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ABSTRACT

Scanning-probe x-ray tomography is useful for imaging
nanoscale structures of a sample. The image resolution,
which can reach down to 10 nm by the increased brightness
and coherence of the x-ray optics, however, is highly suscep-
tible to experimental error. Failure to address these errors
can lead to a smeared image and, in the worst case, to mis-
interpretation of the imaged object’s structure. In this work,
we present a novel optimization-based approach to calibrate
a common yet challenging source of experimental error, the
drifts of the scanning positions, while simultaneously recon-
structing the object. This approach utilizes the coupled and
complementary information from different measurements to
inform a coherent system between the measurements and the
reconstruction. We illustrate the proposed approach on both
synthetic and real tomography images and show its superior
performance compared without explicit error calibration.

Index Terms— tomography, inverse problem, error cali-
bration, compressive sensing

1. INTRODUCTION

X-ray tomography is an effective tool to reveal the internal
structure of a 3D sample and plays an essential role in sci-
entific areas from materials science to environmental science
[1, 2]. It uses x-rays to generate many measurements from
different angles of view in order to produce a cross-sectional
image of the scanned object. In order to achieve high spa-
tial resolution, x-ray tomography is often coupled with scan-
ning probe microscopy (SPM), where a small x-ray beam is
raster-scanned through the object. This technique is becom-
ing popular in a growing number of applications [3, 4]. With
recent advances in the development of x-ray optics, the image
resolution provided by scanning probe x-ray tomography can
reach down to 10 nm and below [5] but is drastically degraded
by the error in the scanning positions.

Thermal drift, center of rotation drift, sample drift, vibra-
tions, and other mechanical errors in the experimental equip-
ment when undertaking experiments can lead to errors in the
scanning positions. For example, Hüe et al. [6, 7] observed
the error of the scanning positions of the same order as the
expected spatial resolution over the course of an experiment.
As illustrated in Fig. 1, the effect of scanning position drifts
on the reconstruction quality can be crucial. Given a standard
Shepp-Logan phantom as the object, the left panel shows the

tomographic data (namely, the sinogram) without any drift.
The middle panel shows the sinogram with a maximum drift
that is no more than the expected spatial resolution. The right
panel shows the sinogram with a maximum drift of 5 times
the expected spatial resolution. As we can see, the bigger the
drift is, the more distorted and jittered the sinogram can be.
Since these experimental errors are not fully avoidable, it is
desirable to recover them numerically.

When the drifts of scanning positions are small com-
pared with the beam width, one can address these errors by
incorporating prior knowledge into the reconstruction using
Bayesian frameworks [8–10]. The improvement in opti-
cal imaging hardware has been so great, however, that the
generic approaches are not likely to be sufficient. In full-
field tomography, efforts have focused on the most dominant
error, the drifts of the center of rotations [11–13], through
feature- or optimization-based strategies. In SPM, various
approaches to explicitly address the scanning position errors
have been reported in [14–18], which include simulated an-
nealing, model-based drift correction, and cross-correlations
of the shadow images. These approaches are model-specific
and impractical, however, because of their complexity in the
context of general tomographic reconstruction.

In this work, we explore the correlation and comple-
mentary information among the projections and propose an
optimization-based reconstruction scheme to simultaneously
calibrate the error of the scanning positions and reconstruct
the object. We confine ourselves to the case where the error of
the scanning positions is caused by the drifts of the scanning
positions. More specifically, the scanning positions are as-
sumed to be equally spaced with a fixed step size in the ideal
case without drifts. However, the drifts can cause uneven
spacing or, worse, swapping of the scanning positions. Our
proposed approach preserves the flexibility of incorporating
prior knowledge, while enabling an easier automation than
the existing approaches. Furthermore, it can be more robust
in the context of poor and limited data.
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Fig. 1: Comparison of sinograms showing effects of scanning position drift.
Left: drift-free sinogram; middle: sinogram with a maximum drift of 1 ex-
pected spatial resolution; right: sinogram with a maximum drift of 5 times
the expected spatial resolution.



In Sec. 2, we describe our mathematical formulation of
the error of the scanning positions during the course of the
experiment and show how to embed these models in the re-
construction scheme. In Sec. 3, we introduce the reconstruc-
tion algorithm along with our method for drift calibration. In
Sec. 4, we present numerical simulations and compare the
proposed approach with the existing approach using both syn-
thetic and real images. In Sec. 5, we summarize the proposed
method and discuss a few future directions. For brevity, we
focus on 2D reconstruction; extension to the 3D case with a
parallel beam is straightforward.

