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ABSTRACT. This article is concerned with the formation and per-
sistence of spatiotemporal patterns in binary mixtures of chem-
ically reacting species, where one of the species is an activator,
the other an inhibitor of the chemical reaction. The system of
reaction-diffusion equations is reduced to a finite system of or-
dinary differential equations by a variant of the center-manifold
reduction method. The reduced system fully describes the local
dynamics of the original system near transition points at the onset
of instability. The attractor-bifurcation theory is used to give a
complete characterization of the bifurcated objects in terms of the
physical parameters of the problem. The results are illustrated for
the Schnakenberg model.

1. INTRODUCTION

This article is concerned with the formation and persistence of spa-
tiotemporal patterns in binary mixtures of chemically reacting species,
where one of the species is an activator, the other an inhibitor of the
chemical reaction. Typically, these patterns arise when the system
transits from one stable equilibrium to another.

The phenomenon of pattern formation in activator-inhibitor systems
is commonly associated with the name of Turing, who showed in his pi-
oneering study of morphogenesis [20] that structure can emerge from a
structureless state without the apparent action of an external organiz-
ing force as a result of a competition between reaction and diffusion.
Experimental evidence for the existence of so-called Turing patterns
in chemistry is described in, among others, Refs. [4, 5]. The impact
of Turing’s work on the theory of pattern formation in biology is dis-
cussed, for example, in Ref. [12]. Turing’s ideas have penetrated well
beyond the fields of biology and chemistry; for example, an application
to fingerprint imaging is given in Ref. [16]. A general overview of the
theory of pattern formation can be found in the review article by Cross
and Hohenberg [3] and the recent text by Hoyle [8].

Linear stability analysis has been a basic tool in the study of reaction-
diffusion systems. It provides insight into the nonlinear behavior of

such systems as well, since the latter can often be approximated, at
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least for brief lengths of time, by linearized systems. But as time
evolves, the nonlinear structure takes over, and other tools are needed
to study the long-time behavior. A weakly nonlinear stability anal-
ysis can be used to identify the steady states and their connecting
orbits after a bifurcation. Such an analysis can be justified rigorously
on the basis of modulation theory and a Ginzburg-Landau approx-
imation [2, 6, 18, 19, 21]. A survey of weakly nonlinear analyses for
reaction-diffusion systems can be found, for example, in Ref. [22]. Mur-
ray’s monograph [13] discusses applications to biological systems such
as animal coat patterns. Sometimes, special techniques have been ap-
plied to the study of Turing patterns in different regimes. For example,
Ref. [9] deals with the stability of symmetric N-peaked steady states for
systems where the inhibitor diffuses much more rapidly than the acti-
vator. We also mention Refs. [1, 14, 15], which deal with the Schnaken-
berg model on heterogeneous domains, where spatially varying diffusion
coefficients may prevent the degeneracy of a Turing bifurcation.

In this article we present a different nonlinear approach to the insta-
bilities and transitions in Turing systems. By using a finite-dimensional
approximation to the system of reaction-diffusion equations in certain
unstable domains we are able to give a complete characterization of the
attractors and their basins of attraction in terms of the physical param-
eters of the problem. The two essential elements are a new approach
to the center-manifold reduction and an application of the attractor-
bifurcation theory of Ref. [10]. The center-manifold reduction projects
the original system of partial differential equations to a set of ordinary
differential equations that describe the leading-order dynamics in the
neighborhood of a transition point. The reduced system retains the
essential features of the dynamics, is much simpler than the original
system, and yields explicitly computable quantities that completely
characterize the transitions of the system.

Certain computations simplify when symmetries are present, but
we emphasize that the method presented here is essentially indepen-
dent of such symmetries and applies equally well to domains without
symmetries. Common bifurcation theory, which relies on the pres-
ence of symmetries, represents attractors in terms of steady states and
their connecting orbits but overlooks many transient states that can
be important from the viewpoint of applications. The existence of
transient states in activator-inhibitor systems and their importance in
biological systems are discussed, for example, in Refs. [23, 24]. The
approach presented in this paper yields complete information about
bifurcations, transitions, stability, and persistence, including informa-

tion about transient states, in terms of the physical parameters of the
2



system. To the best of our knowledge, no other approach matches the
comprehensive nature of the results obtained by attractor-bifurcation
theory. Since there are, in fact, instances of pattern formation (for
example, quasi-patterns) that cannot be described in the framework
of equivariant bifurcation theory, there is an obvious need to develop
new methods to study bifurcations and transitions. The fact that the
attractor-bifurcation method goes well beyond the usual symmetry-
bifurcation method has been demonstrated in other situations as well [10].

In this article we consider reaction-diffusion systems of the activator-
inhibitor type on bounded domains. If the system is one-dimensional
or two-dimensional and rectangular (nonsquare), we show that the bi-
furcated object consists of two points, each with its basin of attraction
(Theorem 4.2, Fig. 2). In the case of a square domain, the primary bi-
furcation is either a pitchfork bifurcation or an S* bifurcation, depend-
ing on the parameters of the problem. In the case of an S'-bifurcation,
the phase diagram after bifurcation contains either an infinite number
of steady-state solutions or eight steady-state solutions and the hete-
roclinic orbits connecting them (Theorem 5.2, Fig. 3). Specific criteria
that determine the nature of the transition when the first unstable
mode arises are given in terms of eigenvalues and eigenvectors and are
thus related directly to the physical parameters of the problem.

Although the focus in this article is on activator-inhibitor systems,
the analysis is general and applies, for example, also to systems con-
sisting of a self-amplifying activator and a depleted substrate.

Following is an outline of the paper. In Section 2, we formulate
the reaction-diffusion problem for an activator-inhibitor mixture and
rewrite it as an evolution equation in a function space. In Section 3,
we study the exchange of stability, which is crucial for the stability
and bifurcation analysis. The results of the bifurcation analysis for the
one-dimensional case are given in Section 4 and for the two-dimensional
case in Section 5. In Section 6, we illustrate the theoretical results on
the Schnakenberg equation. Section 7 summarizes the conclusions. In
Appendix A we give a brief summary of the reduction method and the
attractor-bifurcation theory.

2. STATEMENT OF THE PROBLEM

Turing’s theory of pattern formation refers to a mixture of two chem-
ical species that simultaneously react and diffuse; one of the species is
an activator, the other an inhibitor of the chemical reaction. The con-

centrations U and V of the activator and inhibitor satisfy a system of
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reaction-diffusion equations,
U, = i AU + f(U, V),
‘/t = dQAV + g(U7 V)a

subject to given boundary and initial conditions. Here, A denotes
the Laplacian associated with diffusion of the species, d; and ds are
diffusion coefficients that are constant and positive, and f and g are
nonlinear functions describing the kinetics of the chemical reaction.
The functions f and g are such that

(2.2) f(u,v) =0, g¢g(a,v)=0
for some positive constants w and v, so (u,?) is a uniform steady-state
solution of Eq. (2.1). We assume that this equilibrium solution is stable
in the absence of diffusion. Wre interested in solutions that bifurcate
from it and, in particular, in the long-term dynamics of the bifurcating
solutions.

Before proceeding to the bifurcation analysis we rescale time and
space and rewrite the system (2.1) in the form

Ut =AU + 7f<U> V)a

where v = 1/d; and d = dy/d;. Thus, 7 is a measure of the ratio of
the characteristic times for diffusion and chemical reaction, and d is the
ratio of the diffusion coefficients of the two species. We assume that the
system (2.3) is satisfied on an open bounded domain Q2 C R™ (n = 1,2)

and that U and V satisfy Neumann (no-flux) boundary conditions on
the boundary 0f2 of €.

