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Background and Motivation Mi E

Full Space NLP Solvers ~100,000 Constraints, ~1000 Degrees of Freedom

min f(x)
s.t. ¢(z) =0
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KKT Conditions

- Newton’s Method + Exact Derivatives

Sparse Factorization of Full KKT Matrix — Most Expensive Step

Gl S| PN e B

Already Factorized Newton Step KKT Conditions

- KKT Matrix Contains Information About Solution
- This Talk: Reuse KKT Matrix

1) Fast Approximate Solutions for Neighboring NLPs

i - . IPOPT waechter, Biegler 2006
2) Extraction of Reduced Hessian Information aechter, Blegler

: : . Fast Moving Horizon Estimation
- Covariance Analysis for Large-Scale Estimation J
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NLP Sensitivity

Fast Approximate Solutions
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NLP Sensitivity J%

min  f(z,p) )
’ Solution Vector
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- NLP Sensitivity - Existence and Differentiability of Solution Path - Fiacco, 1983
5(p1) . Solution Path

Perturbed Newton Step s*(p1)  Neighboring Solution

s*(po) Nominal Solution
- KKT System at Nominal Solution p1
Already Factorized IL
K* as = —Vs£L(s*(pg), o)
1‘3 - S S \P0), PO
(s(p1) — s™(po))
- Approximation Error |5(p1) — s*(p1)| =~ Olp1 — po|?

- Fast Backsolve with Factorized KKT Matrix



NLP Sensitivity Mi E

- Perturb Optimal Value of Internal VVariables z., Laird & Biegler, 2006
]/y*(po) — Yq

Already Factorized f =[zy
#W*\FU/ S VRS P05 POY
A(pg)t ™ A c(z™(po),Po)

Already Factorized
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- Augmented KKT System
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- Approximation Error |3(yg) — s*(yg)| = Olyg — y* (po)|?

- Reuse Factorization with Schur Complement Technique
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Reduced Hessian Information

Analysis of Second Order Conditions
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Reduced Hesslan MH

-KKT System at Solution
Full Hessian x = [T u]
¥

AT A [T e ]

- Split Variables into Basic and Non-Basic (Degrees of Freedom)

Hzz Hzy | Az X 0
H. = I%* A — I !
uw |y U Ny
AT AL 1A 0
_A-lg ]
- Reduced Hessian Z1 H Z Full Hessian Projected onto the Null Space Matrix Z = |L f “Jl
u

Never Formed in IPOPT
- U = (ZTHZ)_l Z. & Biegler, 2007

- Reduced Hessian Can be Extracted Through Fast Backsolves

- Large-Scale Applications:
- Analysis Second Order Conditions fQ)

- Inference Parameter Estimation Vg~ (ZTHZ)™1 Bard, 1974

Covariance
Parameters -
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FAST Moving Horizon Estimation
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Moving Horizon Estimation Mi E

Measurements

Yo—N | , . .
to t1 [to tIN—-1 tp=1N
ZQ 901 L (¢) Current State
A Priori State EO'N P
Knowledge ! ; :
to 1 [t IN—1 ty=1tN
i A Priori Covariance N
min  \Trr—1 _ -
To, Wi, |(wo — o) Iy (g — Zg) + > Ly(wy,vy) Deviation Costs
k=0
s.t. — ( Y :
Te+1 = Je\Zg, Wg) Dynamic Model P(ﬁ)
Measurements —> Uk+¢—N = hi(zr) + v, Output Model

Large State Dimensionality 100 — 1, 000

Many Degrees of Freedom (100 —1,000)+ (16 —100)N

Highly Nonlinear, Ill-Posed

Solution Time ~ Several Minutes
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Fast Moving Horizon Estimation Mi E

NMPC Controller
Ty Ty4+1 Inconsistent

’ 3_1,.975:5 """" s
S~ I
|
_ I
Ye—N I
i 1 : 1 1 1 1 =1
P(f) o t1 2 EN-1 tg
PUl+1) —>to t1 12 ——> tN-1 te4+1 42
: N
mln ) \NTy—>—1, —/~ N N ya AN = 1=
zo, Wy (Zo — 2o) g (o — Zo) + ) Lilvk, wi) Computational Delay — Stability NMPC

s.t. NLPs are Parametric

S e Solve Reference Problem Between Sampling Times
kto-N | = hg(zr) + vk

Fast On-Line Approximation with Sensitivity

N
—~—
P(0) v
P+1)4 ERPR— N CT
Uk+o—N+1| = hplzg) + v
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Fast Moving Horizon Estimation Mi E

