO problem formed at w} = [z, AL] in the neighbor-
hood of wy ,

(5.3a) N Igini Vo f (@, )T Az + %AxTHm (Wi, to) Az
(5.3b) s.t. ATy, t) + Jo(Tey, to) Az =0,

where Ax = x — Z,. Note the perturbation on the data to < t in the equality
constraints and in the gradient of the objective function. The solution of this problem
is given by the step Aw, toward w;. The optimality conditions of this QO formulate
an LGE of the form (4.4). Therefore, the results of Theorem 4.2 apply directly.

6. Augmented Lagrangian strategy. The approximation results of the pre-
vious sections can be used to derive algorithms to track the solution manifold of the
NLO (2.1). For instance, as we have seen, solving a single QO (5.3) at each time
step is sufficient. This property has been used in the context of model predictive
control to derive fast solution algorithms [11, 35]. In our context, however, we assume
that the QOs are large-scale and may contain many degrees of freedom and bounds.
Therefore, it is crucial to have a fast solution strategy for the QO itself in order to
keep At as small as possible. Here, we propose reformulating the NLO using an aug-
mented Lagrangian function and solving the underlying QO using a PSOR strategy.
The justification of this approach is provided at the end of this section. To derive our
strategy, we define the augmented Lagrangian function:

(6.1) La(z, M\t p) = flz,t)+ X e(z,t) + ch(x,t)Hz.

A strategy to solve the original NLO (2.1) consists of computing solutions of the
augmented Lagrangian subproblem

(6.2) min  La(xz,\t,p)

x>0
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for a sequence of increasing p. In the following, we assume that the penalty parameter
p is not updated but remains fixed to a sufficiently large value. Consequently, we drop
from the notation any dependencies on this parameter. Note that the multipliers A
act as parameters of the augmented Lagrangian subproblem. The solution of the
subproblem is defined as x*(\, ). The multipliers can be updated externally as

(6.3) A A+ pe(z*(A\t),1).
We thus define the solution pair 2*(\,t), A*(\,t) = A+pec(z* (), t),t). The first-order
conditions of (6.2) can be posed as a GE of the form
(6.4) 0€ VoLla(w, A1) + N (),
where
VoLa(z,\t) =V f(z,t) + N+ pe(z, 1) Vac(z,t).
The linearized version of (6.4) defined at the NLO solution zj,, A = A, is given by
(6.5) r € VaLa(wf), A to) + Ve Lalai), A to) (@ — x3)) + Ngn ()

for r = 0. To establish perturbation results for the augmented Lagrangian LGE in
connection with those of the original NLO (2.1), we consider the following equivalent
formulation of (6.4), proposed in [5]:

(6.6) 0€ F(w,p(\),1) +N§R1X§n¢m (w),
where

< Vaf(x,t) + ATV e(z,t)
(67 Pl 0= ety +p0) + 504, - 4) |

wl = [2T AT], and
(6.8) MD=%@—Am-

For t = to and A = Xj,, we have p(A) = 0, 2*(p(\),t) = x},, and A*(p(N),t) = A},
The solution of GE (6.6) is denoted as w*(p(A),t). The linearized version of (6.6) at
wy, s

(6.9) r € F(wy,,0,t0) + Fy(wy,0,t0)(w — wf)) + Ngy xpem (w),

where

. Ve L(wi  to) Vae(xf  to)
(6.10) Fy(wy,,0,t0) = VgC(xjoi to) _%]f;n
After applying the reduction procedure of section 3 to the derivative matrix (6.10)
we can show that, for sufficiently large p, the reduced matrix satisfies the conditions
of Theorem 3.2 at a strongly regular solution w; . The proof of this assertion is
long and will be omitted here. It follows along the lines of the results of section
5 and uses the results of Proposition 2.4 in [5]. In particular, one needs to show
that the negative diagonal matrix in the bottom right-hand corner of (6.10) does
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not significantly affect the conditioning of the derivative matrix for sufficiently large
p. Because of the equivalence between (6.4) and (6.6), the same can be argued for
the Hessian matrix Vi, La(2],, A}, ,t0). We emphasize that the reformulation (6.6) is
considered only for theoretical purposes. In practice, (6.4) is solved.

We now establish the following approximation results in the context of the aug-
mented Lagrangian framework.

