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Motivation Mi E

Many Applications involve continuous solutions of similar NLPs

MINLP

— Master |¢

Yk4-1 Th+1

> NLP,,, H

Real-Time Optimization

— NLP, |¢&

ug, SPy Meas(tg41)

> Process

Premise: Solution of NLP, might be close to the Solution of NLP, ,

How to re-use information efficiently to warm-start NLPs?
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Active-Set Methods vs. Interior-Point Methods
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Active-Set Methods JH

Efficient Warm-Starts - Active-Set Strategy of NLP Algorithm
Active-Set Methods

NLP, :
: Guess Lél = {i|z() =0} «——0
min  f(z,pk)
— Solve Subproblem
st—elax,pp) =0
z >0 min f(z, pr)
s.t. c(zx, =0
KKT Conditions of NLP, /n,(; » Pk ) ‘
z\/ =0,1€ A
vf(wapk) —|—VC(£C,pk)>\—l/ = 0
c(x, pr.) 0 Check KKT of NLP,
XVe = 0 _
z.v > 0 Re-guess A = {4 ]z} =0} —
Disadvantages l
. . * % * *
Exponential Complexity -Poor Guess of Ay, - S, = [z 1os Ao Vk]
Structure NOT Preserved Along Iterations B Co () .
k—1t|L,  — Yy
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Active-Set Methods JH

Advantage - Optimal Solution of NLP, USUALLY a Good Starting Point for NLP,_,

Nominal Problem - NLP, Perturbed Problem - NLP_,,
min  f(z,pi) min  f(z,pp41)
s.t. c(x,pr) =0 s.t. c(z,pp+1) =
x>0 x>0
| v
st Sh4-1
A, = (i} = 0 Apr = {213y = 0}

IF A and Ag41 differ in a few variables
THEN S’}; excellent warm-starting point for NLP,_, -Few Iterations-

ELSE Combinatorial Problem - Difficult to Predict
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Interior-Point Methods J%

NLP, BP,
min  f(z,px) | n .
St. c(2,p) =0 > TR
S.L. C\Z,PE) — U 1—1
x>0 st czpp) =0
KKT Conditions of BP, , | XVe= pe
Vf(ac,pk) +VC($,pk)>\—V = 0
A Y — N
LA VPk) — VY
XVe = pye — Central Path (CP,)
z,z > 0O D M1
1Y 2P
1 ./'/
u=1x10"6 }—WZ' \
Polynomial Complexity 0
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Interior-Point Methods J%

Infeasible-Path Methods Solve Sequence of BPs driving tty — O

KKT Conditions of BP, Newton's Method - KKT System (Fixed Structure)
Vi) F Ve@m ) A v = O
L Wz, ) Alz;) —11|[ Az Vi(z)+A(z) e~y
&, pr) = Y é A(gcj)l' 0 0 AN E - c(x;)
XVe = pye i V; 0 X; ||l Av; | i X;Vie — pye
z,v > 0

Non-negativity of * and =z is imposed explicitly at every iteration

Fraction-to-the-boundary
Maximum Stepsize - Stay Inside of Feasible Region

oMar — max{a c (O, 1] . 33] + Ozdf Z (1 _ T)xj} Central Path (CPk)

vy

Final stepsize obtained by backtracking line-search from o' *%%* 1
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Interior-Point Methods J%

Warm-Starts - Optimal Solution of NLP, SOMETIMES a Good Starting Point

NLP, NLP,,.
min f(a:,pk) min f(:E,L ,1/._|L1)
s.t. c(z,pr) =0 s.t. c(z,pg+1) =0
z>0 z>0

S*
krl \\ CP,
Is it possible to precompute SZ_|_1 2 V1 e

u=1><10—6}—>872 3
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NLP Sensitivity

Apply to Active-Set and Interior-Point Methods

min  f(x,p) ) f(z,p)A

s.t. c¢(z,p) =0 } P(p)
x>0

Solution Triplet

st (p)! = [T AT T

Optimality Conditions of P (p)

s*(P) , ps

fo(x,p)—l—vxc(x,p))\—l/ — O
c(z,p) = 0O
XVe = O

NLP Sensitivity > Existence and Differentiability of Path s* (p) - LICQ, SSOC, SC

0s
= Main Idea: Obtain —| and find 5"(p1) by Taylor Series Expansion

op -~ s* (pl):-’_

T O o (py)
(p — po)

N 0s
s*(p1) ~ s"(po) + e
P lpg s*(po)
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Apply Implicit Function Theoremto F(s,p) = O
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- Already Factored at Solution

KKT Matrix

- FAST Sensitivity Calculation

- Approximation Preserves Active Set of Nominal Problem
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Nonstrict Complementarity, LICQ - KKT Matrix Singular

Strong Second-Order Conditions DO NOT Hold

Degenerate Nominal Solutions

Bifurcation Point - Continuity Exists but NOT Differentiability
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Interior-Point Methods J%

Case 2: ||pk_|_1 — pkH Induce Change in Active Set Ak-|-1 7= Ag

<1

Sk—}—l

71
Initializing NLP, ., with s; might not decrease number of iterations

Use solution of a barrier sub-problem s7 (1) (Yildrim & Wright, Gondzio & Grothey)

