EXPONENTIALLY CONVERGENT RECEDING HORIZON
STRATEGY FOR CONSTRAINED OPTIMAL CONTROLS?

WANTING XUt AND MIHAI ANITESCU#

Abstract. Receding horizon control has been a widespread method in industrial control engi-
neering as well as an extensively studied subject in control theory. In this work, we consider a lag
L receding horizon strategy that applies the initial L optimal controls from each quadratic program
to each receding horizon. We investigate a discrete-time and time-varying linear-quadratic optimal
control problem that includes a nonzero reference trajectory and constraints on both state and con-
trol. We prove that, under boundedness and controllability conditions, the solution obtained by the
receding horizon strategy converges to the solution of the full problem interval exponentially fast in
the length of the receding horizon for some lag L. The exponential rate of convergence provides a
systematic way of choosing the receding horizon length given a desired accuracy level. We illustrate
our theoretical findings using a small, synthetic production cost model with real demand data.
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1. Introduction. Receding horizon control (RHC), also known as model pre-
dictive control, has been a widely used feedback strategy in various industrial control
applications [e.g., 1, 3, 6, 7, 21]. RHC can be applied to a broad class of optimal
control problems, including those with nonlinear dynamics, time-delay systems, and
constraints on state and control [14, 15]. The essence of RHC is to obtain the cur-
rent control action by solving an optimal control problem defined on a finite horizon
extending from the current time point k. The finite-horizon problem uses the current
state of the system as its initial state, yields sequences of optimal controls and states,
applies the optimal control at time point k to the system, and uses the optimal state
at k + 1 as the initial state of the next receding horizon problem. This on-line fea-
ture of RHC makes the method adaptive to changing system parameters, since only
a finite horizon extending into the future is required for the current control [14], and
particularly attractive when off-line computation of the control policy is difficult [18].

Several results prove the stability of RHC for constrained linear and nonlinear
systems. For example, reference [17] proves that RHC yields an asymptotically stable
closed-loop system for continuous-time nonlinear systems. In addition, reference [11]
establishes stability of RHC for discrete-time, time-varying, constrained nonlinear
systems. Both references employ the value function as a Lyapunov function for the
stability analysis. Stability results for linear systems can be found, for example, in
[12, 13, 19, 20].

In this work, we consider a slight variation of the standard RHC described in
the references above. In particular, on each receding horizon, instead of applying the
optimal control at only the current time point k, we apply the optimal controls at
the initial L time points for some lag L > 0, and the next receding horizon starts
at time point k 4+ L. The same receding horizon strategy is considered in other
references for continuous time, in order to account for the sampling time; see, for
example, [9, 10]. Building on our recent analytical developments in [24], we prove
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that for an inequality-constrained time-varying linear system with a quadratic cost
function and nonzero reference trajectory, the optimal states and controls obtained
by this receding horizon strategy converge, for some lag L, to the solutions on the
full problem interval exponentially fast in the length of the receding horizon. The
appropriate lag L in the result is determined by the problem parameters and, in
particular, by the controllability properties of the constrained system. Our analysis
directly investigates the solutions of a related equality-constrained control problem
and connects them to the original inequality-constrained problem through a sensitivity
analysis. Specifically, we consider the following problem.

no—1

. 1
(1.1a)  min 3 Z uf Rpur, + (zr — di) T Q. (wr — dy)
k:nl
(1.1b) + (@n, — dn2)TQn2 (Tny — dny)
(1.1c) s.t.  wpi1 = Agxg + Brug, ng <k<ng—1, Ty, = :z:?ll,
(1.1d) ﬁk+1$k+1 + Chrug > qk; ng<k<ny—1

In (1.1), we refer to xy, ug, and di as the state, control, and reference trajectory,
respectively. Problem (1.1) lacks nonlinear dynamics, which is studied in some sta-
bility analyses of RHC, for example, [9, 17]. However, we include the inequality path
constraint (1.1d) of state and control as considered in [19, 20]. Furthermore, we al-
low a nonzero reference trajectory dj and prove the exponential convergence of RHC
solutions to the solutions of problem (1.1) instead of a fixed equilibrium point [9, 10].

In our proofs, we use two important results in optimal control theory. One is
developed in [25], where the authors prove that for an unconstrained, switched-time,
and discrete-time linear-quadratic optimal control problem, the optimal trajectory
stabilizes exponentially under some mild conditions. They also give an estimate of
the exponential rate, which we use here. The other one is established in [23], where
the authors propose a Riccati-based approach for solving linear-quadratic optimal
control problems subject to linear equality path constraints. They derive a solution
procedure based on solving the KKT conditions via the Riccati recursion. We borrow
similar manipulations and reductions of the KKT conditions here. Moreover, a few
results regarding the Riccati recursion, closed-loop matrix, and sensitivity analysis
are nearly the same as those in our previous work [24]. We present those proofs in
the Appendix. We note that our previous work [24] had more complex algebra since
it did not use the KKT-based ideas from [23], had bound constraints on control only,
and did not investigate RHC convergence; these features are present in this work.

The rest of the article is organized as follows. In Section 2, we consider an equality
constrained subproblem of (1.1) and investigate the dependences of solutions on the
initial state and terminal reference. In Section 3, we define the lag L receding horizon
strategy and prove the exponential convergence of RHC solutions based on results
derived in Section 2. In Section 4, we demonstrate our theoretical findings using a
synthetic production cost model with real demand data.

2. Path-constrained linear-quadratic problem. In this section, we mainly
consider a subproblem of the constrained linear-quadratic optimal control problem
(1.1). For (1.1), we have that Ay € R**", By € R**™ P, € R™" () € R™*™,
and Q € R™ ™ Ry € R™*™ are positive definite. We make the following uniform
boundedness assumption.

ASSUMPTION 2.1. For any ni, ng, and n; < k < ng, we assume that
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(@) Al < Ca, IBill2 < Cs, [|Qkll2 < Cq. (Bl < Cr, [|Pkll2 < Cp,
Ckll2 < Ce, llakll2 < U;

Note that we use symbols with a tilt for some upper bounds in Assumption 2.1 (a),
since we reserve the corresponding straight symbols for the frequently used quantities
defined later in Lemma 2.4. The subproblem of (1.1) we investigate is an equality-
constrained problem obtained by considering some active subsets of the polyhedral
path constraint (1.1d).

2.1. Equality-constrained subproblem. To define the equality-constrained
subproblem, we let I}, C {1,...,r} be some index set of the constraint (1.1d) attaining
the bound. Let P, = ]Sk(j';C7 ;) and Cf = 5k (I, :) be the corresponding submatrices,
and denote ¢ = gx(I). Then the equality constraint corresponding to the index set
7 2 {It} is Pyy12k+1 + Crugr = gi. The equality-constrained problem we consider is
hence the following;:

. 1 77,271
(2.1a) min 5 Z uf Reug + (2 — di) " Qu(z — di)
k:n1
(21b) + (an - dnz)Tan (Ing - dnz)
(2.1c) S.t.  Tpe1 = Az + Brug, n <k<ng—1, Tp, = x%l,
(21d) FErxr + Hyug = qx, n <k<ng—1,

where we denote that
(2.2) Ey = Piyi1Ag, Hy = Pyy1 By + Cy..

If 7 is the active set of problem (1.1) at optimality, then problems (1.1) and (2.1) have
the same solutions. Note that Hy, in (2.2) is determined by the index set Z encoding the
equality constraints under consideration, and hence we define the following uniform
boundedness property of Hy in terms of the index set.

DEFINITION 2.2. Given an index set, let Hy be as in (2.2). With some g > 0,
the index set is uniformly bounded below with respect to Ay, denoted as UDB(Ag), if
for any nqy < k < ng, Hi has full row rank and

Mnin (HLHE) > Ay > 0.

Definition 2.2 restricts the total number of equality path constraints for an index set
that is UDB(Ag) and gives a uniform lower bound on the resulting matrix Hy. In the
rest of this subsection, we restrict our attention to the index sets that are UDB(Ag).
First, we define some matrices frequently used in the subsection.

DEFINITION 2.3. For some index set that is UDB(Ay), we define the following

matrices forny < k <ng —1:

Hy, = (H R 'HI) ™, Qr = Qi + EF Hy By,

Ay = A, — BxR;'HI HyEy, By = By, — ByR;, ' Hf Hy.H,
Xy = R;' — R, 'HFH HyR;', Ry = ByXyB},

x = ByR; "H Hyqy..

