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ABSTRACT

Object
point

Incoherent holography has recently attracted signiﬁcant research interest due to its ﬂexibility for a wide variety of
light sources. In this paper, we use compressive sensing to
reconstruct a three-dimensional volumetric object from its
two-dimensional Fresnel incoherent correlation hologram.
We show how compressed sensing enables reconstruction
without out-of-focus artifacts, when compared to conventional back-propagation recovery. Finally, we analyze the
reconstruction guarantees of the proposed approach both numerically and theoretically and compare that with coherent
holography.
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Fig. 1. A generalized diagram of a 4f FINCH system.
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beneﬁts of CS reconstruction [5,6,10] compared to traditional
back-propagation [1]. Finally, following a similar approach
to [7], we investigate the reconstruction guarantees of the proposed CS framework by means of the coherence parameter of
the acquisition (or sensing) matrix of the FINCH system, and
compare it to coherent holography systems. Our theoretical
analysis gives greater insight into how the choice of FINCH
system parameters affect 3D reconstruction performance.

1. INTRODUCTION
Fresnel incoherent correlation holography (FINCH) [1] allows reconstruction of an unknown three-dimensional (3D)
volume from its two-dimensional (2D) hologram under incoherent illumination. FINCH enables the extension of previously presented coherent holography reconstruction methods [2] to applications where incoherent light is present, such
as white light or ﬂuorescent imaging [3]. Moreover, it expedites the acquisition process compared to conventional imaging systems since it avoids scanning the 3D object in either
space or time [4]. However, similar to coherent holography,
FINCH suffers from out-of-focus artifacts when reconstructing a 3D scene using conventional back-propagation [1]. An
ideal 3D reconstruction would “optically section” independent depth planes so that out-of-focus blur from one plane
does not contaminate another. This, however, cannot be
achieved with conventional back-propagation since it is a
simple 2D-2D model linking the hologram plane to a single
depth plane in the scene, while ignoring adjacent planes.
In this work, we show that compressed sensing (CS) can
eliminate the out-of-focus artifacts of the FINCH system by
exploiting sparsity of the 3D object in its native or a transformation domain. First, we analyze the 3D-2D forward model
of the FINCH acquisition process. We then demonstrate the
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2. COMPRESSED SENSING FOR FINCH
2.1. Theory and model formulation
A FINCH system implemented using a 4f imaging system
is illustrated in Figure 1. An object point at (0, 0, −z) with
distance z > 0 to the front focal plane of lens L1 (i.e., input
plane) produces a diverging spherical wave on the input plane,
t (x, y) =

eikz
Q(z),
iλz

(1)

where λ is the central wavelength of the light, k = 2π/λ is
the wavenumber, and Q(z) = exp iπ x2 + y 2 / (λz) is
the quadratic phase function. The complex ﬁeld at the image
plane of the 4f system can be described [1] as
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where M = −f2 /f1 is the magniﬁcation factor, ∗ denotes 2D
convolution and F is the 2D Fourier transform. The spatial
light modulator (SLM) splits
 into two inter one object beam
fering beams, s (x, y) = 1 + Q (−fs ) eiθ rect (x/w, y/w),
where θ is an adjustable phase constant and w is the width of
the square-sized limited aperture of the 4f system [8]. Substituting Eq. (1) and s(x, y) into Eq. (2), the hologram intensity
at the sensor plane can be expressed as

we assume that Δx = Δy = Δ. The depth resolution Nz
is a user controlled parameter - as large as possible under desired reconstruction quality. The complex hologram g(x, y)
is sampled on a 2D pixel grid (xu , yv ) as

1  eikz  2 
|ϕ (x, y; z) |2 = 2 
Q M z ∗ fc2 sinc (fc x, fc y) +
M iλz
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eikz

Q M 2 (z + δ) ∗ fc2 sinc (fc x, fc y) , (3)
eiθ
iλ (z + δ)