LEMMA 6.1. Assume that (6.4) is strongly reqular at wyf . Then, there exist neigh-
borhoods Vi, Vr, and V,,, where the solution of the augmented Lagrangian subproblem

(6.2) satisfies, for each t =to+ At € Vi, p(A) € V,,,
. ENAY * Lw Y *
(6.11) (i) [ (A t) —wi || < 7”)‘_)‘150" + LyAt.

Furthermore, consider the approzimate solution T(\,t) obtained from the perturbed
LGE (6.5) with

(6.12) r=VaLa(xi, A, to) — VaLla(zy, A1),

and associated multiplier A(\,t) = X + pc(z(\,t),t). The pair, denoted by w(\,t),
satisfies

2
(6.13) (ii) @\ t) —w* (N, t)]| = O <(At + %HZ\ — /\z0|> ) .

Proof. The result follows from the equivalence between (6.4) and (6.6) by recalling
that p(\;,) =0, p(A) = %H;\ — A4, || and by applying Theorem 4.1. O

This result states that the solution of a perturbed augmented Lagrangian LGE
formed at wj provides a second-order approximation of the subproblem solution
w*(\,t). The impact of the multiplier error can be made arbitrarily small by fixing
p to a sufficiently large value. Stability of the tracking error is established in the
following theorem. Here, we relax the requirement of the availability of wj . In
addition, we establish conditions for the step size At and the penalty parameter p
guaranteeing that, by solving a single augmented Lagrangian LGE per time step, the
tracking error remains stable.

THEOREM 6.2 (stability of tracking error for augmented Lagrangian). Assume
wy, is a strongly regular solution of (6.5). Define Z(\,t) as the solution of the LGE,

(614) Te € vwﬁA(ft[w 5\, t) + vwwﬁA(jtoa Xa to)($ - :Eto) + N%i (x)’

with associated multiplier update A(\,t) = X+ pc(Z(\,t),t). The pair is denoted by
w(A,t). The reference linearization point wi, = [z}, AL] with Ayy = X+ p (T, o)
is assumed to exist in the neighborhood Vv of wy, . The associated residual r(wy,, to)
is assumed to satisfy ||r(wy,,to) —r(wy,,to)|| < 6, with 6, > 0. Furthermore, assume
there exists 6. > 0 such that ||rc|| < 0. If there exist k > 0, At, and p satisfying

2
(615&) OZ‘?LAHST -+ L—w <5r + L_wAt> <k (At + LIZJ(ST> ’
P Ly p
Ly6\°
(6.15D) oy <At + ”’75) + 0. < afLo,,
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where ol st ol are as defined in the appendiz, then the tracking error remains

stable:
[0, —wi || < Lypdr = lo(Xt) = wi|| < Ly,

Proof. Using the equivalence between (6.4) and (6.6), we have w(\, ) = w(p(\), t).
Consequently, we need to bound
lo(p(X), 1) = will = [@(p(A), ) — w* (p(X), 1) + w" (p(N), £) — wy]|
(6.16) < [[w(p(A),t) — w*(p(A), DIl + [w* (p(N), 1) — wi .
The second term, the distance between the solution of the augmented Lagrangian sub-
problem w*(p()\),t) and the NLO solution wy, can be bounded by using the Lipschitz
continuity property:
[ (p(X), £) = wi | = [[w (p(A), £) = w* (p(A7), )]
< Lu[lp(h) = p(A)]]
(6.17) < LullpW) + Lu [[pOA)]-

The distance between w*(p()\),t) and the approximate solution of the LGE (6.14)
follows from the definition of strong regularity:

lo(p(A), t) = w* (p(A), )| < Ly|lr = r(w* (p(X), 1), )]

From the equivalence between (6.4) and (6.6) we have that solving (6.14) is equivalent
to solving

Te € F(wtoap(;\)v t) =+ Fw(’wtovp(j\)v to)(w - wto) + NWLL_XERM (’LU)
Consequently, the perturbation r associated with w(p(\),t) is given by
T=Te+ F(wroaovto) + FW(U’:MO, to)(w - w:o) - F(wtoap(;\)a t)
- Fw(’wtovp()\)vtﬂ)(w - wto)a

with w = w(p()\),t). The residual r(w* (p(A), ), ) is obtained from (3.11). We proceed
by parts. First we have
A =r—r(w (p(A),t))