Note that Ay, and By, are modifications, inspired from [23], of Ay, and By, respectively,
by taking into account the equality constraints (2.1d) as determined by the index
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set. The rationale for Definition 2.3 will be made clear later in Lemma 2.8, which
investigates the KKT conditions. To prepare for that, we first derive some properties
for the matrices defined.

LEMMA 2.4. Under Assumption 2.1, for any ni, no, and ny < k < no, if the
index set T is UDB(Ag), then we have

|Akll2 < Ca, |Bill2 < Cp, [|Qkll2 < Cay Amin(Qr) > Ao,
[Hellz < Cr, [|Ekl2 < Cp, [|Hil2 < Cg,
for some Ca, Cp, Cq, Cu, Cg, Cy > 0 independent of ny, na, and the particular

choice of . Here Aq is the same as that in Assumption 2.1.
Proof. From Assumption 2.1 and Definition 2.3, we have

=~ A
|Hill2 < || Prs1Bill2 + [|Crll2 < CpCp + Co = Ch,
~ A
[Exkll2 < [[Pet14kll2 < CpCa = Cg,
~ “1A
1Hkll2 < (Au/Cr)™' 2 Cp,
A2 < Ca + CpCrCyCr/Ar 2 ¢y,
A =~ =~ A
|Bill2 < Cp + C5CHCy /AR = Ch,
A ~ A
1Qkll2 < Cq + CECy = Co.
Note that throughout the article, we use the notations A > B and A > B to mean
A— B is symmetric positive semidefinite and symmetric positive definite, respectively.
~ LEMMA 2.5. Forng <k <ng—1, if the index set T is UDB(Ay), then we have
Ry, = ByR; ' By, and hence Ry, = 0.
Proof. Since X, = R,;l - R,:lHkTI;IkaR,;l, we have XkT = X and

XTRy Xy = R, — 2R 'H H H.R;* + R, 'HI Hy(H R, ' HF ) HF Hy R}
PL2S Rl _9RVHT HyHy Ry ' + Ry ‘HT A Y HT Hy Ry
=R, '~ R'H!I H H,R,*
= Xp.

(2.3)

Note that Bk = Br X Ry from Definition 2.3, so we have

R = BuXi, BT Y B X R X BT = (B Xy Ri) R (Ru X, BT) = By R BT
Since Rj > 0, we have that Ry = 0. O

To prove the results in this subSection, we employ the approach in [23] by con-
sidering the KKT conditions of problem (2.1). We first define and derive properties
for the following matrices, some of which are similar to those in [23].

DEFINITION 2.6. For some index set that is UDB(Ag), define the following back-
ward recursions for ng <k <mng —1:

(24&) KHQ = Qn27 Tnz = 7Qn2dn27
(2.4b) Wi = Ry + BI K} 41 By,
(2.4c) M = (I + RipKiy1)™ ",
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(2.4d) Dy, = M, Ay,
(2.4e) Ty = DFTyvr + AF Kyyoy MyGr, — EY Hiqr — Qudy,
(2.4f) Ky, = Qy + AT Ky 1Dy,

LEMMA 2.7. Forny <k < ng — 1, if the index set T is UDB(Ay), then My, is
well defined, Ky = 0, Wi = 0, Ky11 My = 0, and

(2.5) M =T — Ky 1 My Ry

Proof. We prove the statement by backward induction based on (2.4a)—(2.4f).
To start, we have K,, = Q,, > 0 as the induction basis. Suppose K1 is positive
definite. Then we have W} = Ry > 0, and

I+ Ry Kpq1 = (K,;il + Ry) K-

Since ]%k > 0 as shown in Lemma 2.5, we have that I + RkKk+1 is invertible and
hence M), is well defined. Also we have

(2.4¢)

. . -1 R
K1 My K1 (I + RpKyq1) ' = ((I+ RkKk+1)Kk_Ji1> = (K + R)~' -0,

which implies that

(24f) (2.4d) Def 2.3

Ky Qr + AT (Kp1 My)Ar = Qr = Qp = 0,

so that K is positive definite. By induction we have that My, is well defined, K} > O,
Wi =0, and K1 My > 0 for all ng <k <ng —1.
Note that since K}, is symmetric,

_ L (2.4c . .
M (I = Kr M Ry) P29 (1 + Ky Re) (I — Ko M Ry
= ]+ Kk+1([ — M, — RkKk_,_le)Rk

2.4c _ ~
P2 T 4 Kpar (1= M T, Ry

= I

Therefore (2.5) holds. d

Note that (2.5) is also stated (without proof) in [23]. Now we derive a recursion
of the optimal states of problem (2.1) by investigating the KKT conditions.

LEMMA 2.8. Let uf and x, be the optimal controls and states of problem (2.1),
and let A} and n;, be the Lagrange multipliers associated with the dynamical constraint
(2.1¢) and the equality constraint (2.1d), respectively. For ny < k < ng — 1, if the
index set  is UDB(Ag), then we have

(2.6a) uj, = Ry ' (Hi i — BiL Ap),

(2.6b) e = Hi(=Eyay + HyR BN, + i),
(2.6¢) Ak = K12y + T,

(2.6d) Thy1 = Dpay — MRy Ths1 + My,

where K, and Ty, are given by the backward recursions (2.4a)—(2.4f).
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Proof. The KKT conditions of problem (2.1) are
(2.7a)  Rpuj +BiXi—Hlni=0, ny<k<nyg—1,
(2.7b) Qr(zf —di) + AN, = Nooy — B = 0, n1+1<k<no,
(2.7¢) Qn, (x:zg - dnz) - ;2—1 =0,
(2.7d) xy = Apzy + Bruy, n <k<mng—1,
(2.7e) Eyxy + Hiuf, = qi, n <k<ng—1.

Condition (2.7a) directly gives (2.6a). Substituting (2.6a) into (2.7¢) gives

Eyxy + He Ry (HIni — BEAL) = ar,
= Epvy + (H Ry "Hi )np — He Ry, ' BN, = qr,

and this gives (2.6b) from Definition 2.3. Substituting (2.6a) and (2.6b) into (2.7d)
gives

Thiy = Aeah + BBy (HE i — BEAL)
= Az} + ByR;? (H,Zf[k(—Eka:,: + H R 'BYAL + i) — B,{A;)

(2.8) = (A, — BpR;*HF HyEy)xf — Br(R; ' — Ry, ' HI Hy H Ry ) BE AL
+ Blelegﬁqu
Def 2.3

= Akxz - RkA]t + G-
Substituting (2.6b) into (2.7b) gives

Qr(xf — dy) + ATN; — Ny — EF Hy(—Ega + Hy R\ BE X + q1) = 0,
= (Qx + Bl HyEx)x} — Qudy, + (Ax — BiRy "H HEy)™Np — Np_y — Bl Hyqy, = 0.

From Definition 2.3, we then have, for ny < k <ng — 1,

(2.9) Noor = AN, + Qua — Qudy, — Ef Hygy.
From (2.7c) we also have

(2.10) Ayt = Quy (2, — dny).

We prove (2.6¢) and (2.6d) by backward induction. The statement (2.6¢) holds
for k = ny —1 from (2.10) and (2.4a). Suppose (2.6¢) holds for Af. Then substituting
(2.6¢) into (2.8) gives

Thp = Apay — RiKpazh gy — Rl + dns
which leads to
(I + Ry Kpi1)wh = Axwy — ReThpr + di.
tTherefore from (2.4c) we have

(2.11) Ty = Mp(Aray — RiTesr + i),
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and (2.6d) holds for x}_ ;. Then for A\j_,, using (2.9) and (2.6c), we have

Ae—1 = Qi + AL (K177 + Tiyr) — Qudy — Ef Hyqy

= Qry + AT Kyt My (Azf — RiThr + Gx) + AxThi1 — Qudy — EL Hyqn
= (Qk + AL Kyt My Ag)zy, + Af (I — Kyt My Ry) Ty
+ AT Kjo1 My — Qudy — EX Hyqr

2.4d),(2.5 A . . . . R
(242429 (Qr + AL Kiy1Di)xy + AL M Ty1 + AL Kjo1 MGy — Qrdi — EX Hiqy,

(2:41),(2.4d),(2.4e) Keat + T,
and hence (2.6¢) holds for A;_;. O

In the following, we investigate the notion of controllability for the system (2.1¢)-
(2.1d). We define the following controllability matrix for the index set Z in terms of
the sequence pair {Ay, By} in Definition 2.3.