F −1 {F [psf (xu , yv ; zr )] × F [f (xu , yv ; zr )]} , (6)

g (xu , yv ) ≈

psf (xu , yv ; zr ) ∗ f (xu , yv ; zr ) =

r=1
Nz

r=1

where 1 ≤ u ≤ Nx , 1 ≤ v ≤ Ny and zr = z0 + (r − 0.5)Δz .
Equation (6) can be expressed in matrix-vector form as

where δ = f12 /fs and fc = w/(λf2 ) is the optical cutoff
frequency due to the limited aperture in the Fourier domain.
In order to eliminate the bias term and twin image from
the hologram, we apply the phase-shifting technique [9] by
recording three holograms with different values of θ, following Eq. (3). Using linear combinations of the three recorded
holograms we obtain the ﬁnal complex valued hologram, i.e.,
the point spread function (PSF) as

g = [Φ1 , . . . , ΦNz ] [f1 ; . . . ; fNz ] = Φf ,

(7)

where f , g are the lexicographical representations of the 3D
object voxels and the 2D sensed pixels, respectively, and
Φr  F−1 Dr F,
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Q M 2 (z + δ)
∗ fc2 sinc (fc x, fc y) , (4)

psf (x, y; z) =
1
iλ (z + δ)

Nz


where ∗ denotes the complex conjugate operator. As illustrated in Figure 1, the PSF can be interpreted as the multiplication of two spherical wave ﬁelds propagating for distances
M 2 z and M 2 (z + δ), respectively. The quantity δ represents
an axial shift between two spherical waves interfering on the
sensor. This is a design parameter whose value may be controlled through the pattern displayed on the SLM. In the remainder of this paper we analyze the effect of δ on system
performance.
The corresponding optical transfer function (OTF) can be
calculated as the Fourier transform of the PSF as
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The ﬁnal complex hologram g(x, y) is given by the convolution between the complex PSF and the object intensity at
different depths, subsequently integrated along the z axis. We
assume that the 3D object, of size Lx ×Ly ×Lz , is placed with
closest distance of z0 to the left of the input plane. For digital
reconstruction, we discretize the object into Nx × Ny × Nz
L
voxels of dimensions Δx × Δy × Δz , where Δξ = Nξξ for
ξ = {x, y, z}. We simply choose the resolution Nx and Ny to
match the sensor resolution, and |M |Δx × |M |Δy to match
the sensor pixel size. Generally pixels have square size, thus



(8)

where Dr is a diagonal matrix with diagonal elements corresponding to the lexicographical representation of the OTF at
layer r.
It is clear from Eq. (7) that recovering a 3D volume f from
its incoherent complex hologram g in FINCH is an ill-posed
problem, because there are Nz times more unknowns than
knowns. The newly developed CS theory [5, 6] suggests a
way to solve the under-determined system by exploiting the
sparsity of the unknown signal. CS reconstruction is usually
formulated by solving the minimization problem


2
(9)
min g − Φf 2 + τ f 1 .
f

The ﬁrst term in Eq. (9) measures the ﬁdelity of a candidate
estimate to the observed data. The second term calculates
the 1 norm of the reconstructed signal and the regularization
parameter τ > 0 controls the ratio between the ﬁdelity term
and the level of sparsity of the object.
2.2. Simulation results
In this section, we demonstrate the beneﬁts of CS reconstruction in FINCH when compared to conventional backpropagation. We assume the object consists of three thin
layers placed at distances Δz , 2Δz , and 3Δz from the input
plane of the 4f system, respectively, with Δz = 3mm. At
each layer, the thin object has size 5.12mm × 5.12mm and is
discretized into 512×512 pixels of size 10μm×10μm. We set
f1 = f2 = 0.25m and fs = 1m, and compute δ = 62.5mm
and generate the 2D hologram using the forward model
of Eq. (7). We used both back-propagation from [1] and
CS reconstruction modeled by Eq. (9) which was solved
by employing the two-step iterative shrinkage/thresholding
(TwIST) [11] algorithm.
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(a) Original 3D scene.

