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1. NLP Problem Structure.

Consider the NLP problem from the Hicks-Ray reactor dynamic optimization problem,

min
nf∑
i=1

nc∑
j=1

ϕi,j =
nf∑
i=1

nc∑
j=1

hiWj

[
wzc(zci,j − zdes

c )2 + wzt(zti,j − zdes
t )2 + wu(ui,j − udes)2

]
s.t.

gc
i,j(·) = yci,j

+
zci,j − 1

θ
+ k · zci,j

exp
[
−Ea

zti,j

]
= 0

gt
i,j(·) = yti,j +

zti,j
− zf

θ
− k · zci,j exp

[
−Ea

zti,j

]
+ α · ui,j(zti,j − tcw) = 0

fc
i,j(·) = zci,j − z0

ci
− hi

nc∑
k=1

Ωk,jyci,k
= 0

f t
i,j(·) = zti,j

− z0
ti
− hi

nc∑
k=1

Ωk,jyti,k
= 0

cc
i (·) = z0

ci
− zci−1,nc

= 0

ct
i(·) = z0

ti
− zti−1,nc

= 0

cc
1(·) = z0

c1
− ẑc(`) = 0

ct
1(·) = z0

t1 − ẑt(`) = 0

ui,j ≥ 0. (1)

define the variable vector xi = [z0
ci

z0
ti

yci,1 . . . yci,nc
yti,1 . . . yti,nc

ui,1 zci,1 zti,1 . . . ui,nc zci,nc
zti,nc

] and

the multipliers, λi = [λc
ci

λc
ti

λg
ci,1

λg
ti,1

. . . λg
ci,nc

λg
ti,nc

λf
ci,1

. . . λf
ci,nc

λf
ti,1

. . . λf
ti,nc

] for every finite element i.

Symbols ẑc(`) and ẑt(`) denote the initial conditions.

The associated Lagrange function of this problem is given by,

L =
nf∑
i=1

nc∑
j=1

[
ϕi,j + λg

ci,j
gc

i,j + λg
ti,j

gt
i,j + λf

ci,j
fc

i,j + λf
ti,j

f t
i,j

]
+

nf∑
i=1

[
λc

ci
cc
i + λc

ti
ct
i

]
−

nf∑
i=1

nc∑
j=1

νui,j
ui,j (2)
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The constraint Jacobian defined at finite element i for 3-point collocation has the following structure,

zci−1,3 zti−1,3 z0
ci

z0
ti

yc1 yc2 yc3 yt1 yt2 yt3 u1 zc1 zt1 u2 zc2 zt2 u3 zc3 zt3
cc
i

−1 1

ct
i

−1 1

gc
1 1 gc

u,1 gc
z,1 gc

t,1
gt
1 1 gt

u,1 gt
z,1 gt

t,1
gc
2 1 gc

u,2 gc
z,2 gc

t,2
gt
2 1 gt

u,2 gt
z,2 gt

t,2
gc
3 1 gc

u,3 gc
z,3 gc

t,3
gt
3 1 gt

u,3 gt
z,3 gt

t,3
fc
1 −1 Ω11 Ω21 Ω31 1

fc
2 −1 Ω12 Ω22 Ω32 1

fc
3 −1 Ω13 Ω23 Ω33 1

ft
1 −1 Ω11 Ω21 Ω31 1

ft
2 −1 Ω12 Ω22 Ω32 1

ft
3 −1 Ω13 Ω23 Ω33 1

hc
i+1 −1

ht
i+1 −1


(3)

where,

gc
ci,j

=
∂gc

i,j

∂zci,j

= θ−1 + k · exp

[
−Ea

zti,j

]
gc

ti,j
=

∂gc
i,j

∂zti,j

= −
k · zci,j Ea

zti,j
2

exp

[
−Ea

zti,j

]
gc

ui,j
=

∂gc
i,j

∂ui,j
= 0

gt
ci,j

=
∂gt

i,j

∂zci,j

= −k · exp

[
−Ea

zti,j

]
gt

ti,j
=

∂gt
i,j

∂zti,j

= θ−1 +
k · zci,j Ea

zti,j
2

exp

[
−Ea

zti,j

]
+ ui,j

gt
ui,j

=
∂gt

i,j

∂ui,j
= zti,j − tcw (4)

notice that the first two columns in the Jacobian are not defined for i = 1.

For a Bolza-type objective function, the Hessian of the Lagrangian is block diagonal. For a given element i,

z0
ci

z0
ti

yc1 yc2 yc3 yt1 yt2 yt3 u1 zc1 zt1 u2 zc2 zt2 u3 zc3 zt3
z0

ci
z0

ti
yc1
yc2
yc3
yt1
yt2
yt3
u1 L1

uu L1
uc L1

ut
zc1 L1

uc L1
cc L1

ct
zt1 L1

ut
L1

ct
L1

tt
u2 L2

uu L2
uc L2

ut
zc2 L2

uc L2
cc L2

ct
zt2 L2

uc L2
ct

L2
tt

u3 L3
uu L3

uc L3
ut

zc3 L3
uc L3

cc L3
ct

zt3 L3
uc L3

ct
L3

tt



(5)
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where,

Li,j
cc =

∂2L
∂z2

ci,j

= 2hiWjwzc

Li,j
tt =

∂2L
∂z2

ti,j

= 2hiWjwzt + (λg
ci
− λg

ti
)k

zci,j Ea

zti,j
3

(
Ea

zti,j

− 2

)
exp

[
−Ea

zti,j

]
Li,j

ct =
∂2L

∂zci,j ∂zti,j

= (λg
ci,j

− λg
ti,j

)

