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ABSTRACT
We present a primal-dual interior point method (IPM) with
a novel preconditioner to solve the `1 -norm regularized least
square problem for nonnegative sparse signal reconstruction.
IPM is a second-order method that uses both gradient and
Hessian information to compute effective search directions
and achieve super-linear convergence rates. It therefore requires many fewer iterations than first-order methods such as
iterative shrinkage/thresholding algorithms (ISTA) that only
achieve sub-linear convergence rates. However, each iteration of IPM is more expensive than in ISTA because it needs
to evaluate an inverse of a Hessian matrix to compute the
Newton direction. We propose to approximate each Hessian
matrix by a diagonal matrix plus a rank-one matrix. This
approximation matrix is easily invertible using the ShermanMorrison formula, and is used as a novel preconditioner in a
preconditioned conjugate gradient method to compute a truncated Newton direction. We demonstrate the efficiency of our
algorithm in compressive 3D volumetric image reconstruction. Numerical experiments show favorable results of our
method in comparison with previous interior point based and
iterative shrinkage/thresholding based algorithms.
Index Terms— `1 -norm regularized optimization, primaldual preconditioned interior point method, nonnegative sparse,
compressive sensing, 3d volumetric image reconstruction
1. INTRODUCTION AND PREVIOUS WORK
We are interested in reconstructing an unknown signal x ∈
RN from its linear observation:
b = Ax + n ∈ RM ,
M ×N

(1)

M

where A ∈ R
, and n ∈ R is the noise.
Classic least square method requires abundant measurements (M ≥ N and A has full rank N ) to recover x∗ =
(AT A)−1 AT b. Recent compressive sensing techniques can
reconstruct x from many fewer measurements (M  N )
as long as the signal is sparse (i.e., most elements of x are
zero or small) by solving the following basis pursuit denoising (BPDN) problem:
min
x∈RN

1
kAx − bk2 + τ kxk1 ,
2

(BPDN)

where
regularization weight, kxk :=
qP τ > 0 is a givenP
N
N
2
i=1 |xi | denote the `2 and the
i=1 xi and kxk1 :=
`1 norms of x, respectively.
In this paper, we only consider nonnegative signals x ≥ 0
for three reasons. First, image intensity is physically nonnegative, as it is proportional to the number of nonnegative photons received. Second, explicitly adding the constraint x ≥ 0
in Eq. (BPDN) limits the solution search space in the nonnegative orthant and can thus result in a better truly nonegative reconstruction. Third, if x does have negative components, we can use a common optimization technique to let
x̂ = [x+ ; x− ] ∈ R2N ≥ 0 and Â = [A, −A] ∈ RM ×2N ,
−
where x+
i = max(xi , 0) and xi = max(−xi , 0), then Ax =
Âx̂ and kxk1 = kx̂k1 , and hence Eq. (BPDN) can be solved
with respect to Â and x̂ ≥ 0. Therefore, we only need to consider the following variant of Eq. (BPDN) for x ≥ 0,
1
min
kAx − bk2 + τ eT x
N
2
(BPDN+)
x∈R
s.t.

x ≥ 0.

First-order methods with gradient-based search direction are
widely used to solve Eq. (BPDN) by the compressed sensing community due to their simplicity and the low cost of
each iteration, and they can be adjusted to solve Eq. (BPDN+)
with a simple nonnegative thresholding step in each iteration.
Popular choices include the iterative shrinkage/thresholding
(ISTA) method [1] and its improved variants TwIST [2] and
FISTA [3], the projected gradient method [4], and the alternating direction method [5]. First-order methods generally
only achieve
√ sub-linear convergence and require O(1/) [1]
or O(1/ ) [3] iterations to achieve accuracy , thus may
take long time to compute high accuracy results.
On the other hand, second-order methods have attracted
much less attention in compressive sensing applications. This
is not surprising because of the extra complication of adding
second-order partial derivative information, and directly solving the Newton linear system at each iteration requires expensive O(N 3 ) computations. However, second-order methods
can achieve super-linear convergence (less than O(log(1/))
iterations) and are suitable for high accuracy reconstruction.
To mitigate the high cost of computing each Newton direction, both Kim et al. [6] and Fountoulakis et al. [7] proposed
interior-point methods (IPMs) with a preconditioned conjugated gradient (PCG) algorithm to approximately solve for