= re + F(wj,, 0, t0) + Fu(wy,, 0, to) (@(p(N), ) — wy,)

_F(wtoap(/\)vt) - Fy (wtovp( ) )(’L{I(p(/\),t) ’wto)

- F(w;)?ovtO) - Fw(wtovovto)( ( (A)vt) w:o) + F(w*(p(S\),t),p(j\),t)
=re + F(w* (p(A), 1), p(N), 1) — Fu(wy,, 0, to) (w" (p(A), t) — wy,) — F(wf,, p(A), t)
+ F(w:g7p(;\)7t) - Fw(wtovp(j‘%to)(w:g - wto) - F(wtovp(j‘)7t)

+ Fw(wa,O,to)(w(p(;\),t) —w; +wf —wy,)
- Fw(wtovp()‘>7to)(w(p()‘)at) - U}: + w: - w:g)'

We use the mean value theorem,
F(w* (p(;\)a t)vp(j\)v t) - F(wroap(;\), t)

1
= | Fulwg, +x(w(p(A), 1) = wy,), p(A), 1) (w” (p(A), t) — wy, )dx,
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to compute the following bound:

= HF( *( (X)vt)vp(j‘)vt) —Fw(w;),o,to)(w*(p()\),t) _w:()) _F(w;)vp(j‘)vt)n
/ | P, + X" (3 1) = 07, ). 90,1 — Fa 0, 0)
(w*(p(\),t) — wy, de
1

< 5Lr, L (PO + At + L, Lu (IIPOV] + At) ([p(V)] + A)

1 _
< Lubr, (5L 1) (At+ ).
Similarly,

C= ||F(w:gvp(5‘)at) - Fw(’wto,p(j\),to)(w:o - ’wto) - F(’wtmp(j‘)vt)n

1 . _ .

< §LFw||U7to —w} ||? + L, |0y, —wy, || At
1

< =Lp, L3672 + Ly, Lyd, At.

2

The remaining terms can be bounded as

D = |[Fy (why, 0, t0) (@ (p(A), £) — wy + wy — wy,)
— Fu (1, p(A), t0) (0 (p(), £) — wi +wi —wi,)|
< [ Fu(wiy, 0,t0) — Fu (@tmp(;\) to)lll@(p (M), 1) —wi +wi —wj |
< Lp, (llwf, — o | + e (l@(p(), ) = will + [lwy — wy,|])
< Lp, (Lydr + [pWVI) (lo(p(0), t) — wi ]| + LuAt) .

Using ||r|| < 0. and merging terms B, C, and D into A, we obtain

[w(p(A), 1) — w* (p(A). 1)]]

1 _
< Ly6c + LyLyLp, (ng + 1) (At + ||p(/\)||)2

1
+LygLe, L3607 + LyLp, L6, At
(6.18) + Ly Lr, (Lydr + Ly lpW) (l@(p(A), t) = wi || + LuAt) .

We substitute (6.17) and (6.18) in (6.16) and apply

1 i} I
PO < 218 =X, < =2 g, t0) = (g to)]| < =25,

* 1 * *
(6.19) [P < ;H)‘t — Al < 7At
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to obtain
[@(p(N), 1) — wy |

1 _
< Lybt LoLuLr, (3Lo+1) (804 )’

1
- LwELFwapch + LyLp, Ly, At

+ LyLr, (Lydr + Lyl ([0(p(V), 1) = wil| + LwAt)
+ Lu[lpN) + Lu[lp(A7)l

< Lybe+ LyLyLr, (%Lw + 1) <At 4 Lot )
p

1
+ 51:1,,LFW1:3,53 + LyLp, Lyd.At

+Lmﬁ5<kk—)ﬂ(()ﬂ—wm+hﬁﬁ

L6, At
+ Ly—~ 4+ 12—
p P

For stability we require ||@w(p()\),t) — wf|| < Lyd,. This implies

2
Lyde + £2 (136, + LuAt) + LyLyLg, (3Lw +1) (At+—L“;fT)
Ldj(sr > 7
1= L, L35, (1+£2)
LyLp, (31362 + Lyb, A + Lp, 136, (1+22) LAt
+

1= L, L35, (14+22)

Dividing through by L and rearranging, we have

L
8, — Lp, L% 52 (1 + 7”’)