2.1. Bifurcation Problem. Let
(2.4) U=u+u, V =0+,

where u and v satisfy the identities (2.2). Expanding f and g in their
Taylor series around (u,v), we see that u and v satisfy a system of
equations of the form

up = Au+(fu(@ 0)u+ fo(8,0)0) + 71 (u,0),
vy = dAv + ’Y(gu(aa T})U + gv<a7 @)U) T 79 (u> U)'

(2.1)

(2.3)

(2.5)

The nonlinear functions f; and g; incorporate the higher-order terms
in the Taylor expansions. Henceforth we omit the arguments (u, v) and
write f, for f,(@,v), and so forth.

Since U and V' are associated respectively with the activator and the
inhibitor of the chemical reaction, f, and g, satisfy the inequalities

(2.6) fu>0, g¢g,<0.
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Furthermore, since the equilibrium solution (u, ) is stable in the ab-
sence of diffusion,

(27) fugv - fvgu > 07 fu + Gu < 0

The first inequality, together with (2.6), implies that f,g, < 0.

Henceforth we represent the two parameters v and d by a single
symbol, A = (v,d), and consider A as the bifurcation parameter. We
are interested in solutions of the system of Egs. (2.5) that bifurcate from
the trivial solution (u,v) = (0,0) as A varies in the positive quadrant
of the (v, d)-plane.

2.2. Abstract Evolution Equation. The system of Egs. (2.5) de-
fines an abstract evolution equation for a vector-valued function w :
t—w(t) € H=(L*Q))?

(2.8) w(t) = ( o(- 1) ), t>0.
Let A : dom(A) — H be defined by the expression

(2.9) A= _AT= < =0 )

on dom(A) = H; = {w € (H*(Q))* :n-Vw = 0 on 9Q}. Here, H*(Q)
is the usual Sobolev space, and the gradient Vw is taken component-
wise. Let B and D be the linear operators in H represented by the
constant matrices

fu fo L0
o s (R ) b (1),

Then the linear terms in Eq. (2.5) correspond to the operator

(2.11) Ly=—-AD +~B.

Next, let G : H — H represent the nonlinear terms in Eq. (2.5),
u fi(u,v)

2.12 Gy:w= G = .

(2.12) A (v)H A(w) 7(91(U,U)>

Then Eq. (2.5) corresponds to the abstract evolution equation
(2.13) — = Lyw+ Gy(w)

for w(t)in H,t > 0. Equations of this type have been analyzed in detail
by Ma and Wang; the relevant results from Ref. [10] are summarized

in the Appendix (Section A.2).
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We assume that GG can be written as the sum of symmetric multi-
linear forms,

(2.14) Ga(w) = Gap(w,... w),

where G} is a symmetric k-linear form (k = 2,3,...). When the k
arguments of G, coincide, we write G, with a single argument, Gy (w) =
Gr(w, ... ,w).

3. EXCHANGE OF STABILITY
The inequalities (2.7) imply that
(3.1) det(B) >0, tr(B)<0.

Under these conditions, diffusion has a destabilizing effect. At some
critical value Ay of A, the trivial solution of Eq. (2.5) loses stability and
a bifurcation occurs.

3.1. Eigenvalues and Eigenvectors of L, and L}. The negative
Laplacian —A on a bounded domain 2 € R™ with Neumann boundary
conditions is self-adjoint and positive in L*(€2). Its spectrum is discrete,
consisting of eigenvalues p; with corresponding eigenvectors ¢y,

(32) —Ag@k = PLPk, k = 1,2, cee

We assume that the eigenvalues are ordered, 0 < p; < py < --- and
that the eigenvectors {¢y }x form a basis in L?((2).

It follows from the definition (2.9) that A is self-adjoint and positive
in H; its spectrum is also discrete, consisting of the same eigenvalues pj,
and the eigenvectors ¢, once repeated. The operator Ly is reduced by
projection to its components on the linear span of each eigenvector
of A. Let Ej be the component of L, in the eigenspace associated with
the eigenvalue py,

(3.3) Ex(N) = —-peD+vB, k=1,2,....
The determinant and trace of Ei(\) are

ay  GetER) = y2det(B) + vpxlgo| — ped(vfu = pr),
' tr(Ex(N\)) = ytr(B) — pe(1 + d).
Note that tr(Ey(\)) is negative everywhere in the first quadrant and

becomes more negative as k increases.
The eigenvalues of Ej(\) come in pairs (Gk1, Ok2),

(3.5)
1/2

BraN) = Str(EL(N) £ ((3ir(B(V))? — det(EV) 7, i =12,
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The eigenvalues either are complex conjugate with RG,; = RO < 0
or are both real with (i1 + Bre < 0. We identify (i, with the upper
(+) sign and fxo with the lower (—) sign, so Rz < Rik1.

The eigenvector corresponding to the eigenvalue fy; of L) is

o —Y foPr
(3.6) i = ( (Vfu = Pr — Bri) Pk ) '

The eigenvectors wy; and wgo are linearly independent as long as By #
Bra- The set of eigenvectors {wy; }x; forms a basis for H.

Note that B is not symmetric; its adjoint B* is the transpose B’ of
B. Hence, the adjoint of Ly is Ly = —AD + vB’, and the adjoint of
Er(N) is Ef(X\) = —prD + yB'. The eigenvalues ;; of Ei(\) are the
complex conjugates of the eigenvalues (i; of Ex(\). Since the latter
are either complex conjugate or real, the eigenvalues of L) and L}
coincide; 8, = Bre, and (5 = Br1. The eigenvector corresponding to
the eigenvalue [, of L}i(\) is

. —YGuPk
(37 wj = ( (fu =k — Bl ) |

3.2. Exchange of Stability. The equation det(Ex(A)) = 0 defines a
curve Ay in the (v, d)-plane,

(3.8)

A ={(7,d) : det(Ex(N) =0} ={(v,d) : d=di(7)}, k=1,2,...,

where

2det(B) — .

Pk (Y fu — pr)
The expression for d; can be recast in the form
det(B vqu vYu

Prfu ! fa i f2(vfu—pr)’

which shows that Ay, has an oblique asymptote with slope det(B)/(px.fu.)
and a vertical asymptote at v, = pi/f.. Because of the inequalities
(2.6) and (2.7), the slope of the oblique asymptote is positive and de-
creasing to zero as k increases, and the vertical asymptote is in the
right-half of the (v, d)-plane and shifting to the right as k increases.
Moreover, if we rewrite the equation once more in the form

di(y) — do = det(B) (7 — ) + Pr| fogul
Pk fu

we see that Ay is symmetric with respect to the point (74, dy) where
Ye = pr/fu and dy = (det(B) + |fo9.])/f>. The symmetry point is
7
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located in the first quadrant of the (v, d)-plane; v, increases as k in-
creases, and dy is independent of k. Therefore, each curve A, has a
branch in the positive quadrant of the (v, d)-plane. The curve Ay sep-
arates the region where det(Ex()A)) > 0 (below the curve) from the
region where det(FEx(\)) < 0 (above the curve). The positive branches
of the first few curves are sketched in Fig. 1.

dA Al A2 A3

RY

Ry

M V2 V3 v
F1GURE 1. Positive branches of A1, Ay, and As.