(
k

Ea

zti,j
2
exp

[
−Ea

zti,j

])
Li,j

uu =
∂2L
∂u2

i,j

= 2hiWjwu

Li,j
tu =

∂2L
∂zti,j ∂ui,j

= αλg
ti,j

(6)

The first-order optimality conditions are given by,

∇xL = ∇xϕ(x) + Jc(x)T λ− νu = 0 (7)

expanding terms,

∂L
∂z0

ci

= 0 = −
nc∑

j=1

λf
ci,j

+ λc
ci

∂L
∂z0

ti

= 0 = −
nc∑

j=1

λf
ti,j

+ λc
ti

∂L
∂yci,j

= 0 = λg
ci,j

− hi

nc∑
k=1

λf
ci,k

Ωj,k

∂L
∂yti,j

= 0 = λg
ti,j

− hi

nc∑
k=1

λf
ti,k

Ωj,k

∂L
∂ui,j

= 0 = ϕui,j + λg
ci,j

gc
ui,j

+ λg
ti,j

gt
ui,j

− νui,j

∂L
∂zci,j

= 0 = ϕci,j + λg
ci,j

gc
ci,j

+ λg
ti,j

gt
ci,j

+ λf
ci,j

+ δj,3(−λc
ci+1)

∂L
∂zti,j

= 0 = ϕti,j + λg
ci,j

gc
ti,j

+ λg
ti,j

gt
ti,j

+ λf
ti,j

+ δj,3(−λc
ti+1)

0 = gc
i,j(·)

0 = gt
i,j(·)

0 = zci,j − z0
ci
− hi

nc∑
k=1

Ωk,jyci,k

0 = zti,j − z0
ti
− hi

nc∑
k=1

Ωk,jyti,k

0 = z0
ci

+ (1− δi,1)
(
−zci−1,nc

)
+ δi,1 (−ẑc(`))

0 = z0
ti

+ (1− δi,1)
(
−zti−1,nc

)
+ δi,1 (−ẑt(`))

0 = νui,j ui,j − µ (8)

where δi,j is the Kronecker delta and,

ϕci,j = 2hiWjwzc(zci,j − zdes
c )

ϕti,j = 2hiWjwzt(zti,j − zdes
t )

ϕui,j = 2hiWjwu(ui,j − udes) (9)
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Linearizing the above expressions around an arbitrary point (xk, λk, νk),

∇xxL(xk, λk)∆xk + Jc(xk)T ∆λk −∆νk
u = −∇xL(xk) (10)

expanding terms,

−

nc∑
j=1

∆λ
f
ci,j

+ ∆λ
c
ci

=

nc∑
j=1

λ
f
ci,j

− λ
c
ci

−

nc∑
j=1

∆λ
f
ti,j

+ ∆λ
c
ti

=

nc∑
j=1

λ
f
ti,j

− λ
c
ti

∆λ
g
ci,j

− hi

nc∑
k=1

∆λ
f
ci,k

Ωj,k = −λ
g
ci,j

+ hi

nc∑
k=1

λ
f
ci,k

Ωj,k

∆λ
g
ti,j

− hi

nc∑
k=1

∆λ
f
ti,k

Ωj,k = −λ
g
ti,j

+ hi

nc∑
k=1

λ
f
ti,k

Ωj,k

Li,j
uzc

∆zci,j
+ Li,j

uzt
∆zti,j

+ Li,j
uu∆ui,j + g

c
ui,j

∆λ
g
ci,j

+ g
t
ui,j

∆λ
g
ti,j

−∆νui,j
= −

∂L

∂ui,j

Li,j
zczc

∆zci,j
+ Li,j

zczt
∆zti,j

+ Li,j
zcu∆ui,j + g

c
ci,j

∆λ
g
ci,j

+ g
t
ci,j

∆λ
g
ti,j

+ ∆λ
f
ci,j

+ δj,3(−∆λ
c
ci+1

) = −
∂L

∂zci,j

Li,j
ztzc

∆zci,j
+ Li,j

ztzt
∆zti,j

+ Li,j
ztu∆ui,j + g

c
ti,j

∆λ
g
ci,j

+ g
t
ti,j

∆λ
g
ti,j

+ ∆λ
f
ti,j

+ δj,3(−∆λ
c
ti+1

) = −
∂L

∂zti,j

∆yci,j + g
c
ci,j

∆zci,j
+ g

c
ti,j

∆zti,j
+ g

c
ui,j

∆ui,j = −g
c
i,j

∆yti,j + g
t
ci,j

∆zci,j
+ g

t
ti,j

∆zti,j
+ g

t
ui,j

∆ui,j = −g
t
i,j

∆zci,j
−∆z

0
ci
− hi

nc∑
k=1

Ωk,j∆yci,k
= −zci,j

+ z
0
ci

+ hi

nc∑
k=1

Ωk,jyci,k

∆zti,j
−∆z

0
ti
− hi

nc∑
k=1

Ωk,j∆yti,k
= −zti,j

+ z
0
ti

+ hi

nc∑
k=1

Ωk,jyti,k

∆z
0
ci

+ (1 − δi,1)
(
−∆zci−1,nc

)
= −

(
z
0
ci

+ (1 − δi,1)
(
−zci−1,nc

)
+ δi,1 (−ẑc(`))

)
∆z

0
ti

+ (1 − δi,1)
(
−∆zti−1,nc

)
= −

(
z
0
ti

+ (1 − δi,1)
(
−zti−1,nc

)
+ δi,1 (−ẑt(`))

)
νui,j

∆ui,j + ∆νui,j
ui,j = −

(
νui,j

ui,j − µ

)
(11)
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