the Newton direction in much less than O(N 3 ) computations.
They both converted Eq. (BPDN) to Eq. (BPDN+) by variable
substitution of x̂ = [x+ ; x− ] ≥ 0. They both used preconditioners from the approximation of the Hessian matrix (which
contains AT A as a component) to accelerate PCG. Kim et
al. [6] approximated AT A simply by its diagonal elements,
which works well when AT A is diagonally dominant. Fountoulakis et al. [7] approximated AT A by M
N I where I is an
identity matrix, which has good performance when A has orthonormal rows and satisfies the restricted isometry property
(RIP) well. While Kim et al. [6] used a log-barrier function to
push the solution away from the boundary of the nonnegative
orthant and guide the search in primal interior space x > 0,
more recently Fountoulakis et al. [7] searched the optimal solution in primal-dual interior space (x, s) > 0 where s is the
dual variable, and used a predictor-corrector method to move
(x, s) away from the boundary.
In this paper, we first propose a primal-dual IPM with a
novel preconditioner using rank-one approximation of AT A
in Section 2. Then we compare our algorithm performance
with other algorithms on a 3D volumetric image reconstruction example in Section 3.
2. THE PRIMAL-DUAL PRECONDITIONED IPM
The optimization problem of Eq. (BPDN+) is convex with
only linear constraints and satisfies Slater’s condition, therefore we can find its optimal solution(s) by solving its KarushKuhn-Tucker (KKT) system:
AT Ax − s − AT b + τ e = 0,
XSe = 0,
(x, s) ≥ 0,

(2a)
(2b)
(2c)

where X := Diag(x) and S := Diag(s) denote diagonal
matrices constructed from primal variable x and dual variable
s, respectively, and 0 and e denote an all zero or all one vector
whose dimension shall be clear from context, respectively.
The primal-dual IPM solves a modified KKT system
which simply replaces Eq. (2b) in the original KKT system
by XSe = σµe, where µ := xT s/N goes to 0 when converges, and σ ∈ [0, 1] is a centering parameter. A σ closer
to 1 will guide search direction more towards the interior
(x, s) > 0 . Starting from a point (x, s), the Newton direction for the modified KKT system can be computed as
AT A∆x − ∆s = rd ,
S∆x + X∆s = rc ,

(3a)
(3b)

where the stationarity residual rd and complementary slackness residual rc can be represented as
rd := s − ∇h(x),
(4a)
rc := σµe − XSe.
(4b)
Here, ∇h(x) = AT Ax − AT b + τ e is the gradient of the
objective function h(x) := 12 kAx − bk2 + τ eT x.
We present our primal dual preconditioned IPM with
predictor-corrector steps in Algorithm 1. Similar to [7], we

also use a primal-dual IPM framework as it is considered to be
the most successful among various IPMs [8]. In comparison
with the [7], we use new initialization, simpler yet effective
σ values, new preconditioner and adaptive tolerance in PCG
to achieve faster convergence. While [7] requires Eq. (2a) to
be always satisfied, we allow more flexible x, s that violate
Eq. (2a) at initial setup and at the following iterations, and
only requires Eq. (2a) to be satisfied at convergence.
Algorithm 1 Primal Dual Preconditioned IPM Framework
Inputs: choose (x0 , s0 ) > 0 from Section 2.1, stop accuracy  (e.g. 1e − 6), and maximum iteration number kmax .
for k = 1, 2, . . . , kmax do
Perform Prediction Step: set σ ← 0.01.
(xk , sk , αp , αd ) = U PDATE(xk−1 , sk−1 , σ)
if min(αp , αd ) ≤ 0.1 then
Perform Correction Step: set σ ← 0.99.
(xk , sk , αp , αd ) = U PDATE(xk−1 , sk−1 , σ)
if µk ≤ h(xk ) and krkd k ≤  then
Break
Output: xk
function U PDATE(xk−1 , sk−1 , σ)
Compute ∆x, ∆s with σ, xk−1 , sk−1 use Section 2.2
Compute αp , αd with xk−1 , sk−1 , ∆x, ∆s use Section 2.3
Update (xk , sk ) ← (xk−1 + αp ∆x, sk−1 + αd ∆s).
return (xk , sk , αp , αd )