Consider the region in the positive quadrant bounded on the left by
the vertical asymptote v = pi/fu. The curve Ay separates this region
into two subregions,

By ={A=(,d): 7> =pr/fu 0 <d < dp(7)},
Ry ={\=(v,d): 7> = pr/fu d>dr(7)}.
The regions R, and R{ are indicated in Fig. 1.

(3.11)

Lemma 3.1. The eigenvalues By; (i = 1,2) of Ly satisfy the inequali-
ties
Bra(N) <0, Bu(N) >0 if A€ Ry

Furthermore, for all j > k,
(3.13) RBj2(A) < RBj1(A) <0 if X € Ay

Proof. In R, we have tr(E()\)) < 0 and det(Ex(A) > 0. Hence, [k1 ()
and Oye(A) either are complex conjugate with a negative real part or
are both real and negative. On Ay, the leading eigenvalue [i1()) is
zero. Since tr(Eg(A\)) < 0, Bra(A) must be real and negative. In R},
we have tr(Eg(A)) < 0 and det(Ek(A) < 0, so Gk1(A) and Fra(A) are
both real, and they have opposite signs.
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On Ay, det(FEri1(A)) > 0. Since det(Eg()\)) increases with k, it
follows that det(E;(X)) > 0 for all j > k. Also, tr(E;(\)) < 0. Hence,
Bi1(A) and Bj2(A) either are complex conjugate with a negative real
part or are both real and negative. U

The lemma implies that all eigenmodes are stable as long as A is
below the curves Ag. As soon as an eigenvalue A crosses a curve Ay,
however, the corresponding eigenmode becomes unstable, and an ex-
change of stability occurs. Without loss of generality, we will assume
that the first exchange of stability occurs when A crosses the first curve,
A1, at some critical value \g, say.

4. BIFURCATION ANALYSIS — ONE-DIMENSIONAL DOMAIN

Let Q = (0,¢). We reduce Eq. (2.13) to its center-manifold repre-
sentation near A\g. The main idea of the method is summarized in the
Appendix (Section A.1).

The eigenvalues and eigenvectors of the negative Laplacian subject
to Neumann boundary conditions (see Eq. (3.2)) are

pr =k (7/0)?,  or(x) = cos(zy/pr), © € Q; k=1,2,....
The linear operator L, decomposes into its components
(4.1) Ey(N) =—peD+~yB, k=1,2,...,
with
det(Ex(N)) = ~v*det(B) + vpr|go| — dpi(vfu — pr),
tr(By(\) = 1tr(B) — (1 + d)pp.

Each FE} contributes two eigenvalues, [y and (e, to the spectrum
of Ly; the expressions for f; (i = 1,2) in terms of det(Ex(A)) and
tr(Ex(A)) are given in Eq. (3.5). The eigenvalues of the adjoint L} are
the complex conjugates (55, Brs) = (Bra, Ok1). The eigenvectors of Ly
and L3 corresponding to the eigenvalues (3, and [3;; are

(4.2)

- — fy cos(z+/pr)
(4.3) Whi = ( (Vfu = Pk — Bri) cos(z+/pr) )
and

. —Y gy cos(z+/pr)
(4.4) Wy = ( (Vfu — pr — B5;) cos(z+/pr) ) ’
respectively.



4.1. Center-Manifold Reduction. In the region R;, just below A4
and sufficiently close to Ay, both eigenvalues (317 and 15 are real, with
B2 < (11 < 0. As X approaches )\, the leading eigenvalue (311 increases
and, as \ transits into R}, 811 passes through 0 and becomes positive.

Theorem 4.1. Near \g € Ay, the solution of Eq. (2.13) can be ex-
pressed in the form

(4.5) w=yYnwi +2, 2=yYpWy:+ Z Z YriWki,
k=2 i=1,2

where the coefficient y11 of the leading term satisfies the reduced bifur-
cation equation,

dyn
dt

The coefficient o« = «(\) is given explicitly in terms of the eigenfunc-
tions of Ly and L3,

(4.6) = Buyn + ayiy + o(lynl?).

(4.7) a(N) = az(N) + az(A),
where
< Go(wyy), ws; >< Gay(wyy, wy;), wi; >
Ozg(/\) Z 2 11 2 2( 11 2 ) 11 :
< W11, w11 i—1.2 2511 - 52@) < w2ww2@ >
1
az(\) = ——— < Gz(w), wy; > .

*
< wll, wll >

Here, < -,- > denotes the inner product in H. (The subscript X\ on the
k-linear forms has been omitted.)

Proof. We look for a solution w of Eq. (2.13) of the form (4.5). In the
space spanned by the eigenvector w1, Eq. (2.13) reduces to

(4.8)
dyn
dt

< wyp, wyy > =< Lyw,wj; > + < Gy(w),wj; >

= ﬁn < wn,wfl > Y1 + Z < Gk(w),wfl > .
k=2
To evaluate the contributions from the various terms in the sum, we
use the asymptotic expression for the center-manifold function near \g
given in the Appendix (Section A.1, Theorem A.1),
(4.9)

Ui = o (yi1) = < Gown), wy; > y%l
i = P =

2
k=2,3,....
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The contribution from the bilinear form (k = 2) is

< Gy(w),wi; > = < Ga(yrwry + 2), wi; >
= < Ga(wn),ws;, >y
+ 2< Gg(wn,Z),wﬁ >yn+ < GQ(Z),'LUI]_ > .

The first term in the right member vanishes, because
< Gg(wn),wfl > =0.

The second and third term can be evaluated by means of the asymptotic
expression (4.9) for the center manifold,

< Ga(wry, 2), wiy > = Z < Ga(wiy, wai), wiy > yai + ollyn )
i=1,2

= %OQ < wiy, wi; >y +o(|ynl?),

< Ga(2),wl, > = o(lyu1]?),

where v is defined in Eq. (4.7). Putting everything together, we obtain
the asymptotic result

(4.10) < Ga(w),wi; > = g < wir, wi; > 7 +o(lynl?).
The contribution from the trilinear form (k = 3) is

(4.11) < Gy(w),wi; > = < Ga(wn),wy; > yp; +ollynl*)
| = az < wi, wi; > yi; +o(lyul?),

where «y is defined in Eq. (4.7). The higher-order forms contribute
only terms of o(|y11[?). O

4.2. Structure of the Bifurcated Object. The following theorem
shows that the sign of a single number (namely, a()g)) characterizes
the type of transitions that the system undergoes as the bifurcation
parameter \ crosses the critical curve A;.

Theorem 4.2. Let Q = (0,0), \g € A1, and X near .

We distinguish two cases.
Case 1. a(Xg) < 0. The system undergoes a continuous transition as \
crosses Ay from Ry into R . In particular,

(1) w = 0 is a locally asymptotically stable equilibrium point of
Eq. (2.18) for A € Ry and X € Ay;
(2) The solution of Eq. (2.13) bifurcates supercritically to an at-

tractor Ay as \ crosses Ay from Ry into R} ;
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(3) Ay consists of two steady-state points, wy and wy ,

(4.12) wi = (B /la))Pw +wy, A€ R,
where [lwxlln = o(3{*);

(4) there exists an open set Uy C H with 0 € U, such that A,
attracts Uy \ T in H, where I" is the stable manifold of 0 with
codimension 1; and

(5) there exists an € > 0 and two disjoint open sets Uy, Uy, C H
with 0 € QU NAU, such that wy € U and lim;_ |Jw(t; wo) —
wy ||y = 0 for any solution w(t;wy) of Eq. (2.13) satisfying the
initial condition w(0;wo) = wy € Uy and any X satisfying the
condition dist(Ag, A) < ¢.