Ly, Ly, 1 L
> 5, + =2 (5,0 + —At) + LyLp, (—Lw + 1) (AH— Ly )
P Ly 2 P

1 Ly
+Lp, <§pr53 + L¢5rAt> + L, Ly Ly, (1 + 7) At,

L
5y — (g w) L, L24

> 6.+ LuLr, (%Lw + 1) (At + Luor )
P

L Lu
+Lp, Ly (Lw (1 + —”’) ) 5, AL+ 22 (5 + —At)
p p Ly

This last condition is satisfied if (6.15a)—(6.15b) and 1 — Lg, L34, (1 + LT“’) > 0 hold.
The proof is complete. O

Discussion of Theorem 6.2. The recursive stability result of Corollary 4.3
also applies in this context. Note that if p — oo, conditions (6.15a)—(6.15b) reduce
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to (4.6a)—(4.6b). Therefore, order results similar to those of Theorem 4.2 can be
expected for sufficiently large p. In particular, (6.15a) reduces to 6, < VS AT
which can give a condition for §,.. The initial multiplier error (bounded by ¢,.) always
appears divided by p. This indicates that relatively large initial multiplier errors can
be tolerated by increasing p. Nevertheless, note that the second term on the left-hand
side of (6.15a) remains o(At) even if 6, = O(At?). In other words, this condition is
more restrictive than (4.6a). This difficulty is related to the fact that the multiplier
update is only first order [5].

As a final remark, we point out that the stability conditions can be satisfied for
fixed and sufficiently large x as long as p = O (35 ) and 6, = O(At?). This has the side
effect of having p effectively as a penalty parameter, a situation that resembles the use
of a smoothing barrier function for inequalities and that may raise stability problems.
While both penalizations arise in different contexts, an important question is whether
the augmented Lagrangian penalization is more stable than that obtained by using
smoothing penalty functions. In our scheme, the penalty parameter is finite for every
fixed At, and the scheme is guaranteed to be stable. Stability results for continuation
schemes incorporating smoothing functions are currently lacking. A simple numerical
comparison will be presented in the next section.

In order to solve the QO associated with the LGE (6.14), we follow a PSOR
approach. The QO has the form

1
(6.20) min §zTMz + b7z,

z2
Any solution of this QO solves the LCP,
(6.21) Mz+b>0, z—a>0, (z—a)’(Mz+b)=0.

Consider the following PSOR algorithm adapted from [20, 22].
PSOR Algorithm.

Given 2% > «, compute for k = 0,1,..., niter
w
2P = (1 —w)zf - N (ZM“Z}Q—H + Z:M”z;c - bi),
"\ < §>i
(6.22) zf“ = max (z!”l,ai), 1=1,....,n,

where w € (0,2) is the relaxation factor.

THEOREM 6.3 (Theorem 2.1 in [22]). Let M be symmetric positive definite.
Then, each accumulation point of the sequence {z*} generated by (6.22) converges to
a solution of the LCP (3.9). The rate of convergence is R-linear.

Estimating the contraction rate for PSOR is difficult as it depends on the optimal
choice of w, which is problem-dependent. However, it is known that, for the successive
overrelaxation (SOR) method for linear systems, in order to reduce the error by a
factor of 1/10, SOR with nonoptimal parameter w requires O(n) iterations, while
with optimal w only O(n°?) iterations are needed [20]. Here, n = dim(z). A suitable
measure of progress of the PSOR algorithm is the projected gradient (or residual)
Pk (M z+Db), where K :={z]z > a} and

[ min{0,g9;} ifz; =y,
(PK(g))j o { g;j if zZj > Qj.
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This is based on the fact that a solution of (6.20) satisfies Px (M z + b) = 0. Similarly,
the progress of the algorithm can be monitored by using the projected gradient of the
augmented Lagrangian function Py (VaLa(Zt,, My i, p)). This is a more direct
convergence check of (3.1), as opposed to (4.7). The computational complexity of
PSOR is at most O(n?). We can now establish our tracking algorithm (2.1), which
we refer to as AuglLag.
Auglag Tracking Algorithm.
Given Zy,, ;\to, At, p, Niter,

1. Evaluate VIEA(jftk y ;\tk y tk+1, ,O) and VMEA(@,C y S\tk y tk, p)

2. Compute step AZy, ., by applying n., PSOR iterations to (6.20) with

M = meﬁA(jtkaj\tk 5 tka p)a b = vwﬁA(jtk 5 ;\tkathrla p)