Fig. 2. The real part of the PSF in x − z direction. The PSF
is symmetric about δ/2. The 3D object should be placed at
−z < 0 such that we operate on the left side of the ﬁgure.
(b) Back-propagation reconstruction.

Figure 2 depicts the PSF with the aforementioned parameters. The PSF’s width along the x axis varies for different depths due to the limited physical aperture of the
system. Figure 3 shows the reconstruction results for the
simulated 3D scene. Figure 3(a) depicts the original object
consisting of three different depth planes, while Figures 3(b)
and 3(c) present reconstruction results using the standard
back-propagation and the proposed CS approach, respectively. We can clearly see that each reconstructed plane by
back-propagation (or refocusing) is distorted by out-of-focus
artifacts (blurry images from adjacent depth planes), while
CS provides better optical sectioning of the scene.

(c) CS reconstruction.

Fig. 3. Numerical experiment in FINCH: reconstruction of 3
different object depth planes of a 3D scene.
anteed to be accurately reconstructed is given [7] by
S = 0.5 (1 + 1/μ)

3. CS RECONSTRUCTION GUARANTEES

The result shown in Eq. (11) suggests that the coherence
parameter is nothing but the maximum absolute value of correlation between any two PSFs. This corresponds to the correlation between two object points, which are located at two
different depth planes. Based on this interpretation, one can
predict according to Eq. (12) that by increasing the axial distance between two object points, the object features that can
be accurately reconstructed by CS will also be increased.
Expanding the convolution in Eq. (5), we have

In this section, we investigate the performance of CS reconstruction for a 4f FINCH system by exploring the mutual coherence parameter of the system matrix. For simplicity, we
assume that the object is sparse in the original space domain,
so that the transform matrix is identity, and we only need to
consider the coherence parameter of the sensing matrix Φ.
The coherence parameter μ can be computed as the maximal off-diagonal absolute value of the Gram matrix G =
Φ̃† Φ̃ [7, 12], where Φ̃ is column normalized, and † denotes
the conjugate transpose operator. When the OTF has constant
magnitude one, every Φr = F−1 Dr F is column normalized,
and the sub-Gram-matrix can be simpliﬁed as
Gk,l

=
=

Φ̃†k Φ̃l = Φ†k Φl = F−1 D†k FF−1 Dl F
F−1 D†k Dl F, (1 ≤ k, l ≤ Nz ) .
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OT F (fx , fy ; z) = M 2 Γ(fx ; z)Γ(fy ; z)e−iπλM ẑ(fx +fy ) ,
(13)

where ẑ = z(z + δ)/δ = z + z 2 /δ and

(10)

Γ(fx ; z) =

max max |Gk,l | =

1≤k,l≤Nz
k=l
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eiπλδt dt.

(14)
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− f2c +max(0,fx )+ Mδ z fx

When the magnitude of the OTF is 1, D†k Dl and diagonal
blocks Gk,k are indeed identity matrices (thus Φ is column
normalized). We only need to ﬁnd the maximum absolute
value of Gk,l for k = l. From [13], Gk,l is essentially a
2D convolution operator and has Toeplitz matrix form, whose
entries are derived by convolution of two PSFs at layers k and
l. Thus the coherence parameter is given by
μ=

(12)

When fc is large enough, Γ(fx ; z)Γ(fy ; z) =
OT F (fx , fy ; z) =

i
λδ

iM 2 −iπλM 2 ẑ(fx2 +fy2 )
e
.
λδ

and
(15)

For comparison, the OTF of the coherent holography system
in [7] is given by
OT Fc (fx , fy ; z) = ejkz e−iπλz(fx +fy ) .
2

max max |psfk ∗ psfl | (11)

1≤k,l≤Nz
k=l

2

(16)

Since we need to scale the magnitude of OTF to 1, we could
2
drop the i M
λδ term in Eq. (15) when computing the coherence