DEFINITION 2.9. For some n; < q < ng, t > 0, and some index set T that is
UDB(Ag), define the controllability matriz associated with time steps [q,q+t — 1] as

Cot(T) = |Byri1  Agii—1Bgii—2 »( f;llAqH) Bq]~

To see the relationship between C, ,(Z) and the controllability of the equality con-
strained system (2.1¢)—(2.1d), we start by defining the notion of controllability for the
system (2.1c)—(2.1d).

DEFINITION 2.10. Given an indez set, define E, and Hy as in (2.2). At time
step q, the system
Tip+1 = AT + Brug, g<k<ny—1, xq:$2,

(2.12)
Eyxy + Hyup = g, g<k<ny -1

is controllable in t steps if for any acg and T, there exist admissible controls {tUk } k=q:q+t—1
and corresponding states {Tk tr=q+1:q+¢ satisfying (2.12) and Ty1¢ = 7.

PROPOSITION 2.11. If the index set T is UDB(Ay) and the resulting constrained
system (2.1c)—(2.1d) of problem (2.1) is controllable at time point q in t steps, then
Cqt(T) has full row rank.

Proof. The system (2.1¢)—(2.1d) being controllable in ¢ steps implies that there
exist admissible controls {@y}r=g.q+1—1 and corresponding states {Ti}r=q+1:q+¢ SO
that Z,4+ = T for any . Then we have, for ¢ <k < g+t —1,

Thy1 = ArTp + Brlg,

2.1d _ - _ _
e ATy, + By, — By Ry, ' HE Hi(ExTr, + Hytir, — qi)

Def 2.3 7 _ 5 4
=" ATr + Brlk + G,
which means that the same sequences {ux} and {Zy} also satisfy the linear dynamics

(2.13) T = Apzi + Brug + dr

and that T, = Z. In other words, (2.13) can be controlled in ¢ steps to T. Since T
is arbitrary, it follows that Cy;(Z) has full row rank. O

Proposition 2.11 connects the controllability of the equality-constrained system
(2.1¢)—(2.1d) to the full rank of a related controllability matrix C,.(Z). For our
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purpose, however, we need a uniform boundedness property of the controllability
matrix, which is stronger than the standard assumption of merely full rankness.

DEFINITION 2.12. For some index set T that is UDB(Ag), let Ak, By be as in
Definition 2.3. With some 0 < t < ng —ny and A¢ > 0, the index set is uniformly
completely controllable with respect to ¢, denoted as UCC(A¢), if the sequence pair
{ Ay, By} is uniformly completely controllable [11, Definition 3.1], i.e., for any ny <
q < naz,

Amin (Cqu(T)CT(T)) = A > 0.

The main purpose of this subsection is to investigate the dependencies of the
solutions of problem (2.1) on the initial value x?h and terminal reference d,,, for some
index set that is UDB(Ay) and UCC(A¢). To start, we derive properties for the
quantities defined in Definition 2.6. The proofs of the results regarding the Riccati
matrix K}, and closed-loop matrix Dy, are structurally the same as those in [24], and
hence they are provided in the Appendix.

LEMMA 2.13. Forny <k <mng—1, if the index set Z is UDB(\g), we have

(2.14a) My =TI — ByW, ' Bl Kj11,
(2.14b) Ky = Qp + AP Ky 1 Ay — AT K BiW B Ko Ay,

where My, Ky, and Wy are from Definition 2.6.
Proof. Definition 2.6 and Lemma 2.5 imply that

My = (T+ BkR,;lé,{KHl)_l .
Then we have
M (I - Bka_lBkTKkH)
— (1 + BkR,;lé,{Kk+1) (I — Bka*lB;{KkH)
=1+ ByR.'BF Kyy1 — BiW, 'BF Kiy1 — ByR;, ' BY Ky 1 BiW, ' BF K ya
— I+ B (R,;l A R,;lJ%,’{KkHBkW,;l) BT Ky
— I+ B, (R,;lwk . R,;lé,{KkHBk) W B K
=1+ By (R,;l (Wk - BEK}ﬁLlBk) — I) W,;lé,kaH
(2.40) + B, (W) WQIB’kTKkH
=1

Hence, My = I — Ble;lé,cTKk+1. Substituting (2.14a) into (2.4d) and (2.4f), we
have

Ky = C?k: + AgKk-&-l (I - BkwgléEKk+1> Ak;

which proves (2.14b). |

PROPOSITION 2.14. Under Assumption 2.1, if the index set T is UDB(Agy) and
UCC(A¢c), then for any ny < q < na, we have ||[Kqll2 < S for some B > 0 independent
of n1, na, and the particular choice of T.
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Proof. See Appendix A.1; also see [24, Proposition 2.7]. |
PRrROPOSITION 2.15. Under Assumption 2.1, for any q < j < no — 1, if the index
set T is UDB(Ag) and UCC(A¢), then we have

J
[ <=,
l=q 9

where C1 = +\/B/Aqg, p=1/y/1+ (Aqg/B), and Ci, p are independent of ni, nae, and

the particular choice of T.

Proof. See Appendix A.2; also see [24, Proposition 2.8]. d

In the following, we show the dependencies of the solutions to problem (2.1) on
the initial state and terminal reference decay exponentially. To start, we prove a short
lemma about the recursion defined in (2.4e).

LEMMA 2.16. Forni +1 <k < ng, if the index set T is UDB(\y), then we have

(2.15) IVa,, Tilla < Cop™*

for some Cs > 0 independent of ny, na, and the particular choice of T.
Proof. Recursion (2.4e) gives

’nzfl T
vanTk = - ( H Dl) QTLQ'
=k

The statement is proved by using Proposition 2.15 and taking Cs = C'QCl for éQ
defined in Assumption 2.1. ]

PROPOSITION 2.17. Let xj, and uj, be the optimal states and controls of problem
(2.1). Under Assumption 2.1, if the index set T is UDB(Ag) and UCC(A\¢), then

v
IV

zilla € Z1p" ™, || Va,, will2 < Zop™ %, ny + 1 <k <o,
uills < Z1p"™M [ Va,, uille < Zop™ ™", ni <k <np -1,

$n1
Ty

for some Z1, Zy > 0 independent of n1, na, and the particular choice of T.
Proof. FromAssumption 2.1 and Lemma 2.4 we have, for X} and Ry defined in
Definition 2.3,

A - =~ A
1Xkll2 < 1/Ar +CHCu /A, = Cx,  ||Rill2 < C3Cx = O
Lemmas 2.13 and 2.4 and Proposition 2.14 give
A - A
| Myll2 < 1+ CEB/Ar = C, | Dill2 < [|[My||2]|Akllz < CuCa = Cb,

where the first inequality uses the relation W} > Ry, which is given by (2.4b) and
Lemma 2.7. From Lemma 2.8 we have

(2.16) Ty = Dpay — MR Tigr + My,
SO
k-1
(2.17) Ve, zilla = || [] Dof| <Crp*™,
l:TLl 2
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which follows from Proposition 2.15. Also, from (2.16) we have
(2.18) Va,,@hi1 = D (Va,,@h) — MiRy, (Va,, Tet1)
and Vg, Tn, = 0. From Recursion (2.18) we have
k k-1
Va,, o = — Z (H Dl) M;_1Ri_1 (Va,,Ti)
i=ni+1 \l=i

from which, using Proposition 2.15 and Lemma 2.16, we have, for C 2 C1CyCrC,

k
IVa,zilla < D CipF ' CruCrCop™™

i=n1+1
2.19 a
( : ) — Cpnz—k Z p2(k—z)
i=ni1+1
C pnz—k
S1- 2 p2
Equation (2.6a) gives
up = RUHgn; - BiAG)

2.6b _ ~ % — % — *
CE) R T [, (— Byl + HeR'BIAL + qi) — R\ BT

Def:2'3 —R,;ngI:IkEkxz — XkBgAZ + Rllegﬁqu

2.6¢c _ 2 * _ o %

( = ) *Rk 1HngEk$k + Rk 1H3Hqu - XkBg(Kk+1Ik+1 —+ Tk+1)
(2.6d)

—R.'H! H,Eya; + R, VHE Hygy,
— X3 B Kis1(Dyzj, — MyRiThoi1 + MyGe) — X B Tyt
=  —(R'HLHyEy + Xy BF Kyy1 Dy)xy + Ry P HY Hyqp,
— XiBE(I = Kpsr My Ry)Tisr — X BE Kiy1 M.