- Sensitivity-Based Shifting Strategy z.; Laird & Biegler, 2007
Free Dummy Variable

o ‘yf—l LYy ¢'+
5 o fa o :
Ye-N+1 o : ;
Yo-N S —Y-N+2
o t1 [t2 tIN—1  te tea
1) Solve Extended Problem P (¥) P() P+ 1)
o 1 = fr(zr wg), k=0,.,N—1
P(¥) Uk+e-N = hp(zg) + o, k=0,..,N
zn+1 = fn(zn,wy)
Yo+1 = hynti(zy+1) +on+a

Dummy Variable at Solution = Output Model Extrapolation
yz_|_1 = h(zN)

Hold KKT System of P(¢) ats;

KAs=0
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Fast Moving Horizon Estimation Mi E

- Sensitivity-Based Shifting Strategy z.; Laird & Biegler, 2007

IN—1  te tega

2) At Tp4 1 once we know True Measurement Ze+1 P) P(U+1)

Perturb Dummy Variable to True Measurement ZUE_H — §£+1

NLP Sensitivity Fix-Relax Strategy

(K | B, ][as] 0 1 Fast
| Eg ; O Jl I_ Ao Jl - I_ §g+1 — 'yZ‘_|_1 | On-line Computation

~ % Accurate
Se+1 =8y T As Approximation
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Fast Moving Horizon Estimation

Extract Covariance of State Estimate II; Never Formed in IPOPT

N
Vv

min —UNTr—1 )
3 ; O 0 U ya
k=0
s.t. f ( )
xr = X w
Large-Scale — k1 RATR Tk
MHE Uk+o—N = hg(zr) + v

min f(x)
s.t. ¢(z) =0
z >0 IPOPT

*
(zy — 2y )

(=}

- II ; Normally Computed through Kalman Filter Recursion

- II 1s Not Reduced Hessian but Can be Extracted with Reduced Hessian Tool
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Case Study - CSTR
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CSTR Mi E

Measurement Data Generated from NMPC Scenario
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CSTR Mi E

95% Confidence Regions for N = 5,10, 15, ...,30

Concentration Measured Temperature Measured
0.05 — 0.05
<2 >
N O i AN y 0
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CSTR Mi E

Performance of Fast MHE — Effect of NLP Sensitivity Errors
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Case Study — Industrial Low-Density Polyethylene Process
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LDPE Process &iiiﬂ

Controls Ethylens
Butane |+ <
Torch Purge
Low-Pressure 7 jﬂ 74—L|'D—"L4' F%L

Recycle

Jleas fw&ﬁ“ﬁ% 4=

Hyper Compressor

High-Pressure ot
Recycle C‘*@—( D—|

A7

High-Pressure
Separator

wliﬁ

jE=m G

Tubular
Reactor

Dynamic Model ~ 350 DAEs
Sampling Time = 6 min
Estimation Horizon N =15

NLP IPOPT

2oy (w0 — 35) T (wg — 7b) +

7\7
> Ly(vg, wg)
k=0

st = f (g wy)
Yptto—N = hp(zr) + vy

Low Pressure
YT Separator LD Valve .
- W,ﬁb ] 27,121 Constraints, 9330 Bounds
o T T = 294 Degrees of Freedom +1 Dummy
ﬁ — LDPE _» Time-Delay
J
Algorlthmlc Step CPUs ;
Cadl CAliwdkiaAam (4 itAaratiaAameae) Yo Ye WV, ( On_Llne COSt
I_UII SQOUIULTOT \O ICCST adallioOl] } ZUZ. 04 Standard MHE
Single Factorization of KKT Matrix 33.77 On-Line Cost
Step Computation (single backsolve) | 0.9-1.0
~ ~ \ ) / Fast MHE
Rest of Steps 0.936
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LDPE Process Jiiiﬂ

Measurement Profiles Gaussian Noise 5% SD
45

[
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Yo (wt %)

Carnegie Mellon



LDPE Process Jiiiﬂ

Measurement Profiles Gaussian Noise 5% SD

4.5 I |
% Measured
| = = Estimated X K
47— True On-line State Estimate in 1 Second " el
T X

NLP Sensitivity Errors Negligible

Yo (wt %)
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Conclusions and Future Work
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Conclusions and Future Work Mi E

- Reuse KKT Matrix at Solution
- NLP Sensitivity Calculations
- Reduced Hessian Information
- IPOPT

- Fast Moving Horizon Estimation
- Industrial-Size MHE without On-Line Computational Delay

-Future Work

- Fix-Relax to Convert KKT Matrix into Fast QP Active-Set Solver
- Warm-Start for NLP Sequences: MINLP
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