Case 2. a(Xg) > 0. The system undergoes a discontinuous (jump) tran-
sition as \ crosses Ay from Ry into R{. In particular,

(1) the solution of Eq. (2.13) bifurcates subcritically from (Ao, 0) to
a repeller Ry as \ crosses Ay from R{ into Ry ; and
(2) Ry consists of two steady-state points, wY and wy,

(4.13) wi = £(|611] /) Pwi +wy, A€ RY,
where [Jw|lm = o(|B1]"?);

Proof. Case 1: a()g) < 0.

Equation (4.6) shows that w = 0 is a locally asymptotically stable
equilibrium point.

According to the attractor-bifurcation theorem (Section A.2, The-
orem A.2), the system bifurcates at (A\g,0) to an attractor A, as A
transits from R into R .

The structure of A, follows from the stationary form of Eq. (4.6),

By + ayiy + o(lyul*) = 0.

The number and nature of the solutions of this equation do not change
if the terms of o(|y11|®) are ignored, provided all solutions are regular
at the origin. Thus, we find two solutions near y = 0, namely, y;; =
£(Bui/la)'? + o(8"?).

Case 2: a(Ag) > 0.

The attractor-bifurcation theorem applies to the time-reversed form
(s = —t) of Eq. (4.6),

dyn
ds

The statements of the theorem follow by reversing time back again. []
12
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Theorem 4.2 shows that, if a(A\g) < 0 (Case 1), the attractor con-
sists of two steady-state points, each with its own basin of attraction.
The attractor bifurcation is shown schematically in Fig. 2. From the
perspective of pattern formation, the theorem predicts a smooth tran-
sition to one of two types of patterns that differ only in phase; which
of the two patterns is actually realized depends on the initial data.

FI1GURE 2. One-dimensional domain: supercritical bi-
furcation to an attractor A = {w™,w™}.

The theorem shows, furthermore, that if a(X\g) > 0 (Case 2), there
is a jump transition as A crosses A; from Ry into R{. In this case,
there is a neighborhood U of the basic solution such that the solution
of the system moves away from U for any initial data in U \ I, uni-
formly for all A € R near \g. This observation justifies the notion
of jump transition. If the system possesses a global attractor, then
the jump transition states are represented by a local attractor, away
from the basic solution. This local attractor corresponds to the part
of the global attractor that is realized after the transition into R{. It
extends to a local attractor for A € R; that, together with the trivial
solution, represents the metastable states. A similar phenomenon was
encountered recently in a problem of superconductivity [11].

4.3. Center-Manifold Reduction — General Case. The previous
arguments were focused on bifurcations associated with a transition
of the parameter A across the curve A; (Fig. 1), when the leading
eigenvalue 31; changes sign. When A transits across one of the higher-
order curves Ay (k > 1), the leading eigenvalue is not necessarily ;.
When A\ crosses a curve Ag, [ undergoes a sign change, while all
eigenvalues 3;; with j > k keep the same sign (negative below, positive
above the curve). Since the multiplicity of fx; is one, results similar

to those for £ = 1 are obtained; the only difference appears in the
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value of a. The center-manifold reduction can be performed, and the
interactions between eigenvalues can be calculated as in the proof of
Lemma 4.1. The reduced bifurcation equation is of a pitchfork type,

dy
(4.15) Wkl = Brayrr + "y + o(lyml?),

and the coefficient o = a*()\) can be found by calculating the inter-
actions of the eigenfunctions of L and L},

(4.16) aF(A\) = ak(\) + b (N).
Since f(f Vrerem = 0 unless m = 2k, the only nonzero contributions
come from m = 2k,

2 < Go(wp), Wiy ; >< Go(Wi1, Wagi), Wiy >
AN =—"— )" : ,

< wp,w > = (28k1 — Bak,i) < Wak i, wyy ; >

1
k *
as(A) = <G > .
3() < W1, Wiy > 3(we), Wy

5. BIFURCATION ANALYSIS — TWO-DIMENSIONAL DOMAINS

Let € = (0,¢;) x (0,¢3). As in the one-dimensional case, we reduce
Eq. (2.13) to its center-manifold representation near Ag.

The eigenvalues and eigenvectors of the negative Laplacian subject
to Neumann boundary conditions (Eqgs. (4.3) and (4.4)) are

Phiks = Py + Pror Pr, = ki (m/0:)%, 0= 1,2
ka1k2($) = Cos(xl\/plﬂ) COS($2\/pk2)7 Tr = (.1'1,1‘2) € (.

Here, ki and ko range over all nonnegative integers such that |k| =
ki + ko = 1,2,....

The eigenvalues [k, (i = 1,2) and the corresponding eigenvectors
of Ly are given in Egs. (3.5) and (3.6), respectively, where k now stands
for the ordered pair (ki, k»).

The dynamics depend on the relative size of ¢; and /5. On a rectan-
gular (nonsquare) domain, the dynamics are essentially the same as on
a one-dimensional domain. For example, if ¢5 < {1, then pyg = (7/(1)*
is the smallest eigenvalue of the negative Laplacian, with correspond-
ing eigenvector 19 = cos(x14/p1), and the leading eigenvalue of L is
(G101 This eigenvalue is simple, and the corresponding eigenvector is

. —fv COS(%’1\/P1)
(5.1) Wior = ( (Vfu — p1 I4@101) cos(z1+/p1) ) '



The center-manifold reduction leads to a one-dimensional dynamical
system similar to Eq. (4.6). Lemma 4.1 and Theorem 4.2 apply verba-
tim if 317 is replaced by (191 and wq; by wig1 everywhere.

On the other hand, the dynamics become qualitatively different if
the domain is square—that is, if £/, = ¢, = ¢ and Q = (0,¢)%.. Then
Phkiks = Phak: for any pair (kh k2)7 S0 /gklk27: - ﬁkzkﬂ' (Z - 17 2) To avoid
notational complications, we consider two eigenvalues as distinct, even
if they coincide because of symmetry, and associate each with its own
eigenvector. Thus, we associate the eigenvector

=Y foPrak
5.2 Wkikai = »
( ) Fika ( (Vfu = Pkiky — ﬁklkﬂ)(’pklkz )
with the eigenvalue (,x,; and the eigenvector
. Y GuPki ko
5.3 Wi koi = :
( ) ki ( (fyfu — Pkiky — ﬁkﬂmi)gokl’” )

with the eigenvalue 3 ;. ;, whether k; and ky are equal or not.

5.1. Center-Manifold Reduction. The leading eigenvalues are 31o;
and [p11. These eigenvalues coincide, but we consider them separately,
each with its own eigenvector. The two eigenvalues pass (together)
through 0 as A crosses Ay at A = A.