2. PROBLEM FORMULATION

In x-ray tomography, the Radon transform [19] provides the
forward model from object to measurement, where the dis-
crete case is described below. Given a 2D object, we dis-
cretize it as N ×N pixels whose indices are vectorized with
an array V . We denote by wv the pixel intensity at v ∈ V ,
that is, the value of the object property we intend to recover
such as attenuation coefficient for x-ray transmission and re-
fractive index in ultrasound tomography. We denote by w =

{wv : v ∈ V} ∈ RN2×1 the discretized object. In the ideal
case without drifts of the scanning positions, the object is
scanned with Nθ rotations denoted by θ ∈ {1, . . . , Nθ}, and
each rotation is raster scanned with Nτ fixed step sizes de-
noted by τ ∈ {1, . . . , Nτ}. The whole scan results in a 2D
sinogram, S ∈ RNθ×Nτ . Let Lθ,τv be the intersection length
of the beam (θ, τ) with the pixel v ∈ V . Then the tensor
L = [Lθ,τv ] ∈ RNθNτ×N2

defines the forward map from the
object to the sinogram: s = Lw, where s ∈ RNθNτ×1 is the
lexicographical (column-first) reordered vector of S.

Given the forward model L and the measurement s, we
can reconstruct the object w by solving the following opti-
mization problem:

min
w≥0

1

2
‖Lw − s‖2 + λΦ(w), (2.1)

where Φ(w) is a regularizer (e.g., total variation (TV) [20]) to
incorporate prior knowledge and λ ≥ 0 is a scalar balancing
the data misfit (e.g., noise, model error) and regularizer.

In the presence of the drifts of the scanning positions, the
true forward model denoted by L̄ will be different from the
theoretical model L because of the different scanning posi-
tions. Fig. 2 illustrates the geometric sketch of the experiment
with the drifts of the scanning positions. Beam τ without drift
(which is referred as the assumed scanning position) is shown
as the green line, given the constant scanning step ∆. Cor-
respondingly, its drifted position with drift ∆τ is shown as
the purple line. In practice, one can expect a manual calibra-
tion before each rotation during the course of the experiment.
Then, for simplicity, we can reasonably assume that the drifts
of the scanning positions are the same after any rotation, so
that drift ∆τ depends only on τ (and not on θ).

We now study how drifts affect the forward model L. We
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Fig. 2: Geometric sketch of the drifts of the scanning positions in tomogra-
phy.

first consider a simple case where any drift of the scanning
positions is an integer multiple of the theoretical spacing ∆
as in Prop. 2.1.

Proposition 2.1 (Integer drifts). If ∀τ ∈ {1, . . . , Nτ}, ∆τ

is an integer multiple of ∆, then L̄w ⊆ Lw1. Furthermore,
there exists a binary row selection matrix P ∈ RNθNτ×NθNτ

such that L̄ = PL, where ∀(θ, τ),
NθNτ∑
j=1

P(τ−1)Nθ+θ,j ≤ 1,

and

P(τ−1)Nθ+θ,(τ ′−1)Nθ+θ =

{
1 ∀θ, if the assumed scanning position of beam τ

is drifted to the position of beam τ ′,

0 otherwise.

(2.2)

Next we consider the more challenging and practical case
that drifts ∆τ are not integer multiples of ∆. In this case
L̄w is not necessarily a subset of the drift-free Lw; hence L̄
cannot be obtained directly from row selection of L.

However, assuming that the 1D integration of a 2D ob-
ject along any angular direction (i.e., the 2D sinogram along
the τ direction) is smooth2, we can approximate L̄ ≈ PL,
where P selects and interpolates the rows of L. For example,
linear interpolation uses two adjacent beamlets to interpolate
between; hence each row of P has only two adjacent nonzero
elements,

P(τ−1)Nθ+θ,(τ ′−1)Nθ+θ =


ατ if τ ′ + 1 = b∆τ

∆ c,
1− ατ if τ ′ = b∆τ

∆ c,
0 otherwise.

(2.3)
where ατ = ∆τ

∆ − b
∆τ

∆ c ∈ [0, 1) denotes the fractional part
of the drift τ . We denote the corresponding integer part by

1Here a ⊆ b for two vectors means that components of the vector a are
a subset of components of the vector b.