In this expression, for the term multiplying x}, and T, we have the following from
Assumption 2.1 and Lemma 2.4, respectively:

_ ~ ~ A
|Ry'HE H,Ey + X Bif K41 Dgl|2 < CuCyiCr/Ar + CxCpBCp = Y4,
« ~ A
| XkBji (I = Kpyr MiRye)||2 < CxCp(1+ BCuyCR) = Ya.

Note that from (2.4e), T} does not depend on the initial value x,,,. Therefore we have

(2.17)
(220) v, uills < Vi|Ve, afll < YiCiph™

and
IVa,,uill2 <V1[|Va,,
(2.21) (2.19),Le21ma 216 Y,C
< T—2

willz + Y2[Va,, Trtall2

no—k + YQCS pnsz.
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Considering (2.17), (2.19), (2.20), and (2.21) and letting

C Y.C n Y>C,

Zl = max(Cl,YlC’l), Z2 = max(l — p2’ 1 p2 P

);

prove the statement. 0

Proposition 2.17 is the main result of this subsection. It shows that the effect of
the initial state (or terminal reference) on the solutions of problem (2.1) decays expo-
nentially fast in the time distance between the solution and the initial (or terminal)
time point. Moreover, under the uniform boundedness Assumption 2.1, the decay rate
is independent of the problem interval [ni,ns], and the particular choice of the index
set given it is UDB(Ag) and UCC(A\¢). This property is essential for proving that
a receding horizon strategy approximates the solution on the full horizon in Section
3. We now conclude this subsection with a boundedness result of the solutions and
adjoint variables of problem (2.1).

ASSUMPTION 2.18. For any ni, nz2 and ny < k < na, we have ||di|l2 < mo and
[z, ll2 < uo.

LEMMA 2.19. Let z} and A}, be the optimal states and adjoint variables of problem
(2.1), respectively. Under Assumptions 2.1 and 2.18, if the index set T is UDB(\g)
and UCC(\¢), then we have

lzglle < Cq, mi+1 <k <ng; [Nl <Cx, mi <k<np—1

for some Cy, Cy > 0 independent of ni, na, and the particular choice of L.
Proof. In (2.4e), denote T, = T),, and for k < ng,

Ty = Al Kyi1 MyGy — EF Hyqr, — Qrdy,
so that T}, = Dng_H + T and Ty, = —Qp,dn,. As a result, we have
ne [fi—1 T
(2.22) Tp=> <H Dl) T;.
i=k \i=k

From Assumption 2.1 and Definition 2.3 we have
. ~ A
larllz < U, ldkllz < CsCuCrU/AR = Cq.

From Lemmas 2.13 and 2.4 and Proposition 2.14 we have || My |2 < 1+C%83/Ar = Cu.
Then using Assumption 2.1, Lemma 2.4, and Proposition 2.14, we have

| Tkll2 < CaBCrCy + CuChU + Como £ Cr.

Combining the above with Proposition 2.15, we have

n2

- A
(2.23) | Tkll2 < CFC1p ™" < CxC1/(1 - p) = Cr.
i=k
Denote Gy, 2 —MkRka-s—l + M. Then, from Lemma 2.8, we have Tpoq =

Dyx} + Gi. Thus,

x;:'“g‘f(’ﬁpl)(;ﬁ('ﬁa)%.

1=n1 l=i+1 l=n
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Note that [|Glla < CarCCr + CaiCy £ Ca,. Thus, from Proposition 2.15 we have

k—1
(224) 47 < 3 (CaCrpt 1) + Crugp*™™ < C1Ca/(1 — p) + Crug 2 C,.

i:nl
Next, we prove that the bound on A}. Lemma 2.8 gives
Ak = K q + Thega

Using Proposition 2.14, (2.23) and (2.24), we have

IAfll2 < Bl ll + Cr < BCy + Cr 2 Ch.

This completes the proof. 0

2.2. Path-constrained inequality problem. In this subsection, we return
to the inequality-constrained problem (1.1). Using the results established for (2.1),
we investigate the solutions and adjoint variables of (1.1). We make the following
controllability assumption of the active set of problem (1.1) at optimality.
ASSUMPTION 2.20. Let A be the active set of problem (1.1) at optimality. Then
(a) A is UDB(Ap) as defined in Definition 2.2;
(b) the equality-constrained system (2.1¢)—(2.1d) corresponding to A is control-
lable in t steps as defined in Definition 2.10 for any nq < q < ng;
(c) under (b), Cq:(A) has full row rank by Proposition 2.11, and we further
assume that A is UCC(A\¢) as defined in Definition 2.12.
COROLLARY 2.21. Let xj and A}, be respectively the optimal states and adjoint
variables of problem (1.1). Under Assumptions 2.1, 2.18, and 2.20, we have

lzplle < Cg, n1+1<k<mng; [|Alla <Cx, mi <k<ny—1

for Cg, Cx > 0 defined in Lemma 2.19.

Proof. Note that when the index set for problem (2.1) is the active set A of
problem (1.1) at optimality, problems (1.1) and (2.1) have the same solutions and
adjoint variables. Since A is UDB(Agy) and UCC(A\¢) by Assumption 2.20, applying
Lemma 2.19 gives the result. O

3. Lag L receding horizon strategy. In this section, we prove an exponen-
tially decaying approximation error for a lag L receding horizon strategy. Let N > L
be the length of each but the last receding horizon, and let ng = |(ng —ny — N +
1)/L| + 1 be the number of receding horizons. Then for ¢ = 1,...,ng, define the ith
receding horizon R; = [n} (i), n(7)] as

iy .

31) @) =m+Li-1), ()= {”1(1) TN -1 dsisn-1,
no, 1 = Ngo-.

For simplicity, we denote m = nf(ng) to be the starting index of the last receding
horizon. Note that with (3.1), we have nj(i + 1) = n)(i) + L and that the length
N7 = no —m+1 of the last receding horizon satisfies N < N; < N+ L. On a receding
horizon R;, we define the following parametrized problem whose parameters are the
initial state and terminal reference.
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DEFINITION 3.1. For i = 1,...,ng, define the parametrized problem Pj with
6 = (1), 0D) as follows:

nh(i)—1
B

(3.2a) min B Z w,{Rkwk + (hg — dk)TQk(hk —dg)

k=n (4)

T

(3.2b) + (hag (i) = By ()” @ry (i) (hny () — g (3))
(320) s.t. hpy1 = Aphy + Brwg, n’l(z) <k< TLIQ(Z) —1
(3.2d) ﬁk+1hk+1 + ékwk > Gk, ni(i) <k <nh(i)—1
(3.2¢) sy = 0", dyy iy = 09,

where dy; (i)ny(i)—1 @S the reference trajectory of problem (1.1).

The parametrized problem P} is essentially a subproblem of (1.1) restricted on
the receding horizon R; with terminal reference parametrized by (9 and reinitialized
with 6("). Denote x}(Pj), u}(P;) as the optimal state and control, respectively, of
problem P} at some time point k € R;. Then the RHC policy (e.g., [9, 14]) is the
sequence {uj},2, ~defined as

Upf (i)+5—1 = “Zg(i)ﬂq(Peio(i)% 1<5j<L, 1<i<nyg—1,

up = up(Pyi, ), m<k<ny—1,

(3.3)

where 0o (i) = (T (i)» dny (i), and the state sequence {Zy}2, is defined as

~ ()
w”’l(l) = Tny>

(34)  Tny(i)+s = $;'1(¢)+j(Paio(i))7 1<j<L, 1<i<ng—1,

0

In other words, the RHC policies ﬂn/l(i)ﬂ,l forl<j<Land1<i<mnyg—1are
obtained by solving problem Pgo (i) On R; initialized with 2, iy = @y (i—1)+1, Which

-1

in turn is obtained by solving P;O ( on R;_1. On the last receding horizon, uy for

i—1
m < k < ng — 1 are defined as the oi)timal controls of problem ng’(no) on Ry,,. To
bound the error of this RHC strategy, we need to relate the solutions of problems Peio(i)
to those of problem (1.1). To start, we consider a different choice of the parameter
01(i). The following result establishes a connection between the solutions of (1.1) and
those of Péil(i)'

PROPOSITION 3.2.  Let (uy .., 1,%5, +1.n,) and A} be the solutions and opti-
mal adjoint variables of problem (1.1) with some initial value x%l, and let 0, be the
optimal Lagrange multipliers associated with the path constraints (1.1d). For each
i=1,...,n9, define

3 B 37911’ 1=1
m (@) = xfl,l(z), 7::2,...,7’10,

3.5
52) ; —Q‘?»(A*,‘ + PT nr, )+x i=1,...,m0—1

dn’ (i) = ny (i) ny(i)—1 ny (i) Ing (i)—1 ny (i) ’ ’

2 .
dpys i =ng.