Theorem 5.1. Near \g € Ay, the solution of Eq. (2.13) can be ex-
pressed in the form

(5.4) w=1yw +yows +2, z= 3 S st
(K1,k2):|k|=2,3,... i=1,2

where wy = wygr and we = woi1. The coefficients y, and ys of the
leading terms satisfy a system of equations of the form

dy,
5.5 i Bioiyr + (ay; + oy3)yr + o(|yi® + |y=]?),
5.5
dya . 2 2 3 3
g = Ponyz + (o + oyi)y + o(|yal” + |2,

where Bro1 = Porr- The coefficients o = a(N) and o = o(\) are given
explicitly in terms of the eigenfunctions of Ly and L3,

(5.6) a(A) = as() + as(N),
15



where

o (A) . 2 < GQ wl wQO’L >< GZ(wlanO’L) wl >
5(\) =
<wp,wi > £ (28101 — B20i) < waoi, wig; > 7
1
N=— <G 1>
063( ) < whwf > 3(w1)7w1 )
and
(5.7) a(A) = aa(A) + a3(N),
where
- ()\) < G2 wl,wg wy; >< Gz(wQ,wm) wy >
2
< wp, wt > wi > £ (28101 — B11i) < wing, wiy; > 7
3
o3(A) = <un,wl > < Ga(wr, we, wa), wy > .

Proof. We look for a solution w of Eq. (2.13) of the form (5.4). In the
space spanned by the eigenvectors wy; = wyg; and we = wo11, Eq. (2.13)
reduces to

dy:
< wp,wi > —— < wp,wj > E < Gr(w),w] >,
1, Wy i = Bio1 1, Wy y1+k2 k(w), wy
(5.8)
* y * *
< W, Wy > _dt2 25011 < W, Wy > Yo + E < Gk(w),w2 > .

k=2
To evaluate the contributions from the various terms in the sums, we
again use the asymptotic expression for the center-manifold function
near \g given in the Appendix (Section A.1), Theorem A.1,

Ykrkoi = (I)glkgi(yl, Y2)
Z]‘:LQ < GQ(wj%wltlkgi > yjz' 2
(5.9) B (26101 = Brikai) < Wiy ks Wy ki > Tollyh), ki # ke,
2 < Ga(wy, wa), Wig; > V1Yo
(26101 — Brki) < Whks, Wiy >

o(lyl*).

Ykki = q)zm(?/b yz) =

where [y[* = [y1* + [go|*.
Consider the first of Egs. (5.8). The contribution from the bilinear

form is

< Go(w),w] > = Z < Go(w;), wi > y?
i=1,2
+2 Z < Ga(wy, 2), wy > yi+ < Go(2),w] > .
i=1,2
16



The first term in the right member vanishes, because
< Go(w;),wy >=0, i=1,2.
The last term is asymptotically small,
< Gy(2),wi > = o(JyP’).

The second term involves an infinite sum over (ki,ky) with |k| =
2,3,.... Many of the coefficients are zero, because of the specific form
of wy, we, and wy,,;. The nonzero terms can be evaluated asymptot-
ically by means of the expression (5.9). In fact, the only terms that
are nonzero and contribute to the leading-order (cubic) terms in y are
those with i = 1 and either (ki, k) = (2,0) or (ki,k2) = (1,1). As-
ymptotic expressions for ysg; and y11; (¢ = 1,2) are given in Eq. (5.9),
where only the term with 7 = 1 contributes to ys0;.

Taken together, these observations show that the contribution from
the bilinear form is

(510) < GQ(U)),U)I > = % < wl,w{ > (Oézy% + O'leyg)yl + 0(|y|3),

where ay and oy are defined in Egs. (5.6) and (5.7), respectively.
The contribution from the trilinear form is

< Gs(w),w; > =Y < Ga(w;), w} >y + ol|y[*)
(5.11) i=1,2

= < wp,w] > (Oé3yf + 033/5)% + 0(]y|3),

where ag and o3 are defined in Eq. (5.6) and (5.7), respectively.

The computations for the second of Egs. (5.8) are similar. One finds
the differential equation for ys given in the statement of the lemma
with the same expressions for the coefficients o and 0. We omit the
details. U

5.2. Structure of the Bifurcated Object. Before analyzing the
structure of the bifurcated object, we recall the following result, the
proof of which can be found in Ref. [10].

Lemma 5.1. Let y) € R? be a solution of the evolution equation

d
=y = Ganly) +ollyl"),
where G i, s a symmetric k-linear field with k odd and k > 3 satisfying

the inequalities
Crlyl™™t < < Ghly),y > < Coly|*H!

for some constants Cy > Cy > 0, uniformly in A\. Then y, bifurcates

from (y,\) = (0,0) to an attractor Ay that is homeomorphic to S*.
17



Moreover, (i) Ay is a periodic orbit, or (ii) A\ consists of an infinite
number of steady-state points, or (iii) Ay contains at most 2(k + 1)
steady-state points. In case (iii), the steady-state points are saddle
points, (possibly degenerate) stable nodes, or steady-state points with
index zero; the number of saddle points equals the number of stable
nodes, and both numbers are even; if there are no saddle points or
stable nodes, then there is at least one steady-state point with index
zero.

The following theorem shows that, in the case of diffusion on a square
domain, the types of transitions that the system undergoes as the bi-
furcation parameter A crosses the critical curve A; are determined by
two numbers, a(\g) and o(\g).

Theorem 5.2. 0 = (0,0)%, \g € A1, X near \o.
Case 1. a(Xg) < 0. The system undergoes a continuous transition as A
crosses Ay from Ry into RY.
e [fo(A) < la(\o)l, then
(1) w =0 is a locally asymptotically stable equilibrium point of
Eq. (2.13) for A € Ry and X\ € Ay;
(2) the solution of Eq. (2.13) bifurcates to an attractor A, as
A crosses Ay from Ry into Rf; and
(3) Ay is homeomorphic to S*.
o If o(Ng) <0, Ay consists of an infinite number of steady-state
points.
o If0 < o(Ny) < |a(No)|, Ax contains eight steady-state points,
which can be expressed as

(5.12) wy=Wy+wy, AeRS,

where Wy belongs to the eigenspace corresponding to 3191 and
lwoallr = o(IWxl[z)-

Case 2. a(Ag) > 0. The system undergoes a discontinuous (jump) tran-
sition as \ crosses Ny from Ry into Ry :
o Ifa(XNg) > —a(Ng), then
(1) the solution of Eq. (2.13) bifurcates subcritically to a re-
peller Ry as X crosses Ay from R{ into Ry ; and
(2) Ry is homeomorphic to S*.
e Ifo(Xo) > 0, Ry consists of an infinite number of steady-state
points.
o If —a(Ng) < o(Ag) <0, Ry contains eight steady-state points,
which can be expressed as

(5.13) wy=Wy+wy, A€ER,
18



where Wy belongs to the eigenspace corresponding to (191 and
lwallz = o([[Willm)-

Proof. Case 1: a()g) <0,

If o(Xo) < |a(No)|, then Eq. (5.5) shows that w = 0 is a locally
asymptotically stable equilibrium point.

It follows from Lemma 5.1 and the attractor-bifurcation theorem
(Section A.2, Theorem A.2) that the system bifurcates to an attrac-
tor Ay as \ transits from R, into R and that A, is homeomorphic
to St

The structure of the bifurcated attractor is found from the stationary
form of Eq. (5.5). Ignoring the terms of o(|y|?), we have the system of
equations

(Bro1 + &y% + oyg)yl =0,

(5.14)
(Bonr + o + oy7)y2 = 0,

where (101 = Boi1.
If o(Ag) < 0, the system (5.14) admits an infinite number of solutions

near y = 0. If a(Ag) < 0 and 0 < o(N\g) < |a(Ag)], it admits eight
nonzero solutions near y = 0,

n =0, y;=7Puo/lal;
(5.15) y2 =0, yi = to/lal;

i =y = B/l + al.
These solutions are regular, so Eq. (5.5) also has the same number of
steady-state solutions; they differ from the solutions of Eq. (5.14) by
terms that are o(|y|).

