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Abstract—Recent applications of a semidefinite programming
(SDP) relaxation to the optimal power flow (OPF) problem offers
a polynomial time method to compute a global optimum for a
large subclass of OPF problems. In contrast, prior OPF solution
methods in the literature guarantee only local optimality for the
solution produced. However, solvers employing SDP relaxation
remain significantly slower than mature OPF solution codes. This
letter seeks to combine the advantages of the two methods. In
particular, we develop a SDP-inspired sufficient condition test
for global optimality of a candidate OPF solution. This test may
then be easily applied to a candidate solution generated by a
traditional, only-guaranteed-locally-optimal OPF solver.
Index Terms—Optimal power flow, Global optimization

I. I NTRODUCTION

T

HE optimal power flow (OPF) problem determines an
optimal operating point for an electric power system in
terms of a specified objective function, subject to both network
equality constraints (i.e., the power flow equations, which
model the relationship between voltages and power injections)
and engineering limits (e.g., inequality constraints on voltage
magnitudes, active and reactive power generations, and flows
on transmission lines and transformers).
Recent research has applied semidefinite programming
(SDP) to the OPF problem [1]. Using a rank relaxation, the
OPF problem is formulated as a convex SDP. If the relaxed
problem satisfies a rank condition, a global optimum of the
OPF problem can be determined in polynomial time. No prior
OPF solution method guarantees calculation of the global solution in polynomial time; SDP thus has a substantial advantage
over other solution techniques. However, the rank condition
is not always satisfied, so the SDP relaxation does not give
physically meaningful solutions to all OPF problems [2].
The SDP relaxation of the OPF problem is computationally
limited by a positive semidefinite constraint on a 2n × 2n
matrix, where n is the number of buses in the system. Thus,
despite being provably polynomial time, the SDP relaxation
is computationally challenging for large systems. With recent
work in matrix completion decompositions that speed computation by exploiting power system sparsity, solution of the
SDP relaxation is feasible for large systems [3], [4].
However, solution of the SDP relaxation is still significantly
slower than mature OPF algorithms, such as interior point
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methods [5]. It would be beneficial to pair the solution
speed of mature OPF solution algorithms with the global
optimality guarantee of the SDP relaxation. We propose a
sufficient condition derived from the Karush-Kuhn-Tucker
(KKT) conditions for optimality of the SDP relaxation of the
OPF problem [6]. A candidate solution obtained from a mature
OPF solution algorithm that satisfies the KKT conditions is
guaranteed to be globally optimal. However, satisfaction of
these conditions is not necessary for global optimality.
II. S UFFICIENT C ONDITION

FOR

G LOBAL O PTIMALITY

Consider an n-bus power system, where N is the set of all
buses, G is the set of generator buses, and L is the set of all
lines. PDk + jQDk is the load demand and Vk = Vdk + jVqk
is the voltage phasor at buses k ∈ N . PGk + jQGk is the
generation at buses k ∈ G. Slm is the apparent power flow
on the line (l, m) ∈ L. Lines are modeled as Π-equivalent
circuits (see [4] for more flexible models). Superscripts “max”
and “min” denote upper and lower limits. Y = G + jB is
the network admittance matrix. Define a quadratic objective
function associated with each generator k ∈ G, typically
representing a variable operating cost. The OPF problem is
min
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A solution to (1) consists of vectors of voltage phasors V =
Vd + jVq , power injections P + jQ, and Lagrange multipliers.
We denote the Lagrange multipliers associated with the voltage
magnitude equation (1d) as µ, those associated with the active
power balance equation (1f) as λ, those associated with the
reactive power balance equation (1g) as γ, and those associated
with the apparent power line flow equation (1e) as ζ.
In order to reformulate the standard OPF problem into a
structure that allows it to be solved as a SDP, it is necessary
to define several matrices that embed the network’s bus
admittance matrix information into larger arrays. Following
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the development of [1], let ek be the k th standard basis
vector in Rn. Define the matrices Yk = ek eTk Y and Ylm =

jblm
T
T
2 + ylm el el −(ylm ) el em , where blm is the line’s shunt
susceptance, ylm is the line’s series admittance, and superscript
T indicates the transpose operator. Define matrices
#
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Yk =
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#
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0
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Im Ylm
1 Re Ylm + Ylm
lm


Ylm =
T
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#
T
T
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T
T −Y
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(2b)
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T
T W = xx where x =
 Define the matrix variable
Vd1 · · · Vdn Vq1 · · · Vqn . Formulate OPF problem (1)
in terms of W as in [1]: bus k active and reactive power injections are trace (Yk W) and trace Ȳk W and squared voltage
magnitude is trace (Mk W); active and reactive
 flows on
line (l, m) are trace (Ylm W) and trace Ȳlm W . The SDP
relaxation is formed by replacing the constraint W = xxT
with W  0, where  0 indicates positive semidefiniteness.
The A matrix of the dual SDP problem, which collects
terms of the optimality conditions as in [1], requires Lagrange
multipliers in terms of the square of voltage magnitudes
(denoted as ξ) rather than the voltage magnitudes themselves.
Use the chain rule of differentiation for the conversion