3. Update variables ffitk+1 = ffltk + Aj;tk+1 and ;\tk+1 = S\tk + pC(ﬂj’thrl,tk_,_l).
4. Set k«+ k+ 1.

Justification of augmented Lagrangian framework. If the QO (5.3) is
sparse, full-space active-set and interior-point solvers are the most efficient alter-
natives [4, 35]. In real-time applications, active-set strategies have been preferred
because warm-start information can be used efficiently, as opposed to interior-point
methods. However, the time per iteration in an interior-point solver tends to be
smaller because the structure of the Karush-Kuhn-Tucker matrix is fixed and, con-
sequently, symbolic factorizations need be applied only once. In most active-set and
interior-point implementations direct indefinite linear solvers are used to compute
the search step. The accuracy of these steps is high. However, the computational
overhead of a single factorization can be very high as well. As an alternative, one
could consider the use of iterative linear solvers such as QMR, GMRES, and PCG
in an interior-point framework [8]. A problem with this approach is that multiple
linear systems still need to be solved because of the barrier parameter update. This
situation can be avoided by fixing the barrier parameter. However, as we will see in
the next section, this approach is not very robust. Based on these observations, we
argue that the AugLag strategy is attractive because (i) the iteration matrix (Hessian
of the augmented Lagrangian) remains at least positive semidefinite close to the solu-
tion manifold [5, 24], (ii) it performs linear algebra and active-set identification tasks
simultaneously, (iii) it can exploit warm-start information, and (iv) it has a favorable
computational complexity. We emphasize that achieving a high accuracy with PSOR
might require a very large number of iterations. As demonstrated by Theorem 6.2,
however, this does not represent an important limitation in a real-time setting.

7. Numerical example. To illustrate the developments, we consider the model
predictive control of a nonlinear CSTR [17]. The optimal control formulation is given
by

t+T
H%ir)l / (wr (21 — 2)? +welze — 2)° 4 wa(u — “Sp)z) dr
u\T t

dZC zZo — 1

s.t. =0 + ko - zc - exp {?] . 2c(0) = Z¢ (),
dZT - T — Z% _Ea cw _ =
?—T—ko 20 - exp e +a-u-(zp— 23, 2r(0) = Zp(t),

Zgln S ZC S Zguzw7 Z,}'nzn S ZT S Z}}naw’ umln S u S umaw.
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The system involves two states, z(7) = [z¢(T), z7(7)], corresponding to dimensionless
concentration and temperature, and one control, u(7), corresponding to the cooling
water flow rate. The model parameters are 2" = 0.38, z:fp =0.395, E, =5, a = 1.95x%
104, 0 = 20, ko = 300, we = 1x10%, wp = 1x10%, and w, = 1x1073. The bounds are
set to zg“" =0, 27" = 0.5, z{,f”” = 0.5, z77** = 1.0, u™" = 0.25, and u™% = 0.45.
The set-points are denoted by the superscript sp. The model time dimension is denoted
by 7, and the real time dimension is denoted by ¢. Accordingly, the moving horizon is
defined as 7 € [t, t+T]. For implementation, the optimal control problem is converted
into an NLO of the form in (2.1) by applying an implicit Euler discretization scheme
with N = 100 grid points and A7 = 0.25. The NLO is parametric in the initial
conditions, which are implicit functions of . The initial conditions are denoted by
Zr(t) and Zo(t). Note that these states do not match the states predicted by the
model (due to the use of a different discretization mesh). To apply the Auglag
tracking algorithm, we define a simulation horizon ¢ € [to, tf] which is divided into N
points with states z(tx), k =0,..., N, and At = 11 — tx. We set the augmented
Lagrangian penalty parameter to p = 100. To solve the augmented Lagrangian QO at
each step, we fix the number of PSOR iterations to 25. To illustrate the effectiveness
of handling nonsmoothness effects with projection, we compare the performance of
AugLag with that of two continuation algorithms incorporating different smoothing
barrier functions. The first algorithm (Log Barrier) eliminates the equality constraints
with an augmented Lagrangian penalty and smooths out the inequality constraints
by using terms of the form p - log(x — 2™™) + p - log(z™*® — x), u = 1.0 [33, 32].
The second algorithm (Sqrt Barrier) also uses an augmented Lagrangian penalty but
incorporates smoothing terms of the form p-sqrt(z—2™™)+ p-sqrt(x™ —z), p = 100
[25, 11]. To prevent indefiniteness of the barrier functions near the boundaries of the
feasible region, we incorporate a fraction to the boundary rule of the form