Case 2: a(Ag) > 0.

The attractor-bifurcation theorem applies to the time-reversed form
(s = —t) of Eq. (5.5),

dy

2 = By + (—ay? — oy + o(ln]® + |val?),
(5.16) ds

W2 oy + (023 — 0w + ollul® + o)

i 011Y2 QaYs — 0Yy)Y2 T O\ |Y1 Y21 ),

The statements of the theorem follow by reversing time back again. []

Theorem 5.2 shows that, if a(Ag) < 0 and o(Xg) < |a(Ag)| (Case 1),
the bifurcation is an S'-attractor bifurcation. If both a()\g) and o(Ag)
are negative, the attractor consists of an infinite number of steady-state
points; on the other hand, if a(Ag) < 0 and 0 < o(N\g) < |a(Ng)], the at-
tractor contains eight steady-state points. Figure 3, for instance, shows

the phase diagram on the center manifold after bifurcation, where eight
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steady states are connected by heteroclinic orbits. The odd-indexed
points (P, P3, Ps, and P;) are minimal attractors; the even-indexed
points (P, Py, Py, and Ps) are saddle points.

FIGURE 3. Two-dimensional domain: S!-bifurcation
with eight regular steady states.

5.3. Square Domain — General Case. As mentioned in Section 4.3,
the leading eigenvalue may change as one passes from one curve Ay to
the next. In a one-dimensional domain the leading eigenvalue remains
simple, but in a two-dimensional domain this need no longer be the
case. For instance, the multiplicity of any eigenvalue [k, x,; on a square
domain is two if ky # ks, one if ky = ks.

If ky = ko, (111 is the leading eigenvalue, and the center-manifold
reduction leads to a reduced dynamical equation of cubic type,
Y By +ar® + o),
where the coefficient & = a(\) can be expressed in terms of the inter-
action between eigenfunctions of L) and L3. Therefore, Theorems 4.2
applies verbatim if 3y is replaced by (111, wi1 by wi11, and, more
important, o by

(5.18) a(A) = as(A) + az(N),
where

OéQ()\) =

(5.17)

2

< wir, Wiy >

)

< Ga(winn), wiyy; >< Ga(win, waij), wiy; >
x>

=19 -1 (26111 — Bani) < waoij, Wao; >
1

asz(A) = < Gs(w Wi > .

3(\) <wnwn > s3(wi1), Wiy

20



In fact, the projection procedure involves the calculation of a few more
terms. Writing the solution w of Eq. (2.13) in the form

w=ywi +2, 2= E E Ykt koi Why ko s

(k1,ka)#(1,1) i=1,2
and projecting in the direction of the first eigenvalue, we obtain the
equation
(5.19)
dy \ - .

a = 5111 < w111, Wy > Y+ Z < Gk(’LU),le > .
k=2

*
< Wiy, Wiy >

Using again the center-manifold function near \q to evaluate the con-
tributions from the various terms in the sums, we obtain

< Ga(w), wioy; > y°
(28111 — Baoi) < waoij, Who;; >

The contribution from the bilinear form is

+o(lyl*).

(520)  ya0i; = Py (y) =

< Go(w),wl, > = < Go(win), wi, > >+ < Ga(2), wiy, >
+ 2 < Go(w1, 2), Wiy > Y-
A straightforward computation shows that
< Ga(wiry),wi;; >=0.
Using Eq. (5.20), we obtain
< Ga(z),wiy; > = o(ly]*),

< Ga(winy, 2), Wiy > = Z Z < Ga(wi11, Wanij), Wity > Yo0ij

i=1,2 j=1,2
+ o(|yl*).
Thus,
(5.21) < Go(w), w} > = ay < wiyy, wiy; > y° +o(|y?),

where « is defined in Eq. (5.18).

The contribution from the trilinear form (k = 3) is
(5.22) < Ga(w),wipy > = < Ga(win), wiyy > y° +o(|yl*)
' = ag < wiy, wiy >y +o(ly),
where a3 is defined in Eq. (5.18).

When k; # ks, the multiplicity of the eigenvalue is two, and the
center-manifold reduction yields two equations. If (i is the leading
eigenvalue and iy changes sign at a critical point, the reduction pro-

cedure yields two equations similar to Egs. (5.5).
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Remark 1. The center-manifold reduction simplifies considerably
when the original system has certain spatial or other symmetries. An
indication of such a simplification can be gleaned, for example, from
Eq. (5.1), where the two equations have identical coefficients. However,
the method is essentially independent of any symmetry.

Remark 2. The results of Sections 4 and 5 remain valid if the Neu-
mann (zero-flux) boundary conditions are replaced by periodic bound-
ary conditions. In fact, the form of the reduced center-manifold equa-
tions and the expressions for the parameters o and ¢ remain the same;
only the eigenvalues and eigenvectors of the negative Laplacian are
different.

6. EXAMPLE — SCHNAKENBERG EQUATION

We illustrate the preceding results on a classical model for pattern
formation in complex biological structures due to Schnakenberg [17],

U, =AU ++(a— U+ UV),

(6.1) - ,
V, = dAV + (b — UV).

The constants a and b are positive; A = (v, d) is the bifurcation param-
eter. The system admits a uniform steady state (u,v),

b
(a+b)?

IfU=u+wuand V =09+ v, then u and v must satisfy the equations

(6.3)

(6.2) u=a+b V=

b— b
up = AU 4~ (G+Zu+(a+b)20+ (a+b>2u2+2(a+b)uv+u2v>,
= dAV — 20 + (a+b)*v + b >+ 2(a+b)uv + v’
vy = ¥ a—i—bu a v (a—l—b)2u a uv +uv|.

This system of equations is of the type (2.13), with

b—a 2
o atb (a + b)
B—(—gg—m+w :

The nonlinear terms

_ _ b 2 2
fi(u,v) = —g1(u,v) = (a+b)2u +2(a+ b)uv + uv
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correspond to the bilinear and trilinear forms

Gaten = (e + a0 + &) ) (1)),

G3(€,n,¢) = —7(51771@ + &y + Eamy) ( _11 ) 7

foranyvectorsfz(2),77:(2;),§:<2>inH.

Note that det(B) = (a + b)* and tr(B) = &% — (a+b)*. The condi-

tions (2.6) and (2.7) are satisfied if 0 < b —a < (a + b)®. Furthermore,

det(Ex(A) = v(v + pr)(a +b)* — prd <vb — - Pk> :

a-+b
(B0 =7 () = @ 02) = a1+ )
a+b
where pg, k= 1,2, ... are the eigenvalues of —A on the domain () with

Neumann conditions on 0€). The expressions for the eigenvalues [y;
(i = 1,2) of Ly follow from Eq. (3.5); the corresponding eigenvalues (;;
of L3 follow from the identities 3}, = B2 and B}y = Bra.