2.1. Initial Point
A well chosen initial point (x0 , s0 ) > 0 that is close to
the optimal solution (satisfies Eq. (2)) can significantly
reduce the total computation time of the algorithm. We
use following steps to compute (x0 , s0 ) > 0 that satisfies Eq. (2a) approximately and makes xi and si balanced
(not too dissimilar), which works well in practice. We
first find the least squares solution of minimum norm for
Ax = b as xa = AT (AAT )−1 b to keep both kAx − bk2
and kxksmall. Then we compute δ a = max(0, −xamin )
where xamin denotes the minimum element of xa , and adjust xa ← xa + δ a e to make xa nonnegative. Then we
compute δ b = max(0, (0 xamax − xamin )/(1 − 0 )) where
0 = 0.001 and xamax denotes the maximum element of xa ,
and update xb = xa + δ b e so that xb is strictly positive and
its components are not too unbalanced: xbmin /xbmax ≥ 0 .
Then we compute δ c = max(0, −(∇h(xb )./(AT Ae))max )
which is used to update ∇h(xb ) to be nonnegative, where
./ denotes element-wise division for two vectors, and update
x0 = xa + δ c e > 0 and s0 = ∇h(x0 ) ≥ 0. Finally we
compute δ d = max(0, (0 s0max − s0min )/(1 − 0 )), and adjust
s0 = s0 + δ d e so that s0 > 0 is balanced: s0min /s0max ≥ 0 .
The above computational cost is dominated by the first
step (AAT )−1 b, which can be solved either iteratively using PCG or directly if A has special structure (Section 3). In
either case, the computational cost is no more than one iteration of Algorithm 1. Note our initial point may not satisfy

Eq. (2a), as s0 − h(x0 ) 6= 0 if δ d > 0 in the last step.

2.3. Step Size

2.2. Newton Step with PCG
To compute (∆x, ∆s) from Eq. (3), we first eliminate ∆s and
solve for ∆x from
(D−1 + AT A)∆x = c,
(5)
where
D := XS−1 ,
(6a)
c := rd + X−1 rc = σµX−1 e − ∇h(x)

The step sizes (αp , αd ) are computed as suggested by [9]. We
first find αpmax that makes x+αpmax ∆x ≥ 0. If ∆x ≥ 0, then
xi
we set αpmax = +∞; otherwise αpmax = min∆xi <0 − ∆x
.
i
max
Then we compute αp = min(1, γαp ), where γ ∈ [0.9, 1.0)
(e.g. γ = 0.999 in this paper) is used to make the updated x
strictly positive. The computation of αd is similar.

(6b)

Instead of directly solving Eq. (5), we use a preconditioner M = PT P to transfer it to an equivalent equation:


(7)
P−T (D−1 + AT A)P−1 (P∆x) = P−T c.
The preconditioner M significantly affects the efficiency
of PCG. It should be easily invertible and approximate
(D−1 + AT A) well to make P−T (D−1 + AT A)P−1 well
conditioned. The design of a good preconditioner is typically problem specific. The diagonal approximation [6] of
AT A is good for diagonal dominant matrices, and the M
NI
T
approximation [7] works when AA = I and A satisfies
RIP well.
In many image processing applications, convolution with
a nonnegative point spread function (PSF) is used and of special interest for us. A convolution related matrix A has circulant structure, so that the eigenvalue decomposition of AT A
maybe available (Section 3). Let the eigenvalue decomposition be
N
X
AT A = VΛVT =
λi vi vTi ,
(8)
i=1

where the eigenvalues λ1 ≥ λ2 · · · . If the PSF has most
energy concentrated in low frequency, we may use the first
T
few or even one columns of
√ V to approximate A A as
T
T
λ1 v1 v1 = vv where v := λ1 v1 . The inverse of this preconditioner is computable by the Sherman-Morrison formula
DvvT D
(9)
M−1 = (D−1 + vvT )−1 = D −
1 + vT Dv
With this preconditioner, we feed the search direction
from the previous iteration (or 0 for the first iteration) as the
initial point of PCG. The PCG stops when a maximum number of iterations (e.g., 100) is reached or when it finds a solution within relative tolerance tolCG = max(.001, min(0.1, (µ+
krd k)/kbk)), which prefers more accurate Newton direction
when approaching the optimal solution.
After getting ∆x, we can compute ∆s from Eq. (3a) or
Eq. (3b),
∆s = AT A∆x − rd ,
(10a)
∆s = −D−1 ∆x + X−1 rc .

(10b)

Those two equations result in different ∆s as ∆x only satisfies Eq. (5) approximately. We choose to compute ∆s by
Eq. (10b) so that Eq. (3b) is satisfied exactly to promote
longer step size αd than using Eq. (10a). By making this
choice, Eq. (2a) may be violated even after a full step size
αp = 1, αd = 1.

(a) Objective Function Value vs Time

(b) PSNR vs Time
Fig. 1: Evaluation of our algorithm. (a) Comparison of the objective function
values in Eq. (BPDN+) over time. (b) Comparison of the PSNRs over time.
IPM-ours performs better than either IPM-FOU or TwIST in this example.