r = min(max(z, 2™ +€), 2™ —¢€), e=1x 1077

We initialize the three algorithms by perturbing an initial solution wy, as wy, < wy, -
0w, where ., > 0 is a perturbation parameter. This perturbation generates the initial
residual r(wy,,tp). An additional perturbation, in the form of a set-point change,
is introduced at ¢; = 50. The residuals along the manifold r(wy, ,t;) are computed
from (4.7). Log Barrier destabilizes at d,, = 1.20, while Sqrt Barrier destabilizes at
8w = 1.25. The errors accumulate and grow to O(10%°). The magnitude of the errors
is due to the large magnitude of the Lagrange multipliers. AugLag remains stable in
both cases, tolerating perturbations as large as d,, = 5.0. In Figure 7.1, we present
the norm of the residuals along the simulation horizon with At = 0.025 and for an
initial perturbation of §,, = 1.25. As can be seen, even if the initial residual is large,
i.e., O(10%), AugLag remains stable. In addition, the use of smoothing functions
introduces numerical instability.

We now illustrate the effect of At on the residual of Auglag. Here, the initial
residual is generated by using d,, = 5.0 and can go as high as O(10%). In Figure 7.2,
note that the residual levels remain stable, implying that &, is at least O(10%). The
set-point change generates a residual that is only O(10°) and can be tolerated with
no problems. The PSOR residuals 7. at the beginning of the horizon and at ¢, = 50
are O(1071) and go down to O(10~°) when the system reaches the set-points.

In Figure 7.3, we present control and temperature profiles for At = 0.25 and
At = 0.01. As expected, the tracking error decreases with the step size. We note that
the PSOR strategy does a good job of identifying the active-set changes in subsequent
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steps. At a single step, up to 100 changes were observed. For the larger step size,
note that even if the active-sets do not match, the residuals remain bounded and the
system eventually converges to the optimal trajectories.

In our numerical experiments, the smoothing algorithms are able to tolerate rel-
atively large initial perturbations, keeping the residuals stable along the entire time
horizon. However, the stability thresholds of smoothing approaches are smaller than
that of the augmented Lagrangian approach with PSOR. The fixed logarithmic bar-
rier function has been used in the model predictive control literature by Wills and
Heath [33] and Wang and Boyd [32]. The problem with fixing the logarithmic barrier
function is that if an active-set change occurs, the Newton steps will tend to take the
iterates outside of the feasible region (see Chapter 3 in [34]). In addition, the approxi-
mation of the logarithmic barrier function becomes poor, introducing large numerical
errors. The results presented in [32] do not involve active-set changes, while the results
presented in [33] solve the NLO to optimality. This explains the good performance
observed in these reports. The smoothing approach using square root penalties is a
variant of the original quadratic slacks relaxation approach discussed in [5, 25, 9]. In
our numerical experiments we have observed that adding the square root penalties
directly into the objective (as opposed to relaxing the bounds with quadratic slacks
[11]) gives much better performance. This is attributed to the fact that the first-order
multiplier update is not efficient for the additional equality constraints.

8. Conclusions and future work. We have presented a framework for the
analysis of parametric nonlinear optimization (NLO) problems based on generalized
equation (GE) concepts. The framework allows us to derive approximate algorithms
for real-time NLO. We demonstrate that if points along a solution manifold are consis-
tently strongly regular, it is possible to track the manifold approximately by solving a
single linear complementarity problem (LCP) per time step. We established sufficient
conditions that guarantee that the tracking error remains bounded to second order
with the size of the time step, even if the LCP is solved only to first-order accuracy. We
present a tracking algorithm based on an augmented Lagrangian reformulation and a
projected successive overrelaxation (PSOR) strategy to solve the LCPs. We demon-
strate that the algorithm is able to identify multiple active-set changes and reduce
the tracking errors efficiently. As part of our future work, we will establish a more
rigorous comparison between the stability properties of the augmented Lagrangian
penalization and those of smoothing approaches. In addition, we are interested in
exploring a strategy able to adapt the number of PSOR iterations (and thus the step
size) along the manifold by monitoring the GE residuals.