The curves Ay are given by the expression

+ a+b)? a+b
dk(V):me/ pu)atb) .Y > = pe, k=1,2,....
o(V5S — pr) a

b—
The curves Ay and Ay, intersect at

1/2
(6.4) v =Ykt = %(’Yk + Yrr1) + (%(’Yk + Yhr1)? + ’Yk’Yk+1a+b) .
6.1. One-Dimensional Case. Let Q2 = (0, /). The eigenvalues of —A
on (0, /) satisfying Neumann conditions at 0 and ¢ are py = k*(7/()?,
k = 1,2,.... The eigenvectors of Ly and L} corresponding to the
eigenvalues (; and 3}, are

_ —(a + b)? cos(x/pr) .
Wf(w%— ﬂmemw) b

x _ 0 cos(z/pr) > C
%‘@ﬂw+ Bty cos(avp) )0 LT bR

Since f(f cos?(zy/pr)dz = 1,
< Wk, w;:;z >= %f ( 2726((1 + b) + h/a—f—b Pk — ﬁkz|2) ) 1= 1a 2.

Now consider a transition when A crosses A; from the region below
to the region above A; at some critical value \g. Near )\g, the eigen-

values (317 and (315 are real. Straightforward computations yield the
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expressions

Gatwns) = haf2(pn + ) eosta/pn) (1 ).
Go(wi1, wai) = ha(p1 + Bin + p2 + B2i) cos(wy/p1) cos(z+/p2) ( _11 ) :

Gs(wir) = hs(p1 + Bi1) cos®(zv/p1) ( _11 ) ;

where hy and hs are linear functions of their arguments,

(6.5) hy(s) = v*(a+ b)*(v(2a — b) + (a + b)s),

(6.6) ha(s) = 7*(a+b)*(v(b — a) — (a+D)s).

Since f(f cos?(zy/p1)dz = 20 and f(f cos?(z/p1) cos(zy/pa)dx = 1L,
< Gy(wn), wy > = ié(V + p1 + Baz)ha(pr + Bi1),
< Gy(wny), wyy > = if(’}’ + p1+ Ba1)ha(p1 + Bi1),

< Ga(wrr, wy), wiy > = (v + p1 + Br2)ha(pr + B + p2 + Bai),

< G(wn),wy, > = %é(’V + p1 + Biz)hs(pr + Bi1).

These expressions can be used in Eq. (4.7) to compute the coefficient
a(A) in the reduced bifurcation equation (4.6) as A\ varies along the
curve A;.

6.2. Two-Dimensional Case, Q) = (0, /). The evaluation of the in-
ner products in the expression (5.6) and (5.7) for o is similar,

Galwn) = (o + B coe/pn) (1 )
Galuor ) = ha(2(pua-+ ) coso/pn) cost/on) ().
Galor ) = halpuo-+ Fhon + g+ B costay ) costo/on) ).
Gz i) = halpro + Buor-+ pu + ) eostapn) o/ ().

Gs(wr) = ha(pro + Bror) cos®(z4/p1) ( _11 ) :

The functions h, and hs are the same as in the one-dimensional case,
Eq. (6.6). With the identities

/ cos’ (zy/pr)dady = 202, [, cos*(xv/p1) cos(a+/pa)dady = 107,
Q
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/ cos®(zy/pr) cos®(y/p1)ddy = 507,
Q0

we find

< Go(wr), wyyy > = 102(7 + pro + B202)ha(pro + Bror),
< Go(wy), wipy > = %162(’7 + p1o + Ba01)h2(pr0 + Bior),
< Ga(wy, wag;), wy > = %2(7 + p10 + Bro2)ha(pro + Bior + p20 + F20i)s
< Gay(wy, wiy), wi > = (v + pro + Broz) ha(p1o0 + Bror + p11 + B,
< G3(wy),wy > = 252(7 + p1+ Bi2)hs(pr + Bia).

6.3. Numerical Results. We illustrate the above analytical results
with the results of numerical computations for the Schnakenberg model
on the unit interval 2 = (0,1) (one-dimensional case, 1D) and on the
unit square Q = (0,1)? (two-dimensional case, 2D).

The configuration of the critical curves depends on the values of the
parameters a and b. The positive branches of A; and Ay are shown in
Fig. 4(a) for a = 5, b= 2, and in Fig. 5(a) for a = 2, b = 100, for both
the 1D and 2D cases. The curves A; coincide for 1D and 2D, but the
curves Ay differ.

x 10° (b)
150 2
15
d100 «
1
50 0.5
0 0
50 100 150 50 100 150
Y Y
x 10* (© x 10° (d)
8
8
6 6
o o
4 4
2 2
0
0
40 60 80 100 40 60 80 100
Y Y

FIGURE 4. Schnakenberg equation; a = %, b= %
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FIGURE 5. Schnakenberg equation; a = 2, b = 100.

The nature of the first critical transition is determined by the value
of the bifurcation coefficient a in the one-dimensional case or the values
of the bifurcation coefficients a and ¢ in the two-dimensional case, at
the critical value \g. The structure of the attractor and, therefore, the
pattern that emerges from the bifurcation follow from Theorem 4.2 in
the one-dimensional case or Theorem 5.2 in the two-dimensional case.

Consider the one-dimensional case. Figures 4(b) and 5(b) show the
graph of @ as A = (v,dy(7)) moves along A; from the asymptote at
Y=y = ‘b%’;pl to the vertical line at v = 7, o where the curves A; and
Ao intersect. (The value of 79 is computed from Eq. (6.4).) When
a = 3, b =2 (Fig. 4(b)), the graph of « is monotonically increas-
ing and positive, so a()\g) is always positive. The primary instability
corresponds to a jump transition; the bifurcation is subcritical and re-
sults in a complex high-amplitude pattern. On the other hand, when
a=2,b=100 (Fig. 5(b)), the graph of a is monotonically decreasing
and negative until it reaches a minimum and turns monotonically in-
creasing toward positive values near 7, 2. Depending on the values of
the constants a and b, we can have a supercritical bifurcation (namely,
when a()\g) < 0) and therefore a continuous transition resulting in a
simple pattern, or a subcritical bifurcation (namely, when a()g) > 0)
and therefore a discontinuous (jump) transition resulting in a complex
high-amplitude pattern.

Next consider the case of a square domain. The nature of the tran-

sition is now determined by two coefficients, o and o, at the critical
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value \g. The graphs of a and ¢ are shown in Fig. 4(c) and Fig. 4(d),
respectively, for the case a = %, b= % and in Fig. 5(c) and Fig. 5(d),
respectively, for the case a = 2,0 = 100, as A = (v,d;(y)) moves
along A; from the asymptote at v = v, = %’ p1 to the vertical line at
v ="71,2. Whena = % and b = %, a and o are monotonically increasing
and positive. It follows from Theorem 5.2 that there exists a repeller
consisting of an infinite number of steady-state points. On the other
hand, when a = 2 and b = 100, « is monotonically decreasing and neg-
ative, while o is monotonically decreasing and negative until it reaches
a minimum and turns monotonically increasing toward positive values
near vy;o. There exists therefore an interval of critical values where
a(Ag) < 0 and o(N\g) < 0. Hence, we see a continuous transition and a
heteroclinic orbit consisting of steady-state points.

Lastly, we consider the actual dynamics of the Schnakenberg model,
Eq. (2.5), and show computationally that the reduced equation ob-
tained with the center-manifold reduction, Eq. (4.6), can be used effec-
tively to approximate the solution of the full Schnakenberg model for
values of X in the unstable regime. For these computations we restrict
ourselves again to the unit interval. Figure 6 shows the solution (u,v)
of the original Schnakenberg model and the reduced equation at times
t = 10 and ¢t = 100. The value of d was chosen so the bifurcation
parameter A was near a critical value. In each case the difference is
negligible. Since the reduced model requires substantially less compu-
tational effort than the full model, even when the latter is stiff, there
is a clear advantage to using the former, especially for a qualitative
evaluation.