3. APPLICATION TO 3D VOLUMETRIC IMAGE
RECONSTRUCTION
In this section, we apply the proposed algorithm to reconstruct a 3D volumetric image from its single 2D observation
captured by a 2D image sensor.
In 3D fluorescence microcopy, a 2D image B(u, v) observed at the detection plane encodes the information of
the 3D volumetric fluorescence distribution: B(u, v) =
Nz
P
H(u, v; z) ~ X(u, v; z), where we assume the focal plane
z=1

is at z = 0 and ~ denotes 2D circular convolution between
the 3D PSF H(u, v; z) and the object X(u, v; z) at depth z.
Using the convolution theorem, it can be rewritten as
b = Ax,
M

(11)

N

where b ∈ R and x ∈ R are lexicographical vector representations of B and X. The system model matrix A =
[A1 A2 . . . ANz ] ∈ RM ×N is the horizontal concatenation
of sub-matrices Az ∈ RM ×M for z ∈ 1, 2, . . . , Nz where
Az = F−1 Oz F.

(12)

Here F denotes the 2D Fourier transform matrix, and Oz is a
diagonal matrix whose diagonal components are the Fourier

transform of H(u, v; z) at depth z. In our implementation,
we use fast Fourier transform (FFT) so that the operations of
Ax and AT x are much faster than conventional matrix vector
multiplication.

(a) Ground Truth

(b) Our Algorithm’s result computed with 901 seconds

P
one M -dimensional vector and scalar pz = u,v H(u, v; z).
In the simulation, we generate a random PSF (independent, identically distributed uniformly in [0, 1]) of size
256 × 256 × 16, then construct the system model A from the
PSF using FFT. We use a 3D microtubule volumetric object
from [10] for testing, which is down-sampled to the same size
as PSF and vectorized as xGT ∈ R1048576 . We then apply the
forward model to generate b = AxGT , where b ∈ R65536 is
the vectorized version of the 2D observed image of 256 × 256
pixels.
We reconstruct the 3D microtubule from its observation
b by finding the optimal solution x∗ in Eq. (BPDN+), and
compare the reconstruction x∗ with ground truth xGT . For
simplicity, we do not add any noise and just use a very small
regularization parameter τ = 10−6 . We use our algorithm
(referred as IPM-ours), the IPM in [7] (referred as IPM-FOU),
and the TwIST algorithm in [2] to solve for Eq. (BPDN+). In
our simulation, we added a thresholding step x(x < 0) = 0
in each iteration of TwIST to handle the nonnegativity constraint. With this extra step, TwIST achieved faster convergence and better result. We also removed the splitting step
in IPM-FOU to work with the original nonnegative variable
x. Because IPM-FOU works better if AAT is close to I, we
normalized A by its largest singular value, so that AAT has
the same spectral norm 1 as I. In comparison, our algorithm
shows faster convergence and better reconstruction comparing with the IPM-FOU and the TwIST algorithms both quantitatively (Fig. 1) and qualitatively (Fig. 2).
4. CONCLUSION AND FUTURE WORK

(c) IPM-FOU result computed with 1773 seconds

(d) TwIST result computed with 2392 seconds
Fig. 2: Comparison of the results for the three algorithms to the ground truth.
Left column: 3D volumetric image results at the end of computation, showing
as both point clouds and 2D projections to xy,yz,xz plane. Right column: the
projection onto the xy plane. Intensities from low to high are mapped from
blue to red.

We can show that the eigenvalues of AT A are just diagonal elements of OOH where H denotes conjugate transpose
and O := [O1 , O2 , . . . , ONz ]. Since a PSF is nonnegative
and its Fourier transform has large energy distributed in the
zero frequency (DC) component, the largest eigenvalue, i.e.,
the largest diagonal component of OOH , is usually the first
one. The corresponding scaled eigenvector v in Eq. (9) can be
computed as [p1 eM ; p2 eM ; . . . ; pN z eM ] where eM is an all

In this paper, we presented a primal-dual preconditioned IPM
to solve the `1 regularized least square optimization problem.
By (1) estimating a good starting point, (2) using a novel
preconditioner for PCG, and (3) using a simple yet effective
predictor-corrector protocol, our algorithms has competitive
performance, as shown in a challenging 3D compressive volumetric image reconstruction example. Our algorithm is especially suitable for large scale nonnegative sparse signal reconstruction, such as sparse 3D particle tracking and microtubule
reconstruction applications in biomedical microscopy.
In the future, we will perform more numerical tests. We
plan to extend the framework to use a sparsity regularizer with
a dictionary Ψ, i.e., use kΨxk1 instead of kxk1 as the regularizer in Eq. (BPDN+). We also would like to extend the
rank-one approximation to rank-k approximation for small k.
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