ξk = µk



1
2Vk0



(3)

where Vk0 is the solution’s voltage magnitude at bus k.
Additionally, the solution to (1) gives line-flow limit Lagrange
multipliers ζ in terms of apparent power (MVA), but the dual
SDP problem requires separate multipliers in terms of active
and reactive power flows (denoted
p as α and β, respectively).
2 + Q2 , where P
Using the relationship Slm = Plm
lm and
lm
Qlm are the active and reactive flows, respectively, on the line
from bus l to bus m, the appropriate conversions are

βlm
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Qlm0
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(4a)
(4b)

where Plm0 and Qlm0 are the solution’s flows on line lm. The
A matrix is then
A=

X

k∈N


 X
αlm Ylm + βlm Ȳlm
λk Yk + γk Ȳk + ξk Mk +
(l,m)∈L

(5)

When feasible, the SDP relaxation has a global solution that
satisfies the KKT conditions for optimality [6]. A candidate
OPF solution may satisfy these KKT conditions, in which case
the solution is globally optimal. Using W = xxT and A from
(5), the first KKT condition of complementarity is
trace (AW) = 0

(6)

The second regards feasibility of the W and A matrices. These
matrices are feasible in the SDP relaxation if they are positive
semidefinite. The matrix W = xxT is positive semidefinite
by construction. Thus, the relevant feasibility condition is
A0

(7)

III. D ISCUSSION
Satisfaction of both (6) and (7) implies global optimality regardless of the rank characteristics of the A matrix
(i.e., dim (null (A)) ≤ 2 is not required). Non-zero branch
resistances, as necessary in [1], are not required. However,
enforcing small minimum branch resistances may result in satisfaction of (6) and (7) for problems that would not otherwise
satisfy these conditions.
If either (6) or (7) is not satisfied, global optimality is
indeterminate. Failure to satisfy these conditions may result
when the semidefinite relaxation does not satisfy the rank
condition [2], in which case the solution may still be globally
optimal but is not guaranteed to be so. Alternatively, failure to
satisfy (6) and (7) may indicate that a better solution exists.
When applied to the IEEE test systems [7] without minimum resistances, global optimality of solutions from MATPOWER’s interior point algorithm [5] was verified for the
14, 30, and 57-bus systems, but not for the 118 and 300bus systems due to non-satisfaction of (7). With a minimum
branch resistance of 1 × 10−4 per unit, the solution to the
118-bus system (but not the 300-bus system) was verified to
be globally optimal. Note that tight solution tolerances are
often needed to obtain satisfactory numerical results.
IV. C ONCLUSION
Using the KKT conditions of a semidefinite relaxation of the
OPF problem, this letter has proposed a sufficient condition
test for global optimality of a candidate OPF solution.
R EFERENCES
[1] J. Lavaei and S. Low, “Zero Duality Gap in Optimal Power Flow
Problem,” IEEE Transactions on Power Systems, vol. 27, no. 1, pp. 92–
107, February 2012.
[2] B. C. Lesieutre, D. K. Molzahn, A. R. Borden, and C. L. DeMarco,
“Examining the Limits of the Application of Semidefinite Programming
to Power Flow Problems,” in 49th Annual Allerton Conference on
Communication, Control, and Computing, 2011, September 28-30 2011.
[3] R. Jabr, “Exploiting Sparsity in SDP Relaxations of the OPF Problem,”
IEEE Transactions on Power Systems, vol. 27, no. 2, pp. 1138–1139, May
2012.
[4] D. Molzahn, J. Holzer, B. Lesieutre, and C. DeMarco, “Implementation
of a Large-Scale Optimal Power Flow Solver Based on Semidefinite
Programming,” To appear in IEEE Transactions on Power Systems, 2013.
[5] R. Zimmerman, C. Murillo-Sánchez, and R. Thomas, “MATPOWER:
Steady-State Operations, Planning, and Analysis Tools for Power Systems
Research and Education,” IEEE Transactions on Power Systems, no. 99,
pp. 1–8, 2011.
[6] H. Wolkowicz, R. Saigal, and L. Vandenberghe, Handbook of Semidefinite
Programming: Theory, Algorithms, and Applications, ser. International
Series in Operations Research & Management Science. Kluwer Academic Publishers, 2000.
[7] Power Systems Test Case Archive. University of Washington Department
of Electrical Engineering. [Online]. Available: http://www.ee.washington.
edu/research/pstca/