Which One? Trial and Error, Very Large L

Carnegie Mellon



Case Study — Nonlinear Model Predictive Control
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Nonlinear Model Predictive Control Mi E

P(Zo41) —> 20 21 25 —> ZN—1 2N
P(z)) 20 1 22 RN-1 FEN
Zr | ; ; : : : : ; : : : 1
|
|
|
~ |
Z(g).__/2 |
(e+1) 1
1 u
ug —el [Ts UN_2UN_] U
ug [ "2 :
—— UL
P(z) to 1 t2 tN—1 [tN
P(Zp4+1) ——>to t1  [t2 —>tn_1tN
M-1(Kw-1 K
min Z { Z ({z‘?n (Zi‘n, yi‘n, ﬂiﬁ, Ty ) + Em (z;m y;;{n; Ug;? s Ty n)}
m=0 k=0 °
5.t. NLPs are Parametric
zfn+l = z‘f;?_l_Ame;r P ~ P(pO)
S a— (Z¢) P(p)
N A P
2 = 2(0) = po M=1 (Kp—1
m = O..... M-1 k=0..... Km—1 min Z { Z (f’m ( m,’ym, i‘n,?T-m,, rl) + En ( Kmn ym U h T, I—I)}
m=0 b —
s.t.
L-I—l

Zm Zm + Amy-;;} P (2 )
0 h’m. R( ﬁ: yﬁ; ufa Tm, n) E"‘l

zg;—f—l = fm (szrgm Ur{:ﬁmsu'gm)
129 = z2¢¢+1) = p |
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Nonlinear Model Predictive Control Mi E

How to Warm-Start Neighboring NLPs? - NLP Sensitivity
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Nonlinear Model Predictive Control Mi E

Case 1: No Change in the Active-Set

U2
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Nonlinear Model Predictive Control Mi E

Case 1: No Change in the Active-Set
NLP Sensitivity Provides Excellent Warm-Starting Point

12

100
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Nonlinear Model Predictive Control Mi E

Case 2: Change in the Active-Set
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Nonlinear Model Predictive Control Mi E

P(Zo41) —> 20 21 25 —> ZN—1 2N
P(z,) 20 Z1 22 RN—-1 RN

uQ o T T s oo e TOOOPOP OO OUOROO PO OOOOE OO PPPRORTOTN SOPOP PSPPI ORI I | ur

P(z,)) to 1 2 tN—1 [tN
P(Zp4+1) ——>to t1  [t2 —>tn_1tN

Optimal Solution P(Z) —> [UQ — Uy,

Optimal Solution P(Zyy;) =——3 uQ > ’U,L
Approximate P(Z,41) by Perturbing P(Z,) ===="" > Ug — Uy,

Inconsistent Approximation = Inconsistent Active-Sets
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Nonlinear Model Predictive Control Mi E

Case 2: Change in the Active-Set
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Nonlinear Model Predictive Control Mi E

Case 2: Change in the Active-Set
NLP Sensitivity Provides an Infeasible Warm-Starting Point
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Open Questions
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Open Questions

Case 3: Change in the Active-Set -Stronger Perturbations-

Fraction-to-the-Boundary — Fast Detection of Change
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NLP,,
Prematurely Close to the Boundary
, . (Large Number of Iterations)
I
R T N N i
| . \ N
Iy - \ N\ .
(T '
-150,

(I | \ \ A\ \

!. T \\ \

-200- 'V o

I | \ \ \ \

vl I| ", i \ \ Ay

[ \ \ N\

-250 - Vo \ .

| | | \ Y, \ \

[ | \ \ \

¥
-300 " VL L x A \
*'*_* * # *{ 4 A N\
L | \ \ \ \ N\
-350 -1 l | I\ AN | | |
0 0.1 0.2 0.3 0.4
Carnegie Mellon

0.5
uG



Open Questions

Case 3: Change in the Active-Set -Stronger Perturbations-

Extrapolate to large value of 1 ? -Nash and Sofer, 1996-
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Open Questions Mi ;

Case 3: Change in the Active-Set -Stronger Perturbations-

Parameterize Perturbation? Py = T Pk41 + (1 — 7)pg

1 \ I. ' LY
:}m _1DG N \ I 1 "‘. » ) N o o ° —
:'l A U SN 7 — O Prediction-Correction
I I \ \ I A o 0
=180, Mty Fast Warm-Start vs. “Transition” .
Iy .I III \ LY h
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Summary and Conclusions J%

Warm-Start Crucial in Many Applications
Active-Set vs. IPM - Active-Set Changes

IPMs Required for Large Applications

Current Warm-Start Strategies for IPM

Complexity Results Established for LP -wright 2001, Gondzio 2002-

Practice —Store Trial Points- Reduce Iterations but CPU Times Similar

Explore New Ideas
Parameterize Perturbation? - Predictor-Corrector
Strong Perturbations
Very Large Values of u ~ O(101) ?

Extrapolation
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Questions
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