Then (uzi(i):né(i)fl,xz,l(i)ﬂmé(i)) satisfies the KKT conditions and the second-order

sufficient conditions of problem Pgl(i) with 61 (i) = (iLnll(i)7dAn/2(i)).
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Proof. The KKT conditions for problem (1.1) are

(3.6a)  Rpui+ BIfX.—Clnt =0, k € [n1,ns — 1]

(3.6b)  Qulzh —dp) +ATN = XNi = Plni_ =0, ken+1,ny — 1]
(3'6C) an (x:Lz - dnz) - 22—1 - ﬁg;??;;zq = 07

(3.6d) xpy = Agxy, + Brug, k € [ni,ng — 1],

(3.6e) Ty, = x?Ll,

(3.6f)  Popixhys + Cruj > Gy, k € [n1,n2 — 1]

(3.6h)  m(d) (?m(j, Dk + Crlds Juf — Gelj )) =0, k € [n1,nz = 1].

Then for problem P 01 (i) the KKT conditions are satisfied by (u}, ! ()il (6)— 10 x:’l(i)+1:n’2(i))
with the same Lagrange multipliers A;, and 7;; as follows. Note that for problem Pgl(i),
the initial state and terminal reference are h (i) and d ny(iy defined in (3.5):
(3.7a) Ryuj+ BN, — Ciniy = 0, k € [0} (i), n5 (i) — 1]
(3.7b) Qulef — di) + ATN; = Ny — ﬁan;; 1 =0, k€[ (0) + Lnj(i) — 1]
(3.7d) =y, = Agzy + Brug, k € [ (z),n ( ) ]
(376) xn’l(i) = ]A”L nt (i)
(3.76)  Ponawioy + Crup > Gk, k € [04(0), nb(i) — 1]
(3.7g) mi >0, k € [n(i),n5(i) — 1]
(3.71) 1) (P () + Cul )i — @(5)) = 0, k € [} (3), mb () — 1],
where (3.7a)—(3.7b) and (3.7f)—(3.7h) directly follow from (3.6a)—(3.6b) and (3.6f)—
(3.6h), respectively. Equation (3.7c) follows from the definition of d,; ) in (3.5).
Equation (3.7d) follows from (3.6d), (3.7¢), and (3.5). The second-order condition is
satisfied by virtue of the strong convexity of the problem. 0O

LEMMA 3.3. Under Assumptions 2.1, 2.18, and 2.20, for h nt (i) and d (i) defined
n (3.5), we have, fori=1,...,ng,

||iLn’1(7L)”27 [ dns (i) ll2 < Ch

for some Cy > 0 independent of i, ny, and ns.
Proof. Fori=1,...,n9 — 1, KKT conditions of problem (1.1) give

M1+ Bl 1 = Quy @iy — duy(i) + Ay Mg o
Then Assumptions 2.1 and 2.18 and Corollary 2.21 give
S PnT; My i)—1ll2 < CQ(Cy + mo) + CaCx.

Combining this with (3.5), we have

ldny i ll2 < (%(Cg +mg) + 5ACA) /o +C, 2,
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fori=1,...,n90 — 1. From (3.5), we have \\(Zn/z(i)|| < min(Cj,mg) for i = 1,...,np.
Similarly, from Assumption 2.18, Corollary 2.21, and (3.5) we have ||iLn/1(i)||2 <
min (ug, Cy) for i = 1,...,ng. Taking Cy = min (C;, mg, ug, Cy) concludes the proof.
O

Proposition 3.2 shows that the solution of Pgl ) is identical to the solution, re-
stricted to R;, of problem (1.1). However, problem Py iy i only notional and cannot
be defined without first solving problem (1.1). Hence we need to investigate the rela-
tionship between solutions of problems Py ) and Pgo( i) the latter of which gives the
RHC solutions. Since problem Pgl(i) can be viewed as resulting from a perturbation
of the parameters of problem Pgo () We employ the following parametric sensitivity
results derived from [5].

DEFINITION 3.4. For 0 € R?, define the one-sided directional derivative of y(0)
along a direction p € R? at 0y as

.y +tp) — y(bo)
Dyy(fo) = lim .

)

given that the limit exists.
LemMMA 3.5. Consider the following parametrized quadratic programming prob-
lem,

min  f(y,0) 2 yTGy/2 4+ yTe(0) +0TFO+yTcy +60Tcy +C
(3.8) st Ay—r<0
By —d(#) =0,

where G, F are positive definite, § € RY, and AT = [al, .. .,am} € R™™, Denote
the solution of problem (3.8) as y(0). When 6 = 60y, let yo = y(6py) and the Lagrange
multiplier corresponding to yo be X. Denote I(yo,00) = {i : alyo = riyi =1,...,m}
be the set of active inequality constraints, Iy (yo,00,\) = {i € I(yo,00) : \i > 0}

and Io(yo,00,A) = {i € I(yo,60) : A\i = 0}. If the linear independence constraint
qualification holds at y(0y), then for any direction p € RY, we have

)
0=00

min  f(y,0) =y Gy/2+yTc(0) + 0T FO+yTci + 0Ty +C
(39) s.t. AI’(OO)y — ’I"/ =0
By—d(#)=0

dy’;/ 0o (0)
o = (14

where y?,(eo)(ﬂ) is the solution of the problem

and where I'(6p) = I+ (yo,00,A) U L1 for some Iy C Io(yo,00,\) and Appy)y =
[0 Jicr00)s ' = [rilicr0)-

Proof. See Appendix A.3; see also [24, Lemma 3.5]. 0O

Note that problem P} has the same structure as that defined by (3.8), and
Lemma 3.5 connects the dependence on parameters of the solutions for the inequality-
constrained problem (3.8) with that of a related equality-constrained problem (3.9),
whose equality constraints are subsetted from the active constraints of (3.8) at op-
timality. The equality-constrained problem has smooth and regular KKT conditions
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which facilitate the derivation for the dependence of solutions on parameters as shown
in Section 2.1. Now we are ready to investigate the effect on solutions of perturbing
the parameters of Pj. Since the proof for each receding horizon is the same, for no-
tational simplicity we suppress the dependence of n (i), n4(i) and Pj on ¢ whenever
the index of the receding horizon under consideration is clear. To connect the solu-
tions of Py, and P,, we consider a continuously indexed family of problems Py, for
0s =00+ s(01 —0p) and s € [0,1]. Let Pri1(8)hit1 + Cr(s)wr = qx(s) be the active
constraints of problem Py, at optimality. We let

(3.10) Ep(s) = Pey1(s)Ar,  Hi(s) = Pri1(s)Bi + Ci(s).
Thus, the active constraints of Py, are

(311&) hk+1 = Aphy + Brwy, TL/l <k< TL/Q -1, hn’l = Q(h),
(3.11b) Ex(s)hi + Hi(s)wr = qi(s), ny <k<nh—1,

where 0, = (Qgh), ng)). As in Assumption 2.20 (a), we make the following uniform
boundedness assumption about the active constraints of Fp,.

ASsSUMPTION 3.6. Fori =1,...,n9 and s € [0, 1], let 00(2) = (%n’l(z)vdné(z))y
01(7) = (ﬁna(i),dné@) as defined in (3.5), and 04(i) = 0p(i) + s(01(i) — Op(i)). Then
the active sets of problems Pgs(i) at optimality are UDB(Apr) as in Definition 2.2.

In particular, Assumption 3.6 implies that Hy(s) defined in (3.10) has full row
rank, with which we can now apply Lemma 3.5 to problem Py, .

LEMMA 3.7. Denote Oy = (T, dyy,) and 61 = (libn/l,czn/z) as defined in (3.5). For
0 = (0 0D et 2(0) be the solution of problem Py. Under Assumption 3.6, for
s €[0,1] and 05 = 0y + s(61 — 0o), we have

D01,90£L' (03) = (dyczée)

) 6=

’9:90 +8(91 790)

and ys(0) is the solution of the following equality-constrained problem:

nh—1
I

(3.12a) min 3 Z wi Rpwy + (hy, — di) T Qr (b — di)

k=n}

ANT d

(3.12b) + (g, = 0S)" Qg (T, — 657)
(3.12C) s.t. hpy1 = Aphg + Brwy, n’l <k< 7’L12 -1, h”’l = Ggh),
(3.12d) E.(s)h + Hy(s)wy, = q;,(s), ny <k<nh—1,

where rows of E;(s) and Hj(s) are respectively subsets of rows of Ex(s) and Hy(s)
defined by the active constraints of Py, at optimality as in (3.10). In other words,
Ej(s)hi + Hj(s)wi = q;,(s) is a subset of the equality constraints (3.11b).