Appendix. Constants.

(A.1a) aVFE = Lp, kg (L + 1),
1

(A.1b) o = Ly L, Ky <§Lw + 1) :

1
(A.1c) adFE =1 §prn¢fir,
(A.1d) af¥ = Lp,Ly (Lw +1),

1

(A.le) aoS? = L,Lp, <§Lw + 1) + K,

3

GE _ 2

(A.].f) 043 — ]. - iLFwLw(gr,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



5466

(A.1g)

(A.1h)

(A.10)

(1]

2]

[4]

[5]

[12]

[13]
[14]

[15]

VICTOR M. ZAVALA AND MIHAI ANITESCU
AL Ly
Oél = LFw Lw Lw ]. + 7 + ]. y
AL 1
Q" = LwLFw §Lw + 1) +x,

AL P 2
« =1-(-+4+— ) Lp L 57,.
3 <2 4 > Fu™y

Acknowledgment. We thank the reviewers for their questions and suggestions.
These were valuable in improving the quality of the manuscript.

M.

M.

M.

M.

M.

M.

M.

=

L.

J.

REFERENCES

ANITESCU AND G. HART, A constraint-stabilized time-stepping approach for rigid multibody
dynamics with joints, contact and friction, Internat. J. Numer. Methods Engrg., 60 (2004),
pp. 2335-2371.

ANITESCU AND F. A. POTRA, Formulating dynamic multi-rigid-body contact problems with
friction as solvable linear complementarity problems, Nonlinear Dynam., 14 (1997), pp.
231-247.

ANITESCU AND A. TASORA, An iterative approach for cone complementarity problems for
nonsmooth dynamics, Comput. Optim. Appl., 47 (2008), pp. 207-235.

. A. BARTLETT, A. WACHTER, AND L. T. BIEGLER, Active set vs. interior point strategies for

model predictive control, in Proceedings of the 2000 Americal Control Conference, IEEE,
New York, 2000, pp. 4229-4233.

. P. BERTSEKAS, Constrained Optimization and Lagrange Multiplier Methods, Academic

Press, New York, London, 1982.

. BINDER, L. BLANk, H. G. Bock, R. BurLiscH, W. DAHMEN, M. DIEHL, T. KRONSEDER,

W. MARQUARDT, J.P. SCHLODER, AND O. VON STRYK, Introduction to model based opti-
mization of chemical processes on moving horizons, in Online Optimization of Large-Scale
Systems: State of the Art, Springer, Berlin, 2001, pp. 295-339.

. BONNANS AND A. SHAPIRO, Perturbation Analysis of Optimization Problems, Springer-

Verlag, New York, 2000.

. H. ByrD, J. CH. GILBERT, AND J. NOCEDAL, A trust-region method based on interior-point

techniques for nonlinear programming, Math. Program., 89 (2000), pp. 149-185.

DieHL, H. G. Bock, AND J. P. SCHLODER, A real-time iteration scheme for nonlinear
optimization in optimal feedback control, SIAM J. Control Optim., 43 (2005), pp. 1714~
1736.

DienL, H. G. Bock, J. P. SCHLODER, R. FINDEISEN, Z. NAGY, AND F. ALLGOWER, Real-time
optimization and nonlinear model predictive control of processes governed by differential-
algebraic equations, J. Process Control, 12 (2002), pp. 577-585.

DienrL, H. J. FERREAU, AND N. HAVERBEKE, Efficient numerical methods for nonlinear
MPC and moving horizon estimation, in Nonlinear Model Predictive Control, Springer,
Berlin, 2009, pp. 391-417.

DieHL, R. FINDEISEN, H. G. Bock, J. P. SCHLODER, AND F. ALLGOWER, Nominal stability
of the real-time iteration scheme for nonlinear model predictive control, IEE Proc. Control
Theory Appl., 152 (2005), pp. 296-308.

. L. DoNTCcHEV AND T. R. ROCKAFELLAR, Characterizations of strong regularity for varia-

tional inequalities over polyhedral convex sets, STAM J. Optim., 6 (1996), pp. 1087-1105.
FENG, V. LINETSKY, J. L. MORALES, AND J. NOCEDAL, On the solution of complementarity
problems arising in American options pricing, Optim. Methods Softw., to appear.
GUDDAT, F. GUERRA VAZQUEZ, AND H. TH. JONGEN, Parametric Optimization: Singulari-
ties, Pathfollowing and Jumps, Teubner, Stuttgart, Germany, 1990.