2This is weaker than assuming that the 2D object itself is smooth due to
the integration.



πτ = b∆τ

∆ c.
Similarly, a quadratic or higher-order interpolation can be

carried out but with three or more nonzero elements per row
in P. For simplicity, we focus on linear interpolation in this
work.

We now formulate the reconstruction with drift calibration
as the following optimization problem:

min
w≥0,P

1

2
‖PLw − s‖2 + λΦ(w). (2.4)

3. OPTIMIZATION-BASED RECONSTRUCTION
ALGORITHM

Our goal is to estimate the unknown drift matrix P and ob-
ject w from the measurement s in (2.4). In Algorithm 1,
we propose to iteratively solve problem (2.4) by alternating
between using the current estimate P to reconstruct the ob-
ject w and using the current reconstruction to update P. We
explore the TwIST solver [21] to solve the intermediate re-
construction step 5. At each iteration of TwIST, we enforce
the nonnegative constraint by projecting the negative compo-
nents of w to 0, which yields faster convergence and better
reconstruction. Algorithm 2 describes how we compute the
Nτ unknown drifts by matching the measurement s with the
Lw based on the current reconstruction w. To obtain fast
convergence for large drifts, we use a large regularization pa-
rameter value, ηλ, in the beginning and gradually reduce it to
λ. Notice that alternatively, once the recovered drifts ∆τ are
stable after k iterations, we can explicitly generate the stabi-
lized L̄ from the drifts, rather than by using interpolation, to
carry out our final reconstruction.

Algorithm 1 Tomographic Reconstruction with Drift Calibra-
tion

1: Input: s,L, λ, maximum number of iterations kmax (e.g.,
10), and scalar η (e.g., 100).

2: Initialize L0 = L
3: for k = 1, 2, . . . , kmax do
4: λk ← λ

(
η − (η − 1) k−1

kmax−1

)
.

5: Use TwIST to solve:

wk = arg min
w≥0

1

2
‖Lk−1w − s‖2 + λkΦ(w) (3.5)

6: Use Algorithm 2 to solve:

Pk = arg min
P∈P

1

2
‖PLwk − s‖2 + λkΦ(wk),

where P is the set of allowable P based on prior knowl-
edge such as maximum possible drift.

7: Lk ← PkL
8: Output: wk,Pk,Lk

To compute the current drift Pk in Algorithm 1 step 6, we

first reshape vectors Lwk and PLwk to 2D matrices S? and
S̄ of size RNθ×Nτ , respectively. We then rewrite the objective
function ‖PLwk − s‖2 as ‖S̄ − S‖2F , where ‖ · ‖F denotes
the Frobenius norm. Here we dropped the regularization term
λkΦ(wk) because it is independent of P. For linear interpo-
lation,

S̄·τ = (1− ατ )S?·τ+πτ
+ ατS

?
·τ+πτ+1, (3.6)

where ·τ denotes the τ th column of a matrix. In practice,
we restrict the drifts to fall in [−∆max,∆max]; hence πτ ∈
[−πmax, πmax], where πmax = d∆max

∆ e. The main complex-
ity of Algorithm 2 is in step 3 for solving problem (3.7).
More specifically, we compute each drift ∆τ independently
by swapping πτ from −πmax to πmax. Notice that the scalar
ατ can be directly calculated with a given πτ by setting its
corresponding derivative of problem (3.7) to 0. Therefore, the
total cost of solving (3.7), given Nθ angles and Nτ beamlets,
is O(NθNτπmax).

Algorithm 2 Calibration of Drift Error

1: Input: s,L,wk

2: Construct 2D matrices S and S? from s and Lwk

3: For τ = 1, . . . , Nτ , solve

min
πτ∈[−πmax,πmax]

ατ∈[0,1]

Nτ∑
τ=1

‖S·τ−(1−ατ )S?·τ+πτ
−ατS?·τ+πτ+1‖2

(3.7)
4: Compute ∆τ = πτ + ατ ; construct P using Eq. (2.3)
5: Output: {∆τ , τ = 1, . . . , Nτ},P

4. EXPERIMENTAL RESULTS

To validate the efficacy of our proposed method, we compare
its performance with the regularized baseline reconstruction
that directly solves problem (2.1). We confine ourselves to
the TV regularization as one of the most popular choices in
the community of tomographic reconstruction [22, 23]. We
choose two images as the testing objects: the standard syn-
thetic Shepp-Logan phantom and the real MRI brain image,
which are shown in Fig. 3 as the ground truth. We map the
original grayscale test images with the colormap in Fig. 3 to
reveal more details. For the experimental configuration, we
fix the image resolution N = 100, the number of rotations
Nθ = 45, and the number of beamlets Nτ = 152, which
means Nτ∆ ≥

√
2N∆ + 10∆, to guarantee the full coverage

of the object in at least 5 scans outside of the object of interest
on both sides.