Proof. Problem Py_ is an instance of problem (3.8) with the following parameters:

. 0 nl,—n' Ym+(n,—n!—1)n
G=diag ([Rn, .- Rup1 Quy1 ... Qul), c(0) = l (s i)QHa?d) 11 ] ;
n,HVs
7Cn’1 7Pn/1+1 7671/1 Q //2
4= _ T =[]

_On’Q—l _Pn'2 —qn4—1
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~ B I

~Anmar 1 ., d(e) =

A le(h)
nl S .
O(ny—ny-1)n

—Bn/271 _Anéfl I

Here Az < r and Bz = d(0) correspond respectively to the inequality constraints
(3.2d) and the dynamical constraints (3.2c). Note that A and B have the same number
of columns. G and F are positive definite from Assumption 2.1. The quantities c¢1, co,
and C of problem (3.8) do not enter in the proof, so their definitions are not shown.

Let A(s) be the matrix whose rows are subsets of rows of A corresponding to
the active constraints Pyy1(s)hit1 + Cr(s)wr = qir(s) at optimality for problem Py_.
Then we define

_Cn’l (3) _Pn’1+1(8)

>

A(s) -
_Cné—l(s) _Pné (3)

In the following we show that rows of A(s) and B are linearly independent. Denote
T T T T
QT:|:Oén/1+1,...,Oln/2:|7 5T:{ni,...,5nlfl}.
Then
o"A(s)+ 8B = R ‘ Ynist-- Yny s
where

Bl — BEAR — o Py(s), k<nb

T T
2 = —01Ck(s) — By, Br, =
k k+1 k( ) ﬂk k Yk {63;/2_1 . a:épné (S), k= n,2

Now we let aTA(s) + BT B = 0. We show that o, 3 = 0 by backward induction. We
have

{’Iné_l =0 N {agéC"él(;) + ﬁg/z,angq =0
= afécné,l(s) + O‘Z;Pn’z (S)Bn,fl =0

3.10),Asmp 3.6
( )i Qpy =0=>ﬁn/2_1 =0.

Suppose ay, frx—1 = 0 for some n} +1 < k < nb. Then we have

Tp—2=0 N Olgflck_g(s) + ,8]{72Bk>_2 =0
Y1 =10 Bi—z = Biz1 Ak—1 + aj_1 Pu—1(s)
= a{_lC’k_g(s) + ozg_lPk_l(s)Bk_g =0

3.10),Asmp 3.6
( )=>p Oék_1=0=>ﬁk_2=0.

So LICQ holds for problem Py at optimality. Directly applying Lemma 3.5 concludes
the proof. ]



18 W. XU AND M. ANITESCU

Problem (3.12) is an equality-constrained problem for which the results derived in
Section 2, especially the exponential decay property of the dependence of solutions on
the initial state and terminal reference, can be applied under certain assumptions. In
the following, we investigate the controllability conditions for problem (3.12). Denote
the active set of problem Pf)is 5 and the index set for the corresponding equality
constraints of problem (3.12) as A4 (i) and Z;(%), respectively.

LEMMA 3.8. Under Assumption 3.6, for s € [0,1] andi=1,...,ng, we have that
Zs(i) is UDB(Am) as defined in Definition 2.2.

Proof. Since Zs(i) C As(i), rows of Hj(s) are subsets of rows of Hy(s), then the
conclusion follows from Assumption 3.6. 0

LEMMA 3.9. If the equality-constrained system (3.11) corresponding to the active
sets of Py, is controllable at g int steps, then the controllability matriz Cy4+(Z,) defined
by the subsetted system (3.12¢)—(3.12d) has full row rank.

Proof. If system (3.11) can be controlled to an arbitrary state Z in t steps with
some admissible controls and corresponding states, then the subsetted system (3.12c)—
(3.12d) can also be controlled to T in ¢ steps with the same controls and states, because
the feasible set defined by (3.12¢)—(3.12d) contains that defined by (3.11). As a result,
from Proposition 2.11 Cy +(Zs) has full row rank. ad

ASSUMPTION 3.10. Fori = 1,...,n9 and s € [0,1], let 0o(i) = (Tp; (i), dny (i)
01(i) = (ﬁng(i),czné(i)) as defined in (3.5), and 05(i) = 0p(i) + s(01(¢) — Oo(i)). We
have the following for any n (i) < ¢ < nh(i), 1 <i < nyp:

(a) the system (3.11) defined by As(i) is controllable at q for t steps;

(b) under (a), Cy 1 (As(3)) and Cy(Zs(2)) have full row rank by Proposition 2.11
and Lemma 3.9, respectively; and we further assume that both As(i) and Z(7)
are UCC(A¢).

Assumption 3.10(a) assumes controllability of problem P, only at optimality.
Proposition 2.11 and Lemma 3.9 imply that C, ¢(Ay) and C, +(Z,) are bounded below,
and Assumption 3.10 (b) in addition assumes that the lower bounds are uniform for all
time points and receding horizons. Now we are ready to bound the distance between
solutions of Pp, and Fp,, which by Proposition 3.2, is also the distance between
solutions of RHC and problem (1.1).

THEOREM 3.11. For 1 < i < ng, let (u;/l(i):n,z(i)fl,x;,l(i)ﬂzn,z(i)) be the solution
of problem Pgl(i), which from Proposition 3.2 is exactly the solution of problem (1.1)
restricted to R;. Let uy and Tj be the receding horizon control and state defined in
(3.3) and (3.4), respectively. Under Assumptions 2.1, 2.18, 2.20, and 3.6, we have,
for some lag L so that Z1p" < 1 and receding horizon length N > L,

. .~ Z1 I
% — Tll2, lug, — tkllz < CaZs <1+ 1—leL> pN

forny <k <ng—1. Here Cqy > 0 is independent of N, ny, and na; Z1, Zs, and p
are as in Proposition 2.17.

Proof. Assumption 2.1 and Lemma 3.3 give, for i = 1,...,ng,
5 A
(3.13) ||dn’2(i) — dn/z(i)HQ < Cy+mgy =Cy.
Let 6p(i) = (in’l(z)adné(z)), 0,(i) = (}Alnfl(z),dnlz(l)) as defined in (3.5), and 05(i) =
0o(%) + s(01(i) — Bo(4)) for s € [0,1]. Note that for 1 < j < L, Ty ()4 18 the optimal

state of problem (1.1), which by Proposition 3.2 is also that of problem Pgl (i) while
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Ty (i)+5 is the optimal state of problem Poio(i) by (3.4). Denote 55 (05(7)) and pj.(05(4))
for n (i) < k < nb(i) as the optimal control and state of problem Pgs(i), and sj(65(7))
and pj(0s(7)) as those of the corresponding subsetted equality-constrained problem
(3.12). Then for 1 <i < ng — 1, we have from Proposition 3.2 and Lemma 3.7

. ~
Tpt(i)+5 — Tni(i)+i

1
:/O Do, (3)=00 ()Pt (1) 15 (05 (7)) ds

hant i) = Tt (i)

ds.
(i) = dny i)

1
~ [ [TrgoPrass @) Vg pigs 0]

0

Lemma 3.8 states that the index set of the corresponding problem (3.12) is UDB(Ay),
and Assumption 3.10(b) further states it is UCC(A¢). Note that the exponential
bounds obtained in Proposition 2.17 are independent of the problem interval and
the particular choice of the equality constraint index set, which is UDB(Ay) and
UCC(A\¢). Therefore, applying Proposition 2.17, we have, for 1 < i < ng — 1 and
1<j<lL,

. ~ (3.13) (8=l () — v B
leh s = Fugaallz - < CaZop™ 070 + 21 g i) = Fug o2

. (3.5 nl(i)—n’ (1)—j J * ~
(3 14) :)CdZQP 5(4) 1(3) ]+le]||xn/1(z)_$n/1(l)”2
_ N—j—1 j * ~
= CaZap™ 7"+ Z1p @3 (i) — Ty (i) ||2-
When j = L, note that n} (i) + L = n{ (i + 1), so (3.14) becomes
5 i1y = Fng i lle < CaZop™ 571+ Ziph |y iy = Ty i) |12
From this recursion, at the starting index of R; for 1 <1 < ng we have

1= (Ziph)i-?
1— Zip*
< CaZop =Y (1 = Z1p").