[16] W. W. HAGER, Runge-Kutta methods in optimal control and the transformed adjoint system,

Numer. Math., 87 (2000), pp. 247-282.

[17] G. A. Hicks AND W. H. RAy, Approxzimation methods for optimal control synthesis,

Can. J. Chem. Eng., 49 (1971), pp. 522-528.

(18] J. KapaM, W. MARQUARDT, M. SCHLEGEL, O. BOSGRA, T. BACKX, AND P. J. BROUWER,

Towards integrated dynamic real-time optimization and control of industrial processes, in
Proceedings of the Fourth International Conference on Foundations of Computer-Aided
Process Operations, Coral Springs, FL, 2003, pp. 593-596.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



REAL-TIME NLO AS A GENERALIZED EQUATION 5467

[19] S. KM, K. Kon, M. LusTiG, S. BoyD, AND D. GORINEVSKY, An interior-point method for

[20]
21]
22]

23]

large-scale 11 -regularized least squares, IEEE J. Sel. Top. Signal Process., 1 (2007), pp.
606—617.

M. KOGVARA AND J. ZOWE, An iterative two-step algorithm for linear complementarity prob-

lems, Numer. Math., 68 (1994), pp. 95-106.

W. C. L1 aND L. T. BIEGLER, Process control strategies for constrained nonlinear systems,

< 2 o o= o<

Ind. Eng. Chem. Res., 27 (1988), pp. 1421-1433.

. L. MANGASARIAN, Solution of symmetric linear complementarity problems by iterative meth-

ods, J. Optim. Theory Appl., 22 (1977), pp. 465-485.

. L. MoRrALEs, J. NOCEDAL, AND M. SMELYANSKIY, An algorithm for the fast solution of

symmetric linear complementarity problems, Numer. Math., 11 (2008), pp. 251-266.
NOCEDAL AND S. WRIGHT, Numerical Optimization, Springer, New York, 1999.

. OHTSUKA, A continuation/GMRES method for fast computation of nonlinear receding hori-

zon control, Automatica J. IFAC, 40 (2004), pp. 563-574.

. M. C. DE OLIVEIRA AND L. T. BIEGLER, An extension of Newton-type algorithms for

nonlinear process control, Automatica J. IFAC, 31 (1995), pp. 281-286.

. PANG AND D. STEWART, Differential variational inequalities, Math. Program., 113 (2008),

pp. 345-424.

. V. Rao, J. B. RAWLINGS, AND D. Q. MAYNE, Constrained state estimation for nonlinear

discrete-time systems: Stability and moving horizon approximations, IEEE Trans. Au-
tomat. Control, 48 (2003), pp. 246-258.

. M. ROBINSON, Strongly reqular generalized equations, Math. Oper. Res., 5 (1980), pp. 43-61.
. M. ROBINSON, Generalized equations and their solutions. 11. Applications to nonlinear pro-

gramming, Math. Programming Stud., No. 19 (1982), pp. 200-221.

. SAAD AND M. H. ScHULTZ, GMRES: A generalized minimal residual algorithm for solving

nonsymmetric linear systems, SIAM J. Sci. Statist. Comput., 7 (1986), pp. 856-869.

. WANG AND S. BoyD, Fast model predictive control using online optimization, in IEEE Trans.

Control Syst. Technol., 18 (2010), pp. 267-278.
G. WiLLs AND W. P. HEATH, Barrier function based model predictive control, Automatica
J. IFAC, 40 (2004), pp. 1415-1422.

. M. Zavara, Computational Strategies for the Operation of Large-Scale Chemical Processes,

Ph.D. thesis, Carnegie Mellon University, Pittsburgh, PA, 2008.

. M. ZAvALA AND L. T. BIEGLER, Nonlinear programming strategies for state estimation and

model predictive control, in Nonlinear Model Predictive Control, Springer, Berlin, 2009,
pp. 419-432.

. M. Zavara, E. M. CONSTANTINESCU, M. ANITESCU, AND T. KRAUSE, On-line economic

optimization of energy systems using weather forecast information, J. Process Control, 19
(2009), pp. 1725-1736.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