We perform tests for different levels of drifts separately;
namely, max

τ
∆τ ∈ {∆, 2∆, 3∆, 5∆}. For each case, to fur-

ther test the robustness of our proposed method, we add two
levels of Gaussian noise to the sinogram (simulated with the
assigned drifts) with standard deviation σ (relative to the max-
imum intensity of its corresponding noise-free sinogram) as



Table 1: Performance comparison of our method with the baseline method for four drift levels and three noise levels. Blue row: PSNR (dB); gray row: SSIM.

Max Drift 1 2 3 5
Noise 0 0.01 0.02 0 0.01 0.02 0 0.01 0.02 0 0.01 0.02

Brain (proposed) 27.17 24.28 20.43 25.72 23.55 20.45 25.62 23.34 19.73 23.50 21.82 19.24
0.8332 0.6052 0.4193 0.7826 0.5785 0.4052 0.7702 0.5677 0.3764 0.6824 0.5040 0.3374

Brain (baseline) 22.06 21.27 19.09 17.22 17.03 16.06 14.58 14.43 13.78 11.83 11.76 11.45
0.5291 0.4646 0.3515 0.2314 0.2174 0.1772 0.1056 0.1008 0.0852 0.0434 0.0427 0.0416

Phantom (proposed) 21.69 20.96 19.81 20.65 19.93 19.41 18.40 18.00 17.23 16.75 16.47 15.81
0.7236 0.6396 0.5447 0.7004 0.6237 0.5364 0.6253 0.5597 0.4619 0.5722 0.5101 0.4237

Phantom (baseline) 14.57 14.47 14.21 12.38 11.83 11.82 10.88 10.89 11.08 9.97 9.98 9.96
0.4699 0.4472 0.4113 0.3091 0.2856 0.2686 0.2422 0.2299 0.2188 0.2137 0.2062 0.1958

0.01 and 0.02, respectively. We adopt two error metrics, the
peak signal-to-noise ratio (PSNR) and the structural similar-
ity index (SSIM) [24], to quantify the reconstruction quality.
All experiments use λ = 1.3×10−5, which is the weight that
yields the best PSNR for the baseline algorithm for the brain
sample with maximum drift ∆.

Table 1 shows the full comparison results. Clearly, our
proposed method stably outperforms the baseline method in
terms of both reconstruction quality metrics. On average, our
method results in higher PSNR (by 6.97 dB) and SSIM (by
0.3289) than the baseline method does, respectively.

(a) Brain (b) Phantom

Fig. 3: Test images and colormap.

We also qualitatively compare the results of our method
with the baseline method in Fig. 4. Because of space limits,
we include only a few examples here. We observe that our
method produces results much closer to the groundtruth ob-
ject and significantly fewer visual artifacts compared with the
baseline method.

5. DISCUSSION AND CONCLUSION

In this work, we address a pervasive source of experimental
error, the drifts of the scanning positions, during the scanning-
probe x-ray tomography by means of a numerical optimiza-
tion approach. We propose a forward model to describe such
error, and we develop an iterative optimization algorithm to
calibrate the drifts while reconstructing the object following
an alternating fashion. The numerical results suggest that our

(a) ∆max = 1,
noise free

(b) ∆max = 5,
noise free

(c) ∆max = 5,
σ = 0.02

Fig. 4: Top row: proposed method with drift calibraiton; bottom row: base-
line reconstruction.

method outperforms the current practice by explicitly cali-
brating the amount of drifts and that the method recovers
the tested objects to a satisfying degree. Our method can be
naturally extended to 3D reconstruction with a parallel x-ray
beam. One aspect we can further explore is to incorporate
prior knowledge about the drifts (e.g., dynamics, pattern) to
speed the calibration performance. In order to further sta-
bilize the performance of our optimization-based approach,
rigorous convergence analysis should be carried out.
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