25 i) = Tny @y ll2 < CyZypN 1

(3.15)

Note that L is chosen so that Z;p* < 1. Substituting (3.15) into (3.14), we have, for
1<i<ng—land1<j <L,
5 iy45 = g iyrillz < CaZepN 771+ Zap? |y i) — Ty 12

< CaZop™ ™71+ Zil|zhy iy = Ty ll2

(3.15) 7
< Zy (14 ——— ) pN L1,
>~ Cd 2 ( + 1 _ leL> P

(3.16)

Now we prove the approximation error bound for the RHC policies. For 1 <
i1<ng—land1<j<L, “Z'l(i)ﬂ'—l is the optimal control of problem (1.1), which
by Proposition 3.2 is also that of problem Pgl (i) whereas ﬂn/l (i)+j—1 18 the optimal

control of problem Peio(i) by (3.3). Therefore, by Proposition 3.2 and Lemma 3.7 we
have

. ~
U (3)4+j—1 — Unf(i)+5—1
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1
:/0 Del(i)—eo(i)gjl/l(i)+jf1(68<i>) ds
1

* . * - }ALn’ 7 _Nn’ i
= A {tha(i)sn'l(i)-i-j—l(es(z)) vdn{z(i)sn'l(i)‘i‘j—l(03(2))} [J jE; 72 /1(())‘| ds.
nb (i nb (i

Proposition 2.17 and (3.13) give

[0 (iy4j—1 = Tng ()i ll2 < CaZop™ DO 1 70 )TN 5y = Ty 3|2

. » . ~
(3.5) CaZopN =7 + Z1p) 1||$n'1(z') A0

3.17 —L= * z.
(3.17) < CaZop™ ™t 71+ Zillasy iy — Ty llo

3.15) Z
CdZQ (1 + 1L) pNﬁLil.
1

15
<
- 1—Zip

On the last receding horizon R,, = [n](ng), n2], we have, for m +1 < k < na,

1
Ty, — Ty = /O Del(no)—%(no)ﬁc(gs(no)) ds
- 1W H0.(0)) Vi O (n0))] [Pmiioo) = o] g
= ), LYo PRt dny P75 10 } 0 >

and for m < k <ns — 1,

1
up — U = /O Dy, (no)—00(no) 5k (0s(n0)) ds

1 ~
— [ [T 5505020 v%ﬁm@m@ﬂfwwwgﬁqud&
0

from which we have

. _ . _ Prop 2.17 k—n’, (n0) |} ~
2k — Zkll2, llug —uklle < Zip" ™[ hg (ng) — Ty (no) |2
(3.5) —ni(n * o
(3.18) =" 2y N2 s = T (o) 2
(3.15)

< CuZaZipNTET (1 = Zyph).

Combining (3.15), (3.16), (3.17) and (3.18) concludes this proof. d

Note that since the quantities Z; and p are independent of the problem interval
[n1,n2], so is the choice of L. Therefore, Theorem 3.11 proves the approximation er-
ror of the RHC solution with an appropriate lag L decays exponentially in the length
N of the receding horizon regardless of the full problem interval under the uniform
boundedness and controllability conditions. The exponential decay rate provides sys-
tematic means to choose the length of the receding horizon given a desired accuracy
level. We also note that it is a bit surprising that the choice L = 1 may sometimes
not satisfy our assumptions; that case occurs when Z;p > 1. This seems to indicate
that it is sometimes better to wait for a few lags before applying a newly computed
control, which may be counterintuitive if the goal is stability. While we cannot yet
state whether this condition is also necessary for some cases, we point out that certain
types of instability in rolling horizon control due to frequent policy updates have been
identified in inventory management and carry the name of “nervousness” [22].
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Fig. 4.1: Relative error in states ||z* — Fig. 4.2: Relative error in controls
Z||2/|lx*|]2 at each receding horizon ||u*—ull2/|u*||2 at each receding horizon
length (hour) N for U = 200,...,1000 length (hour) N for U = 200,...,1000
and G = 12,000. and G = 12,000.

4. Numerical results. In this section, we apply the receding horizon strategy
to the following production cost model and verify some of the theoretical results.

N

(4.1a) min Z c1(xy — dp)? + e 4 up
k=1

(41b) s.t. Th41 = Tk + Uk

(4.1¢) 0<azr <G

(4.1d) -U<u, <U

In this model, dj is the hourly electricity demand to be satisfied, for which we
employ the estimated hourly demand data in the northern Illinois region for year 2016
provided by PJM Interconnection [8]. The demand can be satisfied by two generators:
one with a high quadratic cost ¢; = 10 and the other one with a low quadratic cost
co = 5. The low-cost generator has a limited capacity to change its output, modeled
by the box constraints (4.1d) on the controls uy and the dynamical constraints (4.1b);
and it also has a limited generation level, modeled by the upper bound (4.1c) on the
generation zp. The generator with a high cost can change its output rapidly and
hence serve the remaining loads di — xx. One example of such a situation is the
combination of a fast but expensive gas plant and a cheap but slow coal plant. We
initialize problem (4.1) by setting the initial state z{ to be the average demand of
year 2015 on the same hour as the initial time point. We note that problem (4.1) has
the form of problem (1.1).

We implement the receding horizon strategy described in Section 3 with lag L = 1.
Specifically, we solve a short version of problem (4.1) on a receding horizon R; =
[n7(i),n5(7)] with length N and initial value 7, ), obtain the optimal control @,
and state ', (;y 41, then reinitialize at time point nf (é) + 1 with Z, ;41 to solve the
problem on the next receding horizon R;+1 = [n} (i) + 1,n5(¢) + 1]. Problem (4.1) is
solved on the full horizon and each receding horizon using the Ipopt software [4]. The
model was defined by using the Julia/JuMP interface [16].

We investigate the solution accuracy of the receding horizon strategy with differ-
ent choices of the generation upper bound G and the bound U on control to verify
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~#=G=11000 ~#-G=11000
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Fig. 4.3: Relative error in states Fig. 4.4: Relative error in controls

l* — Z|2/||z*||]2 at each receding [u* — u|2/||u*|]2 at each receding
horizon length (hour) N for G = horizon length (hour) N for G =
11000, . ..,15000 and U = 600. 11000, . ..,15000 and U = 600.

our theoretical findings. Denote z* = {z}} and u* = {u}} as the optimal state and
control of problem (4.1) on the full horizon, and T = {Zx} and u = {u} as those
obtained by the receding horizon strategy. Figures 4.1 and 4.2 show the relative ap-
proximation errors of the optimal states and controls, respectively, for a fixed G. We
observe exponential decay of the approximation error in the length of the receding
horizon for all cases tested. Moreover, the rate of decay is faster for a larger bound
U on the control. The decay rate p in Theorem 3.11 depends on the quantity 38 de-
fined in Proposition 2.14, which in turn depends on the uniform lower bound A¢ of
the controllability matrix defined in Definitions 2.9 and 2.12. A larger bound on the
control improves the controllability of the problem and should lead to a faster rate of
convergence, as is indeed observed here. Figures 4.3 and 4.4 plot the relative errors
for different upper bound G on the generation. Similarly, we observe exponential rate
of decay for the approximation error in the length of receding horizon. Furthermore,
in this case the decay rate is larger for a smaller choice of G. Recall that G is the
generation upper limit of the slow plant and our model (4.1) assumes the remain-
ing load will be satisfied fully by a high-cost fast plant. A smaller G indicates that
more demand is met by the fast plant, and therefore the system is more controllable,
resulting in a faster rate of convergence (for example, if G = 0, then we get the op-
timal solution to be x; = ur = 0, Vk and the convergence occurs in one step for any
horizon). In summary, our numerical experiments verify the exponential decay of the
approximation errors for RHC as proved in Theorem 3.11.

5. Conclusions. RHC has made a significant impact on industrial control engi-
neering and received extensive study of its theoretical characteristics. We investigate
the convergence of its solution with respect to the length of the receding horizon for
a linear-quadratic path-constrained optimal control problem.