The maximum number of the 3D points that can be guar-
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Fig. 4. Performance comparison of the FINCH system with
coherent holography for different values of δ. The coherence
parameter μ is computed both using the Gram matrix (through
Eq. (11)) as well as directly through Eq. (17).
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We have formulated the CS reconstruction of 3D objects
from 2D incoherent holograms captured using a 4f FINCH
system. We demonstrated that CS reconstruction can eliminate out-of-focus artifacts when compared with conventional
back-propagation and analyzed its limitations both theoretically and numerically. Our analysis has given new insight
into selection of FINCH system parameters. In particular, we
have shown that some choices of FINCH system parameters
result in better CS reconstruction performance than coherent
Fresnel Holography [7]. While this observation warrants further investigation, it only represents a partial characterization
of system performance. In particular, both our analysis and
that of [7] ignores the effect of noise on system performance.
However, the SNR of incoherent holography is known to be
signiﬁcantly worse than conventional holography due to the
drastic reduction in fringe contrast. In future work, we plan
on fully characterizing system performance by incorporating
a detailed noise model into our CS analysis framework.

> Δz (where z0 is the
min |ẑk − ẑl | = Δz (1 +
closest distance from the object to the input plane of the 4f
system), we have μ < μc given |M | = 1, and our FINCH
system yields less coherence and better performance than the
coherent system, due to its more distinguishable OTFs at different layers. Formally,
=

4

4. CONCLUSIONS AND FUTURE WORK

2(z0 +Δz )
)
δ

2(z0 +Δz )
δ

3

of iterations to 10, 000. For each simulation instance with different Nz , the number of particles continues to increase until
the mean squared error (MSE) between CS reconstruction and
ground truth exceeds 10−5 . The results are shown in Figure 5.
The shaded area denotes the region of acceptable 3D reconstruction (MSE < 10−5 ) from the 2D incoherent hologram.
Analyzing Figure 5, as z axial resolution becomes ﬁner (or
equivalently Nz become bigger for a constant volume length
Lz ), fewer 3D points can be reconstructed using CS, which is
consistent with the theoretical predication of Eq. (18).

parameter. Moreover, since the ejkz term in Eq. (16) gives
rise to a ejk(zl −zk ) term in Gk,l , which has magnitude 1 and
won’t affect the coherence parameter, we could also drop ejkz
in our calculations. Further, when |M | = 1 and δ is much
2
larger than z, ẑ = z + zδ ≈ z, the proposed FINCH system
yields the same performance as the coherent system [7].
The coherence parameter for the OTF of Eq. (16) depends
on the closest z distance at different layers and can be derived
2
Δ2
as [7, 13] as μc ≈ λ minΔ|zk −zl | = λΔ
. Similarly, the coherz
ence parameter for the OTF of Eq. (15) depends on the closest
Δ2
ẑ distance and can be derived as μ ≈ λM 2 min
|ẑk −ẑl | . Since

Δ2 /(M 2 λΔz )

2

Nz
Fig. 5. Simulation results showing the normalized number of
reconstructed 3D object’s particles as a function of number
of object planes, for a constant volume length, Lz = 1mm,
given a sensor with 512 × 512 pixels.
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In Figure 4, we show the performance of our FINCH system for large and small δ values and compare that with the
coherent holography system in [7] given z0 = 0, M = −1.
We can see that our FINCH system has similar performance
as the coherent system when δ is much larger than Lz , and
much better performance for smaller δ.
We also demonstrate the limitation of CS reconstruction
using the following numerical experiment: A 3D volume with
constant length, Lz = 1mm, is generated, in which S identical point particles are randomly distributed. The number
of the 3D volume pixels is 512 × 512 × Nz , where Nz =
2, . . . , 10 and Δx = Δy = 10μm. The object’s 2D hologram is acquired by using the forward model of Eq. (7). As a
solver, we use the TwIST algorithm [11] and limit the number
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