7. CONCLUSIONS

In this paper we have studied the local dynamics of reaction-diffusion
systems of activator-inhibitor type near a primary instability. The sys-
tem is assumed to have a uniform steady state that is stable in the
absence of diffusion. Diffusion introduces instabilities, and patterns
emerge as a result of bifurcations from the uniform steady state. The
bifurcation parameter (\) incorporates the ratio of the characteristic
times for chemical reaction and diffusion () and the ratio of the diffu-
sion coefficients of the competing species in the binary mixture (d). For
such a system, there exists a family of critical curves in the A = (v, d)-
plane with the property that an exchange of stability occurs as A crosses

one of these critical curves (Lemma 3.1).
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FIGURE 6. Solution of the Schnakenberg equation (dot-
ted lines) and the reduced equation (solid lines) at times
t = 10 (top) and t = 100 (bottom); a = 2, b = 100,
v =55, d = 87529.

Two essential ingredients in the analysis were a new approach to the
center-manifold reduction and the application of attractor-bifurcation
theory. The attractor-bifurcation theory studies local invariant spheres,
rather than the invariant tori of classical bifurcation theory. The
center-manifold reduction method is used to derive a new set of gov-
erning equations. These equations involve some transition coefficients
that are specified entirely by the eigenvalues and eigenfunctions of the
underlying operators and, thus, by the physical parameters of the sys-
tem, as is illustrated by the numerical results for the Schnakenberg
model in Section 6.

We have shown that the bifurcated object (attractor or repeller)
consists of either two points or an S!-type object, depending on the
dimension of the physical domain and the parameter regime. In the

case of an S!-bifurcation, the phase diagram after bifurcation either
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consists of an infinite number of steady-state solutions or contains eight
steady states and the heteroclinic orbits connecting them.
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APPENDIX A. CENTER-MANIFOLD REDUCTION AND ATTRACTOR
BIFURCATION

In this appendix, we summarize the center-manifold reduction and
the attractor-bifurcation theory following Ref. [10]. The functional
framework is that of two Hilbert spaces, H and H;, where H; is dense
in H and the inclusion H; — H is compact.

Let A: Hy — H be a linear homeomorphism, and let L) : H; — H
be a compact perturbation of A that depends continuously on a real
parameter A,

(A.1) Ly=—-A+ B,.
Let G be a nonlinear map in H. Consider the initial-value problem

(A.2) ccll_z; = Lyw + Gx(w), t > 0;  w(0) = wy,

for some given wy € H. We assume that w = 0 is an equilibrium
solution of Eq. (A.2) and that this solution is locally asymptotically
stable.

Let Bx(N), k =1,2,..., denote the eigenvalues of L, (counting mul-
tiplicity and ordered by their increasing real parts). Suppose that at
a critical value A = )¢ the eigenvalues 3;(\) through f,,(\) cross the
imaginary axis into the right half of the complex plane, while all eigen-
values (O;(A) with k£ > m remain in the left half. Then the equilibrium
solution loses stability, and a bifurcation occurs. The center-manifold
reduction reduces the infinite-dimensional equation (A.2) to a finite-
dimensional system, and the attractor-bifurcation theorem character-

izes the bifurcating solution in the neighborhood of Ag.
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A.1. Center-Manifold Reduction. Decompose the space H into in-
variant subspaces,

(AS) H = El SP) E27

where E) is the (finite-dimensional) eigenspace of Ly at A,

m

Ey=|J{weH : (Ly—B(M)w=0i=12.}.
k=1

Let El = F1, and define Eg as the closure of Fy in H, so H; = El EBEz.
The decomposition (A.3) reduces Ly,

(A.4) Ly = ,C)\J ©® ,C,\,Q,

where ,C)\71 = L>\|E1 . E1 — El and ,C)\Q = L)\|E2 . Eg — EQ.
The solution wy of Eq. (A.2) can be written as

(A5) w,\:W—i—z, WEEl, ZEEQ,
where W and z satisfy the system of equations
aw
o LaiW +Ga1 (W, 2),
t
(A.6) 1
= L2z + Gra(W,2),

with Gy; = PG\, P, : H — EZ being the canonical projection.

By the classical center-manifold theorem (see, for example, Ref. [7]),
there exist, for all A sufficiently close to Ay, a neighborhood U, C E; of
W = 0 and a C"' center-manifold function ®* : U, — FE; which depends
continuously on A such that the dynamics of Eq. (A.2) are described
completely by the dynamics of the finite-dimensional system

AW
—r = LaW+ Ga1 (W, @MW), W e Uy C E.

The following theorem gives an estimate for the center-manifold func-
tion in a neighborhood of A.

Theorem A.1. Let Gy(w) = > 2 Gyi(w) for some p > 2, where
Grr(w) = Ghp(w,...,w) and Gy is a k-linear C* map from Hy X
--+ X Hy into H for each k. Then
QNW) = (=Lr2) " PG, (W) + O(IRBN)| - |[W]I7)
+O(’|W||p), WEEl, )\—>)\0
Here, (3 stands for the vector of eigenvalues (81, ... , Bm), and the real

part is taken componentwise.
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A.2. Attractor-Bifurcation Theorem. For the attractor-bifurcation
theory it suffices to assume that the nonlinear function G in Eq. (A.2)
is a bounded C" map (r > 1) from H, into H for some a € [0,1), and
that G satisfies the asymptotic estimate

(A7) Ga(w) = o([[w]lm,),  |w| =0,

uniformly in .
We use the following definitions.

Definition A.1. (i) A set ¥ C H is a (positive) invariant set of
Eq. (A.2) if S\(t)X = X for any t > 0. (ii) An invariant set ¥ C H of
Eq. (A.2) is an attractor if ¥ is compact and there exists a neighborhood
U C H of ¥ such that lim;_, disty (wy(t; wp), X) = 0 for any wy € U.
(11i) The largest open set U satisfying the above condition is the basin
of attraction of 2.

Definition A.2. (i) A solution (wx,\) of Eq. (A.2) bifurcates from
(0, No) if there exists a sequence of invariant sets {3,} of Eq. (A.2) with
0 ¢ %, such that lim,, . max,ex, |w| = 0 and lim,,_, dist(\,, Ag) =
0. (i) If the invariant sets X, are attractors of Eq. (A.2), then the
bifurcation is called an attractor bifurcation. (%ii) If the invariant sets
Y., are attractors and are homotopy equivalent to an m-dimensional
sphere S™, then the bifurcation is called an S™-attractor bifurcation.

The solution (wy, A) of Eq. (A.2) bifurcates from (0, \) to an attrac-
tor Ay as A passes through the critical value A\g. The following theorem
characterizes the attractor A, and the nature of the bifurcated solu-
tions.

Theorem A.2 (Attractor-Bifurcation Theorem). If m > 1, then A,
has the following properties:

(1) Ay is connected and dim Ay € [m — 1,m)].

(2) Ay is the limit of a sequence of m-dimensional annuli {M;};
with M1 C M; fori=1,2,...; in particular, if Ay is a finite
simplicial complex, then Ay has the homotopy type of S™ 1.

(3) For any wy € Ay, wy can be expressed as

wy=Wx+2z\, WireE, zy=o(|Wiln).

(4) There is an open set U C H with 0 € U such that Ay attracts
U\T, where T is the stable manifold of w = 0 with codimension

m.
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