The version of RHC considered in this work applies the model predictive control
every L steps. Our theoretical result, Theorem 3.11, shows that, under some bound-
edness and controllability conditions, the RHC solution converges to the full horizon
solution exponentially fast in the length of receding horizon for a certain choice of L.
The exponential rate of convergence allows a principled way of choosing the length
of the receding horizon and the control frequency, both important parameters for
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applications, to achieve a desired accuracy. Our problem admits a nonzero reference
trajectory, which to the best of our knowledge is not assumed in the existing stability
analysis of RHC. The inclusion of a reference trajectory makes the analysis different
from previous approaches since now the convergence is with respect to the solution
of the full horizon problem instead of a fixed equilibrium point. Therefore our proofs
do not rely on the value function, as most RHC stability analyses do, but instead
expose the solution properties of an equality-constrained subproblem and then use
sensitivity analysis to connect it to the solution of the original problem. We verify
numerically the exponential rate of convergence for a small, synthetic production cost
model under various parameter settings. In this example, a lag L = 1 is sufficient to
observe the exponential decay for the approximation error of the RHC solutions.

The class of optimal control problems investigated here is only one instance of
the problems to which RHC can be applied. In particular, although we consider state
and control constraints that are common in RHC literature, we do not include other
intricate but practical features such as nonlinear dynamics or time delay. Moreover,
our theory certifies only that an L, which is computable in terms of the problem
data, exists; but L = 1 may not always satisfy our conditions. In future work, we
will investigate extending the results to other complicating features and determining
whether there exist cases where smaller L decreases the performance, as our analysis
and the“nervousness” [22] concept in inventory management seem to suggest.
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Appendix A. Proofs of results in Sections 2 and 3.

A.1. Proof of Proposition 2.14. For any z, € R", consider the standard
linear-quadratic problem:

ngfl
(A.la) min Z uf Rpu + 2f Qg + b, Qny Ty
k=q
(Alb) Ss.t. gy = /Alk:z:k + B’kuk, q<k<ng—1.

For k > ¢, successively applying (A.1b) gives, for j > 0,

(A.2)
j—1 Ug+j—-1
A A A A i—1 7 - .
Ttj = (H Aq+l> Tq = [B(H-j—l Agij-1Boij—2 - (Hle Aq+l> Bq} S
=0

Uq
and for j = ¢, (A.2) reduces to

Ug4t—1

t—1
L+t — (H Aq-H) zq = Cqy
1=0

Uq

The index set being UCC(A¢) implies that Cy, is uniformly completely control-
lable and in particular that Cj,; has full row rank. Therefore, there exists 4 =

T T T
(g ..., lgyyq)" so that

t—1 ﬁq+t—1
(A.3) - (H Al> rq = Cq

=0

Uq

Several 4 satisfy this relationship; we consider the one defined by

t—1
= _ngt(cq,tcgjt)_l (H Aq-‘rl) Lq-
=0

Denote the corresponding states generated with dg.q41—1 as £q:q4¢. Then 2oy = 0
by (A.3).
Lemma 2.4 implies that

. . . R .
1125?% [Bqﬂ'—l Agrj—1Borj—a - (H?:1 Aq-H) B(I}HQ
< max (CB +CACp + -+ Cﬁ(ch)
1<j<t
_ ot
< Cg(1-C%) A
- 1-Cy

Then from Definition 2.12 and Lemma 2.4, we have

oM
(A.4) la]l < %CZII%IL
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From (A.2), we have, for 1 < j <t—1,
. . M? .
(A.5) o5l < Chlaal + Ml < (€ + 5-C4 ) el

Now we let iy, = 0 for k > ¢ +t. Then it follows that &, = 0 for &k > g +t. Also
note that since (A.1) is a standard linear-quadratic regulator problem, the optimal
value is given by ququq [2]. As a result, we have the following.

n2—1
T : T A T T
z, Kyzq = nin Z Ty Qrwy + up Riug + 25, Qny o,y
k=q
77,271
T A A T A T N
Z Ty Qrir + Up Rilg + Ty, QnaTn,y
k=q
q+t—1
AT A AT N
Z Ty QrTr + Up, Ryt
k=q
q+t—1 q+t—1
S 2 ~ 2
< Co Y lIElP+Cr Dl

k=q k=q

(A.4),(A.5) -1 Ve 2 M202t
< %G+ZC%+A%>H%“€RVAM2
i=1 ¢ c

IN

IN

Letting

t—1 2

L Mecy

B=Co <1+Z<CA+/\COA> > +Cg 2
=1

completes the proof. Note that 8 depends only on the quantities in Assumption 2.1,

Definitions 2.2 and 2.12, and Lemma 2.4, which are independent of ny, ns, and the

particular choice of Z given it is UDB(Agy) and UCC(A¢).

A.2. Proof of Proposition 2.15. Define L = —W,;légKk+1Ak. Then from

Lemma 2.13 and (2.4d) we have Dy = Ay + ByLy. In [2] the recursion (2.14b) is
shown to be equivalent to

(A.6) K = D" Kiy1 Dy, + Qi + L " Ry Ly..

For ¢ < j <mng—1, define zj41 = Djz;. Then (A.6) and Proposition 2.14 imply that

T T T A
iEj Kjxj 2 ijrlKjJrlijrl + LU]- ijj
Prop 2.14 A
T K. ix 2Q Tp o
(A7) 2 Tl e K

(A.6) A
> (1 + ;) al Kz

Here we used the bounds from Lemma 2.4 and the fact that 2 K;z; > x], Kj 12511,

as implied by (A.6) and the positive definiteness of Qk and Rj. Also we have

7 (A.6),Lemma 2.7 T A 9
(A.8) z; Kjx; > T Qx5 > Allz;lI™.
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As a result, for ng — 1 > j > ¢, we have the following:

2

J (A.8) 1
HDlxq = lzjl? < E‘r}i}-lKj-i-lxj-l-l
(A7) 1
- ER © Koy
(A7) —q+1
= e <1+>\Q/5> 7o Koty
Prop 2.14 3 J—q+1 )
2 5ar) Nl

where the third inequality is obtained by repeatedly applying (A.7).
A.3. Proof of Lemma 3.5. Let

L(y,0) = y" Gy/2+y"c(0) + X (Ay — r) + ¢" (By — d(0))

A9
(4.9) +0TFO+yTe, +60Tcy, +C

be the Lagrangian of problem (3.8). Then we have

(ys

2 o G VQC
Vi Q)L[VHTC x|

Since G and F are positive definite and LICQ holds at yo, then from [5, Theorem
5.53] and [5, Remark 5.55] we have

. h
Dy(8e) = avgminycs (17 7] (V2,0 L00n.60)) |1

(A.10) p

= argmin,c g hY Gh/2 + p* (V§c(6o)) h,
where S is the solution of the following linearized problem,
miny, (Gyo + c(0o) + 1) h+ (V5 c(00)yo + 2F0y + 02)TP
(A11) st.  Bh—(Ved(6))p=0
Ag yh <0,

I(yo,00)

and S is given by

S:{h:[B Ved(0))] m:o, Arononsy 0] m:o, Aoz 0 m«)}

Thus the directional derivative Dpy(6y) of y(6) along direction p at gy is the solution
of the problem

min, hTGh/2+ p" (V§e(0o)) h
st.  Bh—(Ved(0))p=0

AI+(907907:\)h =0
Alo(yo,9015\)h <0.

(A.12)
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Let I; be the set of active inequality constraints of problem (A.12). Then I; C

Iy(yo, 00, A), and let I'(6g) = Iy ULy (yo, 0, A). The KKT condition of problem (A.12)
is hence

A G Aey BT _ | —Vac(bo)p
G - All(eo) 0 0 B G d)T == 0
B 0 0 &5 Vod(6o)p

for some Lagrange multipliers ¢7 and ¢3. Since LICQ holds at yo, rows of Ay (g,
and B are linearly independent. Together with the fact that G is positive definite, we
have that G is invertible. Denote the first row of G~ to be [pn P12 p13]. Then,
we have

D,y(00) = h* = (—p11Vec(bo) + p13Vad(6)) p.

On the other hand, for problem (3.9) with I’(6y) constructed above, the KKT
condition is

Y1 (60)(0) —c(0)
o =] |
w3 d(6)

for some Lagrange multipliers ¢7 and 3. Since G is invertible, we have y7, (90)(9) =
—p11¢(0) + p1ar’ + p13d(0). It follows that

Y7 (9,)(0)

de = —anec(eo) +p13V9d(90).

0=00
> b,
0=00
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As a result, we have

dy7, 0
Dyy(6o) = ( Yy (90)( )

dé

which